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PREFACE 


Tuts book has grown out of the authors’ needs in teaching the sub- 
ject of Indeterminate Structures during the past fifteen years. It is 
intended to present as clearly as possible, and as fully as is consistent 
with an elementary treatise, the fundamental methods of attack on the 
problem of indeterminate stresses, and to illustrate these methods by 
application to some of the more common wipes of indeterminate struc- 
tures. 

It is believed that the book will be suitable for brief introductory 
courses and that it also contains sufficient material, if supplemented by 
some reference reading, for the longer courses now offered to advanced 
seniors and graduate students in many technical schools. While written 
primarily as a class room text, it is hoped that the book will prove useful 
to engineers wishing to work up the subject by independent study. 

Some brief remarks on the general plan of the work may not be out 
of place. 

Chapters I-III, comprising more than one-third of the book, are 
devoted to an exposition of the theory of elastic deflections and to a 
broad treatment of the general problem of indeterminate stresses. 
Every effort is made to show the essential unity of the subject under- 
lying the great diversity in method. 

Chapters IV—-VII treat specifically the continuous girder, the rigid 
frame, the elastic arch, and secondary stresses. With few exceptions, 
the treatment is devoted entirely to the development and illustration of 
methods of analysis. 

Chapter VIII, containing a general discussion and historical survey, 
is in the nature of an appendix. It is hoped that it may stimulate the 
reader’s interest in some of the broader phases of the subject. 

Among the special features of the work, in addition to those just 
noted, may be mentioned the unusually full treatment of the rigid frame 
(which has grown so rapidly in importance of late), the wide use made 
of the slope deflection method, and the large number of numerical prob- 
lems accompanying the text. tr « e 

To keep within the limits of a moderate-sized volume it was neces- 
sary to exclude some important topics which might well claim a place 
even in an elementary treatise. Among these may be mentioned the 
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theory of suspension systems, of wind stresses in tall building frames, 
and the graphic treatment of continuous girders, frames and arches. 
Whether in all cases the selection has been wise must be left to the judg- 
ment of professional colleagues who use the book. 

In any such book as this, the indebtedness to other works on the 
subject is of course very great. It was the intent of the authors to give 
all sources of specific information in the footnotes; for any cases where 
they may have failed to do this, they wish to make acknowledgment 
here. They are under especial obligation to Lieutenant J oseph A. Wise, 
formerly Instructor in Structural Engineering, and to Messrs. Donald 
O. Nelson and Frank E. Nichol, Fellows in Structural Engineering of the 
University of Minnesota, for important assistance in the preparation of 
the manuscript. They are indebted to Mr. Gilbert C. Staehle, Consult- 
ing Engineer of Minneapolis, for some of the problems in Chapter V, 
and to Professor Frank H. Constant of Princeton University and Pro- 
fessor Hardy Cross of the University of Illinois for most valuable crit- 
icisms and suggestions. For these services the authors wish to express 
their deep appreciation and thanks. 

Thanks are also due Dean F. E. Turneaure and the McGraw-Hill 
Book Co. for permission to reproduce Figures 106 and 107f, respectively. 

The authors can hardly hope that a book containing so much detail 
will be entirely free from errors, and they will greatly appreciate having 
these brought to their attention. 

Joun I. Parcen 


GrorGE A. Manny 
University or MINNEsoTA, 
April, 1926. 


CONTENTS 


INTRODUCTION 


A. Nature or StTaticau INDETERMINATION 


ART. PAGE 
Tie, TD EES Patti covets oy ged eee ee en a RU Og ree he crete Re it 
2D, SHRUTI eal ey Ties onesie, get a a CNM, Ann be rete ain een @ Ramin & 1 
RLU NATTA LOS tee cece ac alec peiageotcu re rate Gatos nodes sateen emer cates Noam cunester ED cas 1 
ae Nery ail yi eet CONN GAUIONS Se oe ac ens sate cise a cagr as 9) Se eh ete ees ee ere te 2 
iy Generality. of scatical Requirements ...° 4... costes noire wall eqecsia cetera 4 
Gabrinciple-of Consistent Distortions... ¢ 4 o0.4 - 25 <a ee ele elie cece 4 
Ve CONE OL ETINCIDlezr aan... vata elects 2 ovis DE clade eae cy Oe tae 6 

B. Tyrss or STATICALLY INDETERMINATE STRUCTURES 
SMU DDL a bTOMN) oe etee ce peso Apis characte sosoa 1d sae avatraca ty oe ajeranskons ecces Stee hap en eae hi 
9. Structures Indeterminate Internally and Externally..................... 9 
10. Criterion of Statical Indetermination . 7... 0... 40... weet eee 9 
CHAPTER I 
DEFLECTIONS 
dee Generaleece acslacctia seuss Saar) im PoE eee de oi ee ra ee an» ee 11 
cme Niethods Ol Amal ysisieesecy osd sel a apse oyne sins wie seers LY Set Rae To 12 
SECTION I—DEFLECTIONS BY METHOD OF WORK 
DEStatementrots Eroblem cece aro cisscso een aa testicle alerts fone cue tes Ce alelion sisannanen erator. 13 
owiniternal Works of Derormattom.. - sca, eaes cel welne= Sess cme lol eee ceishons 15 
A. Deriections By Maxweit-Mour Metxop (Dummy Unir Loapine) 
MTSE DG COLLOIDS epic lon ies acanttne aicic Gael at: WN ue arnctes a oP eee sical 18 
MER GarTT el CHECTIOUS sam cori) tare caexo voc Sesion cues acare omega oteterayoanesesberelt 19 
(, IDSiee sant GinGinlile oan ae modems sed oes ComOn A ORE sol biog omcrc on: 20 
7. General Interpretation of 5—Angular Displacement..................... 20 
in, PBUH SLs! es Bet a ceo Po kc EP enc Seo Bl arm re ny eA cent OFS 22 
Q. laser Det Sac doco s Gon ene a ue oO eens Sonia Goon ene ts 23 

9, Maxwell’s-Law of Reciprocal Deflections.............-....0..0ssen-ee- 25 

eMPeeircaming DEMCCHOM In 2 oun se 02k uu nde) ote df ier y ties pees wie eee wee dole os 27 

11. General Equations for Combined Axial, Flexural and Shearing Stresses... 30 

ieeeDetlectiomof Ourvedibarsin as scmncermes titel doe aie sine stencace ele Parser a BY 


vii 


viii ; CONTENTS 


B. DEFLECTION AS THE ParTIAL DERIVATIVE OF THE INTERNAL WoRK OF 


DEFORMATION 
ART. PAGE 
13.2General: Hquations:s .\ s2 ssc se are ae ee ee ee 36 
14. Application to Problem of Linear Displacement.....................00. 37 
15.2Angular Displacement?) cc.) doe ee eee 38 
1G wsummary.and. Comparisons sae eee ere te ee 39 


SECTION II—SPECIAL METHODS 


C. Moment Arna Mrtruop 


As APB EWE MINI CLDIE! eo trade’ G. «Sos Manes SR eee eS Reet ee ee 40 
TS seconds Principles q.kucs. tos ce eee Oh ee 41 
£9 Independent: Derivation rr 2.1. hee LON ee ee 46 


20; Simple: Bears: als ccs Vessel ae eh 47 
21. Graphical Representation of Elastic Curve as a String Polygon.......... 53 
ALG MARIN 0225 ous ht ac, Goo ae ee ee 55 
22. Application to Beams not Simply Supported........................... 56 
23. Advantages as Compared to General Method.......................... 58 
24, beuss: Defleetions :.).\ vids sda. ace en ene etal en ee 58 
E. Tae Wiiui0or DispLacemMentT DIAGRAM 
2D-e General LHC Ory Mae snvasssste sien ate, hate ae ele he ne eae 61 
20.)-Ehe: Mohr Correction Diagram 2/0, Yuden en ee ee 65 
200. TEA MAPles fof, u5ci 4. wip & Mae Sak ea RO ee 66 


SECTION III—SUMMARY AND APPLICATIONS 


20. hecapibula ton dst... on tine pacienl Seven | eae Legion eae ee 68 

28. Comparative Advantages of Methods................................. 70 

20; RAMP les oie ss diss) cone nae Se a om nae hla Ree 71 
CHAPTER II 

GENERAL THEORY OF STATICALLY INDETERMINATE STRESSES 

302) Probiminar ye. 6 o2%5. aN acl ase oohg Gere ee 90 


SECTION I—SINGLY INDETERMINATE STRUCTURES 


31. General Theory... <.isoaila 00 ne aie ae ee 90 
32. Structures with Members Subjected to Direct Stress and Bending ee 93 
33. Modification to Include Members Slightly Curved....................... 94 
34, General’Remarks 200.0)... Gh Sa a 95 
30, “Hixataples ii 4... ii 12 Nts Ves oy Ce ee 96 
BGs; SMMMATY SH 6. sobs 5 GA din Vee \e os aee ee eee 109 


SECTION II—DEVELOPMENT FOR FORMULAS FOR STRUCTURES OF ANY 
DEGREE OF INDETERMINATENESS 


37. ‘General Equation, « (. :......ig'hgu «en oan eee eee 111 
37a. Examples 


CONTENTS ix 


SECTION INI—INFLUENCE LINES FOR STATICALLY INDETERMINATE STRUCTURES 


ART. PAGE 
Sisk, Sea Sh OB ane Na ae eran Mea eee NON al a. AO PIN Aen aa eee ee 116 
39. General Method for Multiply Redundant Structures.................... 117 
Ape VLeehamies)) SOlUtIOM ste. 5 rise eos eed as Naccier eke ener EE 119 


SECTION IV—THE METHOD OF LEAST WORK 


Ail eet CR ETIEL ALCL 1 COPY yan csicts sate hee UAE oly OC A SN cee Crean ences 121 
AZee MethodsolsAppiGation au wept uence crenata oe ete carte each Wate eee 122 
ZS ME SUR TTA TEN ATV oo tonsa Ne aticae aeetle,, eset Le Meenas Rates a See Rms Re rah ico wies 123 


SECTION V—TEMPERATURE AND OTHER NON-ELASTIC EFFECTS 
Ae Modifeation of Préecedine Hormulas:.. accent eee acre aie 125 


SECTION VI—GENERAL SUMMARY 
dS. Aig 0 DE eS ANC Dmaee TO NOC OIA enone CoS pono cerenmooob. ob muda 126 


CHAPTER III 
SPECIAL METHODS OF ATTACK 


AG MBECOUIMINMATY winter anak sce th Rieger pcs Belge lst ates Gieae Sas GNM beware > ister eeee more 128 
AGP? oa ae ol ME Od Rice eR RLY eet nS RA Seer ee eM ac ier ramen owe aS 128 
AD. So Se EN Fe ae oe DE Ee ILS Be tient MERE a ne sean’ een 128 


SECTION I—MOMENT AREAS AND ELASTIC WEIGHTS APPLIED TO EVAL- 
UATION OF DEFLECTIONS 


PRM OTI TAL Dads ei Rec int ae SA Ta BE re Ee el ete arse Ces 129 
RAO MELA TINO LES enazcoicestce s cee aimvtieus nck: says ver tensor caster chciicedstarec tia yee feyena none raxetonercnrat 129 


SECTION II—SPECIAL SELECTION OF BASIC STRUCTURE 


All, (varies cial EN pee erect, See en een tee Leroi ORM AIE a gs cata nia pine tao 132 
52. Application to a Continuous Girder with n Supports—First Type of Base- 
GEOR nities ee harsh Gtaus Sara hans oan ee Toe ie ge core Mitotane nt eae aN 132 
BME SECON CML Y DELOie SASe=SV SlCr. cc trcastaldictetiala cian aramyerevorrelaiesllieekewataa’ 133 
amatheorem-otenree Moments sa ., os.. ate alessio wneies |o spenat oa aortas epandy 133 
So Rigid Frame with Columms Wiked. 00. cen. eh eee tie tg sates 136 
56. Statically Undetermined Base-System.... 0.0... .6 66 coda bene ete e ene eaes 140 


SECTION III—THE DIRECT APPLICATION OF THE MOMENT AREA PRINCIPLE 


ime General Telationsbips ss atirusins apf prec wa sence tase or aearuehe, Meena neers My 142 
ek, Calvino Sails heh ilegnee gan cre een ccs sag ae boo oe geared. a0 goo 143 
59. Alternative Derivation of General Three Moment Theorem.............. 144 


SECTION IV—THE SLOPE-DEFLECTION METHOD 


Gm GeneraluSoatementy sce ten occ te ciei relia bleh ama eusee a nau ein hces nld Orel econ 14? 
61. Development of Slope-Deflection Equations. ...............-++..005055 148 
62. Application to Continuous Girder with Fixed Ends..................-.. 150 


63. Application to Rectangular Frame (@).......--. 6s epee ee serene eee es 153 


x CONTENTS 


ART. PAGE 
64;yApplication to Rectangular, Eramon (0) eerie Tanase 153 
Oe SUMMATY Se ee ties he us oe Bhacye t 155 


CHAPTER IV 


CONTINUOUS GIRDERS 
66,2 PreltmiM ary sc aGareties senda ke 1s ae Oe ee a 158 


SECTION I—THE FULLY RESTRAINED BEAM 


ije Hiquationtor Hind, Moments: ay. aes ei eee eee er eee 159 
68 Uniform Load’. 55.4: 8. Se. coe ee 159 
69,7 Hixam pled se o5 2. Seelh dsc ne ee 163 
(as Example: 2s. ahees iid. 4 eo ce Big a Ue eos kee Rene ae eae ee 165 
JO. Examiple:3 5. 45 oP e:es 5c AS stash es Mase ea 167 
(cy Example: 4 | Uxicse cain at eee ee ee 167 
TOG EXAMPLE 5 ca Tas whats es A ee eee 167 


ws, General ‘Considérationscvjies tn eel ae ee 167 
Ce FEXATADICS so Coen aie dae ox St Rote Pe Re eee 169 
73. Special Applications..0.36 Sale: only akon Sa 176 


A. CENTER-BEARING Swing BRIDGE 


v5. Method of Analysis'..2v.. id) Soake aoe ee 181 
76. Example of Center-bearing Swing Bridge....................---0--.... 182 
Fiz Andluencet Lines... cos <. a caticot bhp caire eee ee 183 
(8. Live: Load Stresses 2 i2)-45v sist wee ee SR ee eee 185 
79. Approximate Criteria for Maximum Wheel Loading hye 3, SOO tay Sa ee 186 
80. sEquivalent Uniform ‘hoadss—<)..-s ass. cee re ee 186 


B. Riw-Bearine Swine BripGe 


Sh General: Considerations. 5 3.4 see. ausss ona Oe ee 188 
82. Equations for Shear and Moment—Full Continuity. =... one ee one 190 
83. Theory-of Partially Continuous™Truss..... 5.0.) .4cee ee . 190 
84. Example of Rim-bearing Swing Bridge..................0c0cc cece eee . 194 
C. Present Srarus or Swine Brings 
BAe arate nia PA ety eid SINS gn yce cs ote -ontya ee PRE eee ne 195 
D. Turnras.es 
BaD. Hse cle winrnls <b byte oi9! ses nsgcie oa ees oath cae Ee ee 195 


SAG,» . «ariovoke size ii oag tig de tuk inane aha ge ee wee este ae NOU a eee 195 


CONTENTS xi 


CHAPTER V 


THE RIGID FRAME 


PAGE 
OM TO LIUITM AT Verner te eleva tthe erckc aloe a Aen ae deep A ee ae een 201 
86. Review and Restatement of Slope-Deflection Equations......<<.......... 202 
GV/o. LES EAA a Oe. evel aie ye An eee, Mian Re 1 PO lie. bass erect nt 204 
oy EMS Lal Reenter Ast nt tes Swen Cals Pere th aot cy ep oes En ee Tae oe ene bea eee 206 
89. The Frame Building Bent-under Vertical Loads—Examplel.............. 207 
CIO), TaD ye 67 (CE rar ane are Eo nner Ri elle Reara eS rei Gyet rn 2 Maar ONE 209 
91. Maximum Moments in Interior Columns and Beams of Monolithic Frames.. 214 
92. Moments in Exterior Columns and Beams of Monolithic Frames........... 216 
93. A Study of the Reinforced Concrete Frame for Design Moment Coefficients.. 221 
Oa Variations of, MLoment Of Lilertian «ns « loa vo cee eny ee ceed side gratis cee be 223 
95. Maximum Positive Moment Calculations—Interior Spans................ 224 
96. Case of Combined Translation and Rotation of the Joints of a Frame Bent.. 230 
Yous ViustratvecNumerical Problem... tic. see erence een eee 233 
96b. Horizontal Load at C Causing Translation of Joimts B and C Relative 
POAC AN CD peat eosin, cache eed tan eR eee ce 233 
Sebhe: brameds benurwathe inclined. uecse:. armrest taey ene eee enon 236 


98. The Rectangular Bent with Transverse Loading and Columns of Different 


SM CS scat once eee: foils Ce VTE ees co erty OA A A OS esti ee a 240 
99. The Framed Bridge Span or Open Webbed Girder with Loading Applied 
IDOE WECIIzg OLD TSA ctee irae eas oTs nue coors is cles Sata eieerecabe Sencar enciane etde na 241 


CHAPTER VI 
THE ELASTIC ARCH 


MOOSE TELITHINATY sev8 uct moins ee re Gare, soi a evel Seer eee 247 


SECTION I—THE TWO-HINGED ARCH 
ON HexConerale rollers pretest sath teow aca Meisealion oo cece teas /olerlorineBah erevavchataren revels 252 


NG 2Que@oeneralshiormulostories oh cokin a Gots os ctr oa cio aaterei eee sien iter 252 
103. The Parabolic Arch with Variable Moment of Inertia.................. 255 
LOseminiuence:Lines— Moments. cui dues) e~ Gots 6 see ern eee es creel 255 
Ho5seelnfiuenceduines——shearsand Ll hrustis...cta cycles op lap Sens on see een 255 
105a. Influence Lines for Maximum Fiber Stress.................-0022++-,- 257 
GMI ORC LOTT NOC US pene mre corte asses UCTS ms Feceua vars Riis tune Gane corns 258 
GE CUBES Sa 0) Si Payee Ice No Cece ROI Ce ne a ee nce a es inte 259 
108. General Solution for Any Arch Rib by Means of Elastic Weights.......... 260 
TO) 8B Era 6 CNA OL cel ah cy near ie ty ar Sr ee ae ae eae 264 
PiGoeAppromimate MethOdny. vnc actions bd xn tiajnioy oe eto te he ee tle 265 


111. Effects of Temperature and Yielding Supports........................ 266 


CONTENTS 


B. Tur Spanpret Bracep Arcu 


ADT. PAGE 
112.> Formula for G7 3085 Sc ee 266 
113, Influence Lines for' H—First Method. «...%.......2.02. Ae 267 
114. Influence Lines for. H—Second Method.................:...<. sackou. 267 
115 Influence: Lines:for ‘Truss: Members, 4a oe ee 268 
116) Approximate: Methods) ./) si). 5 a. olan e cee en ee 269 
ity, xample-and Discussion: . ..Sps5.56 aetna ee 271 
DOU ots ferent oy ahh Viney Bar asalh Voy Beale os AER ween ee Pare 
119.- Deflections of Fwo-hinged Archésiz: «01. .:..70). eon. ee . 272 
SECTION II—THE HINGELESS ARCH RIB 
420. General Hquation sy, 21>scy ond eee ee 277 
121. Alternate Forms for the General Equations........................... 282 
EAL BISAM DIO oe Feces 2s 2 eh PN GIL ee ee 285 
EL Bh eee ee ae ene I EER RR Ue I RD Sn 290 
MEO WAG a8 os ihaitys ¢ iain « sano aw vie on aches Oates tate eee ee aa 290 
123. Parabolic Arch’ with I= Teset:@ sii. «1 a. ek Aes 291 
P2tx tofluence Lines.) < <.:i sis uke neath Me ee 294 
Tan. ReaGuion: Locus >... «| Juticaesaoua mass eee gu coe en 298 
126. Effects of Temperature and Rib-shortening fy; s+. aes ee 300 
E27. Doles hions 7.5.0.4 nods, bogs 0s borhan Re eR ee 302 
28. Approximate: Méthods’, \).>..!o5 Svasuas 2 Wu ose aoe ee 302 
120virregular cases—Probleta T3053, oka ss ole eo ae 303 
1oOm Problem I ii. asco ts.0 a feeds tere ee 308 
131. Influence Lines for Reinforced Concrete Arch—Numerical Example,.,,,, 310 


132. 
133. 
134. 
135. 
136. 
137. 
138. 
139. 
140. 
141. 
142. 
143. 


CHAPTER VII 


SECONDARY STRESSES 


General Discussion=«.75.,.2 35) US seat on) ee 314 
Watire of Problems + <<.5.05, 0.0 taste, ac 2) eee ear ee er 315 
simiplitying Assumptiony,< A... 04). ss vata ole a ce 319 
Applications of Slope-deflection Biquationssscac cee tee ee 321 
Example lvoe iss visits pnarctis ts Agios ne Ad a ee mee a5 
DLE 2 eos as. : ales jo? nce vivre 220 ek Ly ne a a 329 
Poza ple 8 si. esis. aon bua Oe erage kee 333 
Remarks on Method of Solution......................00....0........ 333 
Apptoxmate: Methods... 0.5. 0-oA. 4. sis ae 335 
Enflvence!Tanes. 5 csckur cease se ch Nexen eee SE ee archer, Gest 335 
Trustworthiness of Secondary Stress Calenlstiona::. (1 aanen te eee 335 


CONTENTS Xlil 


CHAPTER VIII 


GENERAL DISCUSSION OF STATICALLY INDETERMINATE 
CONSTRUCTION—HISTORICAL REVIEW—BIBLIOGRAPHY 


A. GENERAL Discussion 


Be er EONINITIATY yoni <hr sree a ers UME on ea, 339 
£35. Review. of Definition and-Classification...~......22ceco cde voce cee vk 340 
146. Conventional Character of Classification...........0. 00000 cc ceececeuce 341 
147. Statically Indeterminate Structures in the Limited Sense............... 341 
148. Merits and Defects of Statically Indeterminate Construction............ 342 
NA eee CONROY AON IVUOLOTICs :ik basen ashe he eral Sa se Cn te eee te 342 
LEO ss Paarl ANE as ee tah ee he Be et emmy) Tien le Metenee oS ibi A Cott URI TS at 344 
HS eA eye Re NERS 8c foi ys st gece. Gu SSI ht ae eee ae eee 345 
Maem TCC UNID UL ss Ot ree lh iin «Toe OL ee 345 
153. Validity of Methods of Analysis of Indeterminate Stresses............... 346 
Hie OUOTLOUSN CSS Oly CULCULGLLONS cary asia One ee eee ee 349 
Hoos” Naturally. Indeterminate: Ty pess. 1.5.04 scene ee eee 350 
dhs On GrENel ANS ULNTMOAIiy eae civ nen Lee acs teee Geee or eck an gh aU ae acho He 351 


ee tanlysP ero satan... ier accqnc cratiaera Rann Sonata AEE se BE Ga TR 351 
SOAS «es Bir’ Cea RN ON era aca eres Me See AA easier = | Ais as SB Wn ore 352 
MD Sem CUE CTLOU teste oie ce Gaon ions toa cee og eee ne i a eer ae 354 
ON LOGErD URETIOR tie.ch adic Gre ate a: Ste ocicoh Wile ne ee Cn ae neh ne 356 

Cs BIBLIOGRAPHY rite) ae DE 358 


AN ELEMENTARY TREATISE ON 
STATICALLY INDETERMINATE STRESSES 


INTRODUCTION 
A. NATURE oF STATICAL INDETERMINATION 


1. Definition.—Any structure in which the reactions or stresses are 
not fully defined, in terms of known quantities, by the necessary rela- 
tions of static equilibrium, is said to be “ statically indeterminate.”’ 

For the student who is unfamiliar with the conception, some elabora-~ 
tion of this definition may be helpful. 

2. Structural Stability —First we may recall some facts in the funda- 
mental theory of simple structures. The prime requisite in any struc- 
ture, as an engineer views it, is stability. The bridge must maintain its 
roadway at a prescribed level; the steel skeleton of an office building 
must hold the walls and floors rigidly in place; the dam or retaining wall 
must keep a fixed position against the pressure of water or earth. We 
specify, therefore, in all structures, that the structure as a whole and 
all its parts shall satisfy the conditions of static equilibrium. These 
conditions are but three in number and are expressed mathematically 
by the well-known equations: * 


me ee eee aes v Chen. 2 eee (a) 
See heat ee Ie to alan ak) 
029 EA eee Poe ea, SOY at eal ed (2) 


3. Examples.—We may note three cases (see Figs. 1, 2 and 3). 
Fig. 1 is obviously unstable. Unless the load P acts along the line 
AB, the structure cannot maintain its position no matter how strong 


* Tt is to be understood here and throughout this book that we are dealing only 
with forces lying in a plane. 
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the member AB nor how firmly supported. Fig. 2 is clearly a stable 
form for all conditions of loading and the simplest form possible for 
maintaining the point A in a fixed position against the action of any 
force P. The point cannot move appreciably except by the failure of 
one of the bars. 

It should be clear from the above that any pair of bars in Fig. 3 will 
constitute a stable system, and therefore this structure has one super- 
fluous member. Fig. 1 is essentially unstable; Fig. 2 is “ just stable ”’; 
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Fig. 3 is ‘ over-stable.’’ Or, to put it another way, (1) is structurally 
defective, (2) is structurally sufficient, (3) is structurally redundant. 
4. Analytical Conditions—Most solutions of practical structural 
problems involve an answer to the question—“ Given a structure and a 
loading, what must be the value of a given reaction or stress in a given 
member to insure equilibrium?” Applying this method to Fig. 1 we 
see that at B we require R, = P,, R, = P, and M = P.-a. But, from 
the conditions of the problem (smooth pin at B), we cannot develop 
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a moment at the point of support, i.e, we have more conditions 
than means of satisfying them. Algebraically, we say there are more 
equations than there are unknowns, and no solution, in general, can 
exist. 

In the familiar case of Fig. 2, known methods of stress analysis show 
that for any condition of loading there is one and only one set of values 
of reactions and stresses which are consistent with equilibrium. Alge- 
braically, we have exactly the same number of unknowns as we have 
equations of condition. 

Turning to Fig. 3 we note that at joint A, for instance, we may 


Fig. 3 


remove any one of the bars and yet satisfy all the requirements for 
equilibrium by suitable stresses in the other two. If we arbitrarily 
a 3 0 similar value), we at once find 
the proper equilibrating values for the other bars by application of 
equations (a) and (6). That is to say, there is more than one set of 
values (actually an indefinite number) of the reactions and stresses in 
the structure of Fig. 3 which will completely satisfy the requirements of 
equilibrium,—more unknowns to determine than equations of condition, 
and no definite solution can be effected. 


assume any value for AD (say 
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We may say, then, that a solution of (1) isin general impossible, the 
solution of (2) is definite and unique, the solution of (3) is indeterminate 
—statically indeterminate, we should say, because thus far only statical 
relations have been invoked in the solution. 

5. Generality of Statical Requirements—The following point 
cannot be too strongly emphasized: To say that the three statical 
equations are insufficient for the solution of a framework of the type 
of (3) does not mean that they do not apply with all the force they do in 
any case. Any useful structure must fully conform to the laws of static 
equilibrium.* In some structures these laws, mathematically expressed, 


Fig. 4 


suffice for a complete analysis of stresses; in others they do not; but 
this in nowise relieves the latter of the fundamental requirements. 

6. Principle of Consistent Distortions—Seeing that the laws of 
equilibrium alone do not define the reactions and stresses in certain 
structures, we naturally ask what are the conditions which do serve to 
define these quantities. We know that the stresses and reactions are 


*This statement is subject to obvious qualification—movable bridges, fixed 
bridges subjected to suddenly applied live loads, cranes, ships, etc., may not, in a 
sense, fully conform to statical conditions, but this discrepancy is of no great impor- 
tance so far as methods of analysis are concerned. 


NATURE OF STATICAL INDETERMINATION 5) 


not arbitrary and lawless; ‘real indeterminateness does not exist in 
nature.” * To find the answer to this question we must undertake a 
more exact inquiry into the behavior of a structure under stress. Many 
problems in stresses can be analyzed quite correctly on the assumption 
that the structure is a rigid body; but, of course, all bodies of which 
we have any knowledge are actually at least slightly deformable and 
the deformations and the corresponding stresses are connected by very 
definite experimental laws, as the student has already learned from the 
study of mechanics of materials. Without taking up the matter in detail 
at this stage, it is not difficult to see how this fact affects the problem 
under consideration. Take the simplest possible case, as shown in Fig. 4. 
If we arbitrarily assume, for example, that AB = 0, we arrive at a set of 
values for the remaining stresses and reactions which satisfy the laws 
of equilibrium and, so far as this requirement goes, are as valid as any 
other. Let us now examine the elastic deformations. If the bars are 
all equal, the point A will move slightly downward along AB because 
of the elastic yield of 
the structure CAD. 
But, since the three 
bars are rigidly at- 
tached at A, this can- 
not happen without 
inducing a consider- 
able deformation and 
hence a considerable 
stress (actually more 
than in either of the 
other bars) in AB, 
which was assumed to 
be zero. Similarly, 
any other arbitrary set 
of stress values, even 
though complying 


Cc D 


with all conditions of 4 B C 
equilibrium, will result 

in incompatible defor- (b) 

mations. Without at- te 'S 


tempting here to jus- 

tify it fully, we may now enunciate the principle upon which the answer 
to the preceding question is based. The reactions and stresses in any 
structure must not only accord with the requirements of static equi- 


’ * Kelvin and Tait, “ Natural Philosophy,” Vol. II, page 161. 
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librium, but they must result in consistent elastic distortions. 'The theory 
of statically indeterminate stresses as presented in this book consists 
in developing in some detail the implications of this principle in its 
various phases and applications. 

7. Scope of Principle——Though this law applies with all the force 
and generality of the laws of equilibrium, it has no significance for the 
analysis of structures unless they have redundant supports or members. 
For in all simple (i.e. “just-stable’’) structures the distortions, so long 
as they remain small, are independent of each other—any member may 


Cc D 


(b) 
Fig. 6 


change its length or any support may be displaced without thereby 
stressing the other parts. This must follow from the very fact that the 
structure has just enough members and supports for stability and no 
more. A little consideration should make this clear. 

(a) and (6) of Fig. 5 are unstable forms. Within certain limits they 
may be displaced at will without awakening any resisting forces. In 
Fig. 6 the preceding forms have been rendered stable. From the 
previous discussion it is clear that, since the removal of any member 
of (a) and any support of (6) will result in an unstable form, therefore 
any member of (a) may change its length and either support of (b) may 
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be displaced without bringing into play any resisting forces. The law 
of consistent distortions has no meaning for such structures because 
any set of small deformations or displacements are self-consistent. 

In Fig. 7 the forms have been made redundant. It is clear that, 
since the removal of any member from (a) or any support from (0) still 
leaves a stable (rigid) structure, therefore the deformation of any 
member or displacement of any support will necessarily arouse resist- 
ing forces. Viewing the problem in another way, we may say that in 


(S: D 


(0) 
Fic. 7 


(a) of Fig. 7, the length of any member is a function of the other lengths, 
while in (a) of Fig. 6, the lengths are (within certain limits) quite un- 
related. Analogous relations hold for the supports. 


B. Types or STATICALLY INDETERMINATE STRUCTURES 


8. Some of the more important structural problems requiring the 
theory of statically indeterminate stresses for their solution are tabulated 
below. ‘The classification as arranged is merely for convenience of 
treatment; it is in no sense rigid or final, nor does the list pretend to be 
complete. 
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I. The Continuous Girder. 
a. Ordinary restrained and continuous beams. 
b. Swing bridges and turatables. 
c. Continuous trusses. 
Queensboro bridge (a continuous cantilever), the Scioto- 
ville bridge, the B. & L. E. bridge over Allegheny River at 
Pittsburgh, and similar types. 


II. The Elastic Arch. 
a. The two-hinged arch. 
1. Solid arch rib (steel or concrete). 
2. Arch truss (Hell Gate bridge). 
3. Spandrel braced arch (Grand Trunk R.R. Niagara 
Bridge). 
b. One-hinged arch (very rare). 
c. Hingeless arch. 
1. Solid steel rib. 
2. Trussed steel rib (Eads Bridge). 
3. Reinforced concrete arch (nearly all concrete arches 
in America are hingeless). 


III. Suspension Systems. 


a. Braced cable (Proposed Hudson River bridge). 
b. Wire cable with stiffening truss (Manhattan and Williams- 
burg bridges). 


IV. Trusses with Redundant Members. 
Double triangular and Whipple trusses and other similar types. 


V. Rigid Frames. 


a. Simple quadrangular frames. 
1. Beam and column frames in building. 
2. Solid portals. 
3. Box culverts. 

b. Irregular frames. 
1. Sewer sections and water conduits. 
2. Ship frames. 
3. Miscellaneous types. 

VI. Composite Frameworks. (Beam and truss combinations.) 

a. Framed bent and framed portal. 

b. King and Queen post trusses. 

c. Miscellaneous types. 
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VII. Multiple Rigid Joint Problems. 


a. Secondary stresses in bridges. 
b. Wind stresses in high building frames. 
c. Open web (Vierendeel) girders. 


VIII. Girders on Continuous Yielding Supports. 


a. Railroad rail. 

b. Footings and foundations. 
c. Pontoon bridges. 

d. Ships. 


IX. Flat Slabs, Arch Dams, Solid Domes. 
X. Buckling of Columns, Struts, and Girder Webs. 


Many of these problems are beyond the scope of an elementary 
treatise. Some of them, notably the last two, involve a relatively 
exact investigation of the stress-strain relations within an elastic solid, 
and hence require the methods of the mathematical theory of elasticity 
forsolution. This analysis differs so markedly in form from the ordinary 
methods of attack in statically indeterminate structures, that such 
problems are usually placed in a group by themselves. 

9. Structures Indeterminate Internally and Externally.—We dis- 
tinguish between structures that are indeterminate as to the supporting 
reactions and those indeterminate as to internal stresses. The former 
are said to be statically indeterminate externally, and the latter statically 
indeterminate internally. 

10. Criterion of Statical Indetermination—Degree of I ndeterminate- 
ness. A structure which is indeterminate externally will generally be 
noted on inspection. Exceptional cases may arise, but they are rarely 
of any practical importance. The question of whether or not a frame- 
work is redundant internally is less easy to settle by inspection. The 
following simple criterion will suffice for all cases of plane structures 
likely to arise in practice. Nearly all such trusses are essentially 
assemblages of triangles. We may imagine them constructed by suc- 
cessive addition of the various joints, starting with any triangular 
frame as a base. Now, for stability, it is in general necessary and suf- 
ficient that each added joint shall be connected to the framework by 

‘two bars. Thus if n = the number of joints and m = the number of 
bars, m — 3 = 2(n— 3), orm= 2n — 3.* 

* In certain limiting cases a frame will be defective even though there be 2n-3 
bars; in other special cases a stable frame may be devised which will possess fewer 
than 2n-3 members. As noted above, however, these frames have little practical 
significance, 
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We may approach the question from a slightly different standpoint. 
The student will recall, from the theory of stresses in simple structures, 
that for every joint of a simple truss we may write two and only two 
independent equations. From statical conditions alone, then, we have 
a total of 2n equations for the entire structure. Now, in general, to 
assure stability of the structure as a whole under any given set of 
forces, we must have at our disposal the magnitude and direction of 
one reaction and the magnitude of the other—three unknown quantities. 
The total number of unknowns is then m + 8, and if the structure is to 
be statically determined, this must not exceed 2n. If it is less, then 
the structure is unstable. Hence a determinate and stable framework 
should have m = 2n — 3. 


CHAPTER I 
DEFLECTIONS 


1. General—The discussion in the preceding pages has shown that 
a solution of the problem of statically indeterminate stresses must be 
based on the elastic deflections of the structure. Indeed, it was there 
stated that the problem of determining the statically indeterminate forces 
was essentially that of so adjusting these forces as to secure consistent 
elastic distortions. It is evident, therefore, that a thorough study of 
the character of such distortions and of the methods of computing 
them must precede the study of indeterminate stresses. 

There are also many cases where a knowledge of deflections is 
desirable for other reasons. ‘For example, it is frequently desirable to 
camber long-span bridge trusses in such a manner that the loaded chord 
will take a horizontal position under maximum loading or some specified 
combination of dead and live loading. This means that in the un- 
stressed state the chord will have a slight upward curvature. This 
result may be secured by making each top chord member a trifle longer 
than would correspond to the final form of the truss, a method common 
in ordinary cases, or by modifying the length of each member by the 
amount it will deform under maximum stress, a more correct method, 
and one preferable for very large structures. In either case, it is evident 
that for a rational solution of the problem it is necessary to know the 
relation that exists between a small change in length of any member 
and the corresponding displacement of any joint. A problem illustrat- 
ing both cases is given on page 88. 

In many erection problems, especially in the cantilever erection of 
long-span bridges, a knowledge of elastic deflections is of great impor- 
tance. In the erection of the Sciotoville two-span continuous bridge 
for example, one of the spans was:erected on false-work and the other 
cantilevered out from this to its abutment, and later jacked up to allow 
the end shoe to be placed. Obviously it was of the greatest importance 
to know beforehand what the dead load deflection of the end would be, 
and what jacking force would be required to lift it sufficiently to set the 
shoe. 

In the same structure it was decided, in order to avoid high secondary 
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stresses, to erect the truss under considerable initial strain in the 
opposite direction from that developed under full loading. This proc- 
ess necessarily required a careful and detailed study of deflections. 

Many other examples might be cited to show that it is often neces- 
sary or desirable to determine elastic deflections for their own sake. 
In spite of the importance of the theory of deflections in this connec- 
tion, however, it still remains true that this theory finds its chief applica- 
tion in the analysis of statically indeterminate stresses. 

We shall treat in this chapter several methods for obtaining the 
deflections of structures. One or two general remarks should precede 
this discussion. To avoid needless repetition, it should be emphasized 
here that in this treatise we shall deal only with deformations and 
displacements that are very small as compared with the dimensions of 
the structures concerned. This assumption is implicitly involved in the 
ordinary theory of beams and trusses, since it is there assumed that the 
same dimensions may be used in the strained state as in the unstrained 
state of the structure. For all ordinary cases, the facts fully justify the 
assumption. For example, the unit deformation of steel or conerete 
for maximum allowable working loads will seldom exceed 1 in 2000. 
The temperature change for a range of 100 per cent is but little more. 
(Coefficient of expansion for both steel and concrete is about .0000065 
per degree of temperature change.) The total deflections resulting 
from such small deformations will usually be too small to modify the 
shape of the structure materially.* 

It may be further noted that it is seldom possible to determine the 
deflections of structures as they exist in practice to any great degree of 
refinement, nor is such refinement particularly desirable. It is a most 
important fact, and will be made clear in the later discussion, that in the 
analysis of indeterminate stresses it is the relative rather than the 
absolute values of the deflections which are important. 

la. Methods of Analysis —The methods of determining deflections 
treated in this chapter may be classified as follows: 


I. Method of Work. 


a. The Maxwell-Mohr Method (Dummy Unit Loading). 
b. Castigliano’s Method (Derivatives of Internal Work). 


* There are some important exceptions to the rule that the elastic deflections may 
be regarded as negligibly small in comparison to the main dimensions of the structure. 
For example, the calculated deflection of the Manhattan suspension bridge, under 
maximum live load, is about 15 ft.—roughly equal to 10 per cent of the sag and 
1 per cent of the span. (See Johnson, Bryan and Turneaure’s “Modern Framed 
Structures,” Part II, page 247.) 
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II. Special Methods. 


c. The Moment-Area Method. 
d. The Elastic-Weight Method. 
e. The Displacement (Williot) Diagram. 


Methoas a and b are based on the principle of the work of deforma- 
tion, and we shall see later that they are nearly identical in mode of 
application to most problems here treated. We shall, therefore, group 
them under the head of the Method of Work, and we shall adopt this as 
the general basic method for the treatment of deflections. It is not 
always, and in fact not generally, the shortest or most direct method for 
dealing with special problems, but as a broad fundamental method for 
use in developing a comprehensive general theory, its advantages have 
led to a nearly universal adoption. 

Methods ¢ and d, despite a marked difference in fundamental con- 
ception, have so many points of similarity that they are frequently 
treated as a single method. They may be derived from the principle 
of work, but may also be established independently. 

Method ¢ is quite distinct from any of the others. 

Still other means of finding deflections, differing markedly from any 
of the above and having wide fields of application, have been devised. 
Opinions as to advantages and disadvantages differ greatly. However, 
in an elementary treatise, we can only attempt to present some of the 
best known and most widely used methods of attack. 

We have omitted from discussion the well-known and very important 


2 
beam-deflection differential equation = oo It is assumed that the 


student is sufficiently acquainted with this method from his study of 
mechanics of materials. 


SECTION I.—DEFLECTIONS BY METHOD OF WORK 


2. Statement of Problem.—Before we proceed to a deduction of the 
deflection equation by this method, it is well to state the deflection 
problem in a somewhat different form, perhaps, from that with which 
the student is familiar, and to develop the conception of the work of 
deformation. 

A beam AB deflects primarily because each elementary section dx 
is distorted, as shown in Fig.8. (We shall later take up the relatively 
unimportant question of shearing deflections.) 

We have, for our purpose, completely solved ‘the problem of deflec- 
tion for a straight beam when we answer the question, “If an element 
dz, distant x from A, has its faces distorted through the angle da, the 
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remaining portion of the beam assumed rigid, what is the corresponding 
displacement of any point g?” For, if the relationship can be established 
for any elementary section dz, the resulting displacement for all sections 
will be obtained by summing up the partial effects. 

The corresponding problem in an articulated truss may be stated 
thus: “If any member S is deformed an amount AS, the remaining 
members assumed rigid, what is the corresponding displacement of a 
given point q?” (See Fig. 9.) If this relation is established for any 


Fie. 8 


member, the result for any number of members follows by direct sum- 
mation. 

We should further note that there is a strictly geometrical relation 
between the deformation of an element of a beam and the consequent 
displacement of any point, and between the change of length of a mem- 
ber of a truss and the resulting deflection of any point. That is to say, 
a given distortion will be connected with a certain displacement, no 
matter what causes the distortion. This fact is too obvious to need elabora- 
tion, but since the deduction here given of the general deflection equa- 
tion is based in part upon it, the student should note it carefully. The 
principle of the work of deformation, to be developed in the next article, 
enables us to obtain conveniently a relation between internal dis- 
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tortion and the resultant displacement of any point, when the distor- 
tion is caused by a load at the point. But by the principle just 
stated, this relation must be true whatever be the cause of the distortion; 
hence we are able to generalize the result at once. 

3. Internal Work of Deformation—If a force is applied to any 
elastic body, there is a certain amount of energy expended in deform- 
ing the body. This must be equal to the product of the force times the 
component of the deflection of its point of application in the direction 
of its line of action, or to the sum of such products, if several loads are 
applied. If the elastic limit is not exceeded, the body will tend to regain 
its original position, and will do so against resistance, thereby perform- 


Fig. 9 


ing a certain amount of work (‘‘negative” work compared to that of 
the original deflecting forces). If the body is perfectly elastic,—we 
shall deal, here and later, only with strains inside the elastic limit,—it 
will recover fully its original shape and complete a cycle during which 
there must be no energy gained or lost; i.e., the strained body must 
give out as much energy in regaining its original state as was stored up 
in it during the process of deflection. This is a clear requirement of the 
law of conservation of energy. 

The internal stored energy (‘potential energy of strain”) may be 
expressed mathematically as follows: Referring to Fig. 9, suppose a 
load P to be applied at g and all members except S assumed rigid. A 
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stress will be developed in each member of the truss which may be 
represented by a pair of external forces applied axially at the ends of 
the member. For all members except S, these forces maintain their 
relative positions during deflection, and hence do no work. The two 
forces Sp applied to the ends of the member S will obviously perform 
an amount of work equal to the product of the average value of Sr 
times the total deformation AS. If P be applied gradually, the stress S, 
will gradually increase from zero to its full value, and the average value 
will be 3 Sy. The total internal work (only the one member S assumed 
deformable) will then be } S;:AS. If L, A and E be given their usual 


significance, AS = _ and the internal work of deformation may be 
expressed as 
A 1S,7L 
AW; = 487: AS SS wie rig meee | Meee hh (1a) 


If all members be regarded as elastic, this expression becomes 


{Arh 
Wi =428p-AS => Ge a. @ 


A precisely analogous argument will hold for beams. 


Fig. 10 


Referring to Fig. 10, we suppose AB is a beam of any form of cross 
section subjected, let us say, to a transverse load P. The internal 
work of deformation for an element dx (remaining portion of beam 
assumed rigid) will evidently be the sum of the products of the various 
fiber deformations times the average value of the corresponding fiber 
stresses during deformation, if the load is gradually applied. Take the 
layer of fibers shown as the area dA in the figure; the deformation of 


: My a : 
each fiber is Asy = —* : a and if the fiber stress increases gradually from 


zero to its maximum, the average value will be a and the work of 
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1 M?y2dxdA 


deformation for this layer of fibers will therefore be = a i and the 


work of all the fibers on the cross section will be 


For the entire beam, the work will be obtained by summing the work 
performed by stresses at each element dz; hence 


1 (2®Mede” 1 2Mdx 
ai = A M = af tem ey 


if da represents the angular change between the two faces of the sec- 
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tion dx. (The student will recall, from his study of mechanics of 
i) ee) See da 


fs tano.————= 


d 
therefore — le ( Scar Te 


M. 
dx? EY’ 
- since ais very small.) _ 
We may show independently that if a couple R (see Fig. 11) is 
displaced in any manner, the work performed will be Ra (if a is small). 
For evidently no work will be performed by pure translation of the 
couple, and the work of rotation may be expressed (if F maintains a 
constant value) as 


F(ds) + F(dt) = Fsa + Fta = Fa(s+t) =Fpa=Ra. . (3) 


materials, that ae 


From the necessary relation of equality between internal and external 
work, we may say that if a beam is subjected to a number of loads P, 
so applied that the loads and corresponding internal stresses gradually 
increase from zero to the final value, and if 5 in general represents the 
component deflection, in the direction of the load, of the point of applica- 
tion of any load P, then from Equation (2) 


1/2 1 (’Mde 
i — = — = — Se 
PPS = Wi=5{ Mada at Tie Newt BD) 
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and similarly for trusses, if the members suffer axial stresses only, 
Equation (1) gives 


z2P5 = W,= 32SAs=5 > ==... .-. . . (4a)* 


A. DEFLECTIONS BY Maxwetit-Monr Meruop (Dummy Unrr LoapDING) 


4. Truss Deflections.— We have seen that the essence of the problem 
of the deflection of structures is to obtain a relation between the distor- 
tion of a given element (small section dz of a beam or a single member of 
a truss) and the corresponding movement of a given point. The principle 
of work enables us to arrive at such a relation very simply. Applying 
the method to the truss of Fig. 9, load P applied gradually to point q¢ 
and the member S alone regarded as deformable, Equation (4a) gives 


at once : 
© 1,S2L i 


1 aan bey 
ar Ada 9 AB on As, 
whence 
S 
Ade SAS 5. is. eae eee eaca eaneer 


But we know from the fundamental theory of stresses that S is 
directly proportional to P, i.e., 


S = P X constant = Ph, say. 


But this constant, k, is numerically equal to the value of S when 
P =unity. Following the usual notation, we shall call this stress 
S (due to unit load) = wu. Then Equation (5a) becomes 


Abe ASU; meets ae Le 


or, if all members are deformable and S and AS are general terms for 
the stress and deformation of a member, 


Og ae LAS-u. te, eek iets . . . . ° . (5) 


The relations (5) have been proved on the assumption that AS is 
caused by the load P at g. But from the discussion in the last para- 
graph of Article 2 it is clear that if 6, = AS-w when AS is a deformation 
caused by a load at g, then 6, must equal AS-w when AS is the same 
change of length due to some other cause. Since Equation (5) holds for 
all finite values of P and A (so long as the deflections remain small), 
by suitable variation of these quantities we can make the equation 


* These relations are due to Clapeyron, 1833. 
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cover the whole practical range of values of AS (as = foe where 
u, L, and # are constants). Therefore, Equation (5b) is to be regarded 
as a perfectly general kinematical relation between any small change in 
length of a member and the corresponding displacement of a given 
point. AS may be a change of length due to temperature, to play in a 
pinhole, to the screwing up of a turnbuckle or a deformation due to a 
given loading. The latter is, of course, by far the most important case. 
If the truss is subjected to any set of loads and S designates the stress in 
any member due to these loads, we have 


dg = ZAS-u = (5c) 


as usually written. 

5. Beam Deflections.—The equation for beams follows similarly. 
We note that 3PA5, = }Mda (see Fig. 10), if we consider only section 
dz elastic, and 


A 6q = “da. . . ° . . . . . (6a) 


But & is a constant and is numerically equal to the value of M 


when P is unity. Calling this value m, we have 
L 

om ti G0, -. ‘«°., » 6b) or i= { mde, ee ge. 
0 


which is the fundamental deflection equation for beams. We shouid 
note that in developing Equation (6a) we assume that the distortion 
of the faces of the element dz through the angle da is produced by the 
load P. But we generalize the resulting relation as in the case’of the 
truss; that is, a change da at a given section will produce the same 
deflection at a point q regardless of what causes the change, and the 
deflection will be equal to the product of the angular change into the 


M 
constant —= = m. 


P 
In the case of the beam, we are concerned almost wholly with bend- 
ing due to applied loads. For this case, da = e and if the whole 


beam is treated as elastic (6) goes into 


LMdx “LM mdz 
y= ——-m, Or oy = ———. . . . (6c) 
on Ae a Me 
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6. Deflection Constants.—Equations (5) and (5c), (6) and (6c) 
give a general solution of the problem of deflections. The quantities 
u and m may be termed the deflection constants for trusses and beams 
respectively. When put into words, the deflection equation for trusses 
states that if a bar changes its length by an amount AS, the correspond- 
ing displacement of any joint g in any desired direction is equal to AS 
times the deflection constant u, the latter being numerically equal to 
the stress in the member due to a unit load at q, acting in the direction 
of the displacement desired. 

For beams, we may say that if any element of the beam undergoes 
a relative angular displacement of its faces, da, the corresponding dis- 
placement in any given direction of any point g in the axis of the beam 
is da times the deflection constant m, which is here equal to the moment 
at the section where the element is taken produced by a unit load at q¢ 
acting in the direction of the displacement sought. 

7. General Interpretation of §— Angular Displacement. In the fore- 
going discussion, 6 has been used to signify the linear displacement of 
a point referred to its original position. But there are other cases of 
deflection which are of considerable importance. For instance, we may 
wish to know the relative displacement of two points with respect to 
each other, or we may wish to know the angular displacement of a given 
line in a beam or framework. The given equations may be at once 
generalized to cover these cases by a proper interpretation of the deflec- 
tion constant. 

Referring to Fig. 12a, let us suppose that a pair of loads P, P act at 
b and C as shown, and that member BC (any other member might have 
been selected) alone is elastic. From Equation (4a), if Aé = relative 
displacement of b and C along line bC, 


3PA6 = 48AS, or Ad = Sas = UMS) 7a) 


which is identical with (5b) if by u we understand the stress in BC due 
to a pair of unit forces acting as shown in the figure. 

Similarly, suppose a couple F-L = M to be applied to the line Be 
as shown in Fig. 12a, and again imagine all members rigid except BC, 
and let S and AS be the stress and deformation, respectively, of BC due 
to the couple M. Then, in view of the equality of internal and external 
work and of Equation (3), (if Aa is the small angle through which bar 
Bc is displaced), 


S 
MAa = SAS, or Aa = TAS = u-AS. SS ON 


which is analogous to (5b) if u is the stress in a given member due to a 
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couple of magnitude unity, applied to a line whose angular displacement 
Aa is desired. 

In Fig. 12b, suppose a couple M, is applied to the beam at q, and 
only the element dz is elastic. Let Ao, be the angular change of the 
line 1 — 1 caused by da, the angular change between the faces of the 
element dz, due to the moment M at section 2— 2. (This moment is 
produced by the applied moment M,.) Then 


M,Aa, = Mda, and Aa, = mae =i mdag inl fe (9) 

M, 
if m is the moment at section 2 — 2 due to a couple of magnitude unity 
at1—1. Since, as already noted, the only flexural displacement of 


1 


ZS 


Mq 
rg 


Hie. 12 


any importance in beams is that due to stress, we may give da its value, 
oS and Equation (8) will read 


Mmdzx BMmdx 
Aay = oa 3 a or = a 
A 


if all sections are elastic. This is analogous to (6c), the only change 
being in the character of m. 

These equations are derived on the assumption that the applied 
loading is the cause of the internal deformation. But we may show, 
exactly as in the preceding cases, that the relation holds whatever the 
cause of AS and da. 

We may then make the following general statement regarding the 
deflection equations: 
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(1) Beams. If any element dz, in a beam AB, is deformed after 
the manner of Fig. 8, a displacement will in general take place at each 
point or section of the beam; this displacement will be in direct propor- 
tion to the deformation, and its amount will be equal to the relative 
angular displacement of the two faces of the element dx multiplied by a 
constant ‘deflection factor.” This constant is numerically equal to 
the moment at dx produced by a unit loading applied at the point or 
section whose displacement is under consideration. This unit loading 
will be a single force equal to unity if linear deflection is sought, and 
must act in the direction of the deflection. It will be a couple of magni- 
tude unity if angular deflection is desired. 

(2) Trusses. If any member of a jointed frame changes its length 
a small amount, each point of the frame will in general be displaced, and 
the amount of the displacement will be equal to the change of length 
multiplied by the deflection factor for the point and member. This 
deflection constant is numerically equal to the stress in the member 
caused by a unit loading applied at the point or section where the dis- 
placement is desired. As for beams, the unit loading will be a unit 
force or unit couple, depending on whether linear or angular displace- 
ment is desired. To emphasize the distinction, we shall generally use 
the symbol 6 to represent linear deflection and a to represent angular 
deflection, but it is clear that we might very well use 6 (or some other 
symbol) as a perfectly general designation of elastic displacement— 
linear or angular, depending upon the nature of the deflection constants. 

7a. Units.—It is well to keep in mind the units involved in the 
various terms of the deflection equation. Thus 


Mmdz Mmdzx 
6x1 = = | 
Mie Ripe BIX 1x’ 
; ; ; : 
Cae ae (Ibs. ey (Ibs. X ins.) X ins. ae 
Sob ect SAU eh | 
eae X ins.* X Ibs. 
Similarly 
Sul Sul 
éx1lx= 5 2% ~ 
xX 1K ye eau iss AEX 1x’ 
: : Ibs. X Ibs. X ins. : 
gives ins. = = ins. 


ins? x 2PS \ ahs, 
ins. 
For convenience in writing the equation, we ordinarily omit the term 
representing the unit load; i.e., we say 6 is numerically equal to 


Se or equal to Mmdx 
AGN EL: 
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Or we may think of the deflection constants u and m as respectively 


equal to 


Stress due to unit loading applied at deflected Paint 
in direction of desired deflection 


Unit loading 
and 


Moment due to unit loading applied at deflected point 
in direction of desired deflection 


Unit loading 


8. Examples. 
(1) Deflection of cantilever loaded at end (Fig. 18a). 


ein BMmdz. 
Bars ” EI ) 


with origin at B, 


Maa ee 
m=0,2<b Mmdzx = (Px? — Pbx)dx 
m=1(¢—5b),2>5b | 


. P (2% Bee ae We P mse b3 
op al, (@ — ba)de = Fl 5 ra = | = spa|” ea 


Pi? 
If b = oF 63 = 3K’ 


4Mm.d Sega Oe P; . : 
apr -{ =a = ade sdx = ope — b?), (since m_ = unity). 


Pi? 


li b = 0; a8 = 5p7- 
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(2) Cantilever uniformly loaded (Fig. 13b). 


5 el aoe 
5 Pree eo) OR 


lees 2 Oy ea 
Hs Dir ee ee 
ae 2 
Mm = ae 


2 


FR nme (fetes eee en Er et i dk i 
PINES § 24EI 


Y 
Ww ¥/ft, 
YMA TIT eo 
GY a b 
Y L | 


Fig. 136 


LA 

Ifb = wL* 

? oa = gap 

aoe Mine: SON ene eee : 

ap sip aah ze, ede = 6ET (L3 — 63), 

3 

Ifb = wL" 

2 28 BRT 
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(3) Simple beam with single load at center (Fig. 18c). 


5 =i Mmdx 
aoe Saas 
a EL 


ee aoe 
OMe my) 


Origin at B, M = 5 


pee ee 
oe x 5° 
Origin at A, Tee eee 
2 2 
(te < 
Zmite <a, 
Hoes b a(L — x) ., L 
Fees ee cles general ye Eee 
G L 


Sahay Cae Pie (ee. edgy (ex 
Oa’ al sae + sere (2 + oprn x(L — x)dx 
2% Pa 
48EI 
L PE 
[f a= 9 Omax ca ASSET 


(3L? — 4a). 


9. Maxwell’s Law of Reciprocal Deflections.—In the beam of 
Fig. 14a let any two points p and q carry equal loads P. If we suppose 
the load at q to be removed and write the equation for the deflection 
at q due to P at p we have, 


; =| M,m ,dx 
qp ‘ EI ) 


where M, = moment at any section due to P acting at p; 
and m, = moment at any section due to a unit load acting at q. 


* Similarly, if the load at p is removed and we have P acting at ¢ alone 


: ; L Mampd 
5pq = deflection at p due to P acting at 4 -{ ae =) 
0 


But 


M, = Pm, and M, = Pm, 
whence : 


x 


Opa = Saps . ° ¢ . . . ° . e e ° ° (9) 
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. that is, given any two points in a beam, the deflection at the first due 
to a given load acting at the second, is equal to the deflection at the 
second due to the same load acting at the first. 

A similar argument establishes the theorem for a truss (Fig. 146). 

This principle, known as “Maxwell’s Law of Reciprocal Deflec- 
tions,” * is one of the most useful and important in the theory of 
indeterminate structures. It is more general than appears from the 
preceding illustration. It obviously applies, as the student may easily 
show, to loads having different directions. It applies also to angular 
as well as to linear displacements, as may easily be shown. We may 
first note that since the magnitude of the equal loads P is immaterial, 
it will be convenient to take P = 1%, and the theorem is then con- 


Fig. 14 


veniently stated thus—‘“ the deflection at p due to unity at q = deflec- 
tion at q due to unity at p.” If in place of ‘unit load” we put unit 
couple, we at once obtain 


2 ME (yg? Mp pA c Ma) * Ma) gh 
wy SS REACH OTS ee ——— = 5 10 
ap f EI if, EI Qpq ( ) 


Further, if we suppose a single load unity acting at p in any direction 


* After its discoverer, James Clerk Maxwell, Cavendish Professor of Experi- 
mental Physics at Cambridge University, and one of the greatest physicists of 
modern times. 

t The symbol “m.),”’ is used here to emphasize the fact that m is due to a unit 
couple rather than a single unit force. The student should note that if we define 
mq as the moment at any given section due to a unit loading at q, this covers both 
the above cases and no special symbol is needed—see remarks on page 22, (2). 
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and we wish the angular displacement at q, by application of the funda- 
mental formula we get 


L Mn* Me) ght 


a’q (due to unit load at p) = { eae 


0 


where m, = moment at any section due to unit load at p, as before; 


and m»., = moment at any section due to unit couple at q. 


If we have a couple unity acting at qg, no other loads, and we wish 
the linear displacement at p (in the direction of above unit load) we 
must have 


L 
6’, (due to unit couple at q) =[ Be ae yee te Le) 


0 


that is, “‘the angular displacement at q due to a unit load acting in a 
given direction at p, is equal to the linear displacement (in this direc- 
tion) at p due to unit couple at qg.” This holds equally for a truss. 

10. Shearing Deflection—In the presentation of the theory of 
deflections in the preceding pages, no mention has been made of deforma- 
tion due to shear. We may investigate this problem in a manner similar 
to that used for the bending deflections. Referring to Fig. 15a, we pro- 
ceed to find the deflection at q due to a load P at q, assuming only the 
section dz as elastic. From the equality of internal and external work, 


P X Aé, = Internal work due to shear at section dz 
cat an RM ee lpi ee aR RI ON igatts pe a LESAN Ol 


if we assume that the shearing stress is uniformly distributed over the 
cross-section. This equation is analogous to Equation (6b). We may 
show that oe is a constant, numerically equal to the shear at the sec- 
tion when P = unity. Calling this deflection factor for shear v (cor- 
responding to m for bending and uw for axial stress in a truss member), 
' we get 


Aé, (due to shearing distortion in dz) =v Xf, . . . (12a) 


where v is the shear at section dx due to a unit load at q acting in the 
direction of the desired 6,. The formula is general and will give the 
displacement of the point q due to a shear in dz from any cause. 

From the study of strength of materials we know that if v, = unit 
shearing stress, G = shearing modulus of elasticity and y = unit de- 
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trusion, or angle of shear, we must have y = = ZS ne if V is the total 
shear at section due to given loading. Also since f is small, we have 
Vdx 
of = dx-¥ = Ae 
For the shear throughout the length of the beam, 
L Vod« 
Be ae Peace 


Expressions for angular displacement due to shear may be deduced 
in a similar manner, but this is of little practical significance. 
For a simple beam loaded with P at the center, the center deflec- 


tion is 
L . 
ie, Aaa ae Bs Dy 2 a eld De 
See phat eAG Sy AAs 


i g (le ee\ 1 
5 9 2 Vodx- _ 2 \ iD il ea i hig 
c le AG = A — 0 


Comparing these results with the corresponding center deflections 
due to flexure, we note that ; 


igre et 
4G _ WAR, 
Big cee LF 


ASHI A48HAr? 


if G = -4E which is approximately correct for steel; also 


wL? 

8AG r 

5wL4 a (7) i 
38441 


with similar assumptions. 
For I beams and plate girders, r is approximately 4d. For rect- 
d 


angular sections, 7 equals a. 
The following tabulation shows the relative importance of shear 


and moment deflections for different ratios of . 
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TABLE A 
SHEARING Deriection To Moment Dreriection—PrerR CENT 
I-type of Section | Rectangular Section 
d == 
L 
Se Concentrated : Concentrated 
Uniform Load Load at Center Uniform Load Load at Center 
4 30 24 10 8 
ake 7.5 6 2.5 2.0 
qs pace 2.66 ileal 0.9 


A majority of beam and girder spans have a proportionate depth of 
less than 7'5, and for such cases the tabulation shows that no serious error 
will be involved in neglecting the shearing deflection. For short, deep 
beams and for trusses (where the proportionate depth is } to +) the 
shear deflection cannot safely be ignored. In all cases of girders and 
beams with solid webs treated in this book, the deflection due to shear 
will be neglected. 

We should note again that these comparisons are made on the 
assumption that the shear distribution across the section is uniform. 
The actual distribution for rectangular and J sections is shown in 
Fig. 15d. This results in a greater proportional deflection of the neutral 
plane due to shear, especially for the I section, but it does not invalidate 
the general conclusion stated above. 

11. General Equations for Combined Axial, Flexural and Shearing 
Stresses.—If we have a bar subjected to both transverse and longitudinal 
loads, we may express the total resultant displacement of an arbitrary 
point (see Fig. 16) in any specified direction by the superposition of the 
separate effects due to thrust, bending, and shear. We have 


Lee % Mmdzx © Vode 
Sul L Mm,dx 
ag = AE + { <0 5) « . . . . . . (14a) 


These formulas assume that S and A are constants, which is usually 
the case. If either or both are variable, we must write 


© Sudz . Sul 
f oi instead of AE" 
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This expression is often written in a different notation. 


dl 


If S = N 


(normal force) and u = n (axial stress due to unit loading at point of 


f 


deflection) we have 


© Sudx _ L Nndx 
AM ome Fee ape se 


Fic. 16 


which is the form commonly adopted in dealing with slightly curved 


bars, and which will be 
used later in this book. 

We frequently mect 
with a type of frame- 
work in which some of 
the members are sub- 
jected to bending as well 
as axial stress. In Fig. 
17, members FE, FC, 
DC are hinged at their 
ends and hence receive 
axial stress only. But 
members ADF and BCE 
are continuous from A 
to F and B to EL, and in 
general will be subjected 
to both direct stress and 
bending. 

For such a case we 


F 


Fig. 17 


obviously have for the deflection equation, 


= Sul L Mmdx 
a nes ET” 


cD 


Supls L Mm,dzx 
AH h EI 


(15) 


(15a) 


‘ L 
The terms involving > iy mean that for a member subjected to 
0 
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bending, we integrate the expression ee from one end of the member 


EI 
to the other, and if there are several such members, add the results. . 

12. Deflection of Curved Bars.—Thus far we have dealt with the 
deflection of straight beams, and frames composed of straight bars. 
Many important cases arise in the theory of structures (the arch rib, 
for example) in which formulas expressing the distortion of curved bars 
are required. This problem falls under two cases: (1) the case where 
the radius of cur- 
vature of the axis 
of the bar, and the 
depth of the bar 
in the plane of 
bending are quan- 
tities of the same 
order of magni- 
tude; and (2) the 
case where the 
curvature is slight 
and the radius of 
curvature may be 
considered a very 
large number 
compared to the 
depth of the cross 
section. 

In the first 
case we cannot 
assume that the 
Reis simple stress dis- 

tribution of the 
straight bar is even approximately true. In the curved beam of Fig. 
18, which we will assume to have a symmetrical section, the length 
of the lower fibers ds2 is much less than that of the upper fibers ds;, and, 
assuming the distorted cross-section to remain plane and the neutral axis 


O 


: : Ad ‘ 
to be in the mid-plane, Fie , which measures the bottom fiber stress, must 


Ad : 
be greater than ae which measures the top fiber stress (Ads; = Adsg) ; 
whence it is clear that we cannot maintain equilibrium with the neutral 
axis in the central plane. As a matter of fact, the axis shifts toward 
the lower side, and the stress distribution takes the form shown in the 
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hatched area—a hyperbolic curve. For hooks, links, thick rings, and 
similar problems, the analysis must be carried out on this basis. On 
the other hand, for the case of the arch rib or most other curved bars 
met with in structural design, where the radius of curvature is from 
15 to 30 times the depth, the relative variation between the upper and 
lower fiber length is slight and the stress distribution is sensibly linear, 
so that for symmetrical sections the neutral axis may without serious 
error be taken to coincide with the neutral plane (Fig. 19). 


AB =centroidal axis 
A'B'=neutral axis 


Fig. 19 


In the present treatise we shall deal with curved bars of the latter 
type only. The deflection equations are easily obtained by a method 
similar to that used for straight bars. 

Let AB (Fig. 20) be the section of a curved bar acted upon by 
loads (not shown in figure) which induce both axial stress and bending. 
Assuming for the moment that only a small section of length ds is 
elastic, we wish to find the displacement of the point B due to this 
distortion. This latter will in general consist of a shortening or lengthen- 
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ing of ds by an amount Ads and a rotation of the face C;C2 through the 
small angle Add. As in the corresponding case for the straight beam, 
we assume a unit load acting at B in the direction of the desired deflec- 
tion (vertical in figure). This will in general produce a moment m and 
and an axial stress, n at every section. Since we are temporarily regarding 


Fig. 20 


_ all portions of the beam as rigid except the length ds, the internal work 
due to the 1X load when the small portion ds is deformed as above, from 
any cause, will be (from the fundamental formulas) 


AW, = n-Ads + m- Add = 1 - Adz, 


since the internal work of the unit load must equal the corresponding 
external work. 
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If all sections are elastic 


B B 
1-63 “ith mads + f"m-ade, 
A A 


This formula is perfectly general, but ordinarily we deal with the 
case where Ads and Ad¢ are deformations due to a specified loading. In 
such a case, if we call the resultant moment at any section M and the 
resultant normal stress through the axis N, we shall have 

Nds, 
KMdsv= AE? (a) 
and Ad¢ = angular change duc to axial deformation + angular change 
due to bending 
Nds | Mds 


= Aid¢ + Acdd = OF + ar ©) 


(since from Fig. 20, pAidf = Ads, whence Aid¢ = ie from ()). 


It will be noted that these expressions are identical with the equations 


for a straight bar except for the added term if This addition 


arises from the fact (which will be clear from the figure) that where 
the axis of the bar is curved, a displacement of the face CiCe by an 
amount Ads along the axis must always be accompanied by a correspond- 


ing angular change Add = aS even if there is no bending. We may 


write the formula finally (dividing out the 1 x): 
B Nnds B Nmds B Mmds 
ee alecaas SE ie AB) 
e He A eA ice ote 
or, if we let N = nt 


BNNds i Mmds 
A 


Op = eee ite (16a) 


A 


If the section A is constant from B to A, and p approaches infinity, 
Eee 2 Nnds _ NnL/_ SuL\. * Nimds _ 
a mf AE=-AE\ AB}! |. ARp 
and (16) becomes 
ae: SuL vl % Mmdz 
pee Aa ornh.’ 
which is Equation (14) with the shearing effect omitted. 
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Again referring to Fig. 20, if we choose the positive directions of 
coordinate axes as there shown, and designate counterclockwise rota- 
tion as positive (moments will then be positive which compress the top 


fibers), and if we further put = = s and recall that dr = ds-cosa and 


dy = ds-sin a where a is the inclination of the tangent to the axis of 
the beam to the axis of z, we may write 


stds , M. Tr 


Ep - El (17a) 


Vertical deflection = 6, = ats Ee ei 
A 


B 
Horizontal deflection = 6, = i Ee SEE “P|. = at ey 
A 


E Ep EI 
These follow from (16), substituting for case of vertical deflection 
Me== 1X oe Ria, 
and for horizontal deflection, 
m=—1x-y, = 1x- cosa. 


The signs will appear correct. from physical considerations if it be 
noted that any positive rotation Ada displaces B upward and outward. 


B. DEFLECTION AS THE PARTIAL DERIVATIVE OF THE INTERNAL WORK 
oF DEFORMATION 


13. General Equations.—Let AB, Fig. 21, be any beam or truss 
acted upon by any group of loads. 


ING OA! 


We have (if loads are gradually applied, increasing uniformly from 
zero to P) W; = internal work of deformation = external work of 
applied loads :. 
= GP ib P02. ens elena ete 


We inquire what is the change in W;, if any load, as P, changes by a 
very small amount AP,. Since we assume that the elastic effect of 
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each load is independent of the others, it is crearry a matter of indif- 
ference how the increment to P; is applied. We may (1) apply the loads 
P,, Po...(P, +AP,) ...P, simultaneously; (2) we may apply the 
loads P and later add to them the small load AP,; or (3) we may apply 
AP, first and then apply the loads P. The final result must be the same 
ineach case. Therefore, assuming the latter order and gradual applica- 
tion of loads, we shall have 


Wb AW; = 1AP,-As, £32P5- AP. «6, 
If we take AP, sufficiently small, AP,-A6, vanishes to the second 


order of small magnitudes, and recalling (18) we have 


‘ = (in the limit) 27% | (19) 


= ~ W 
AW: = AP,-3, or 8 = 75 SP. 


That is to say, in any beam or truss subjected to any set of loads, 
the deflection of an arbitrary point ris equal to the first partial derivative 
of the internal work of deformation with respect to a load at the point, 
P,, which acts in the direction of the desired deflection. 

It should be noted that the right-hand member of (19) expresses a 
(partial) rate of change of the internal work as the load P, changes. 
It is perfectly general for all finite values of the loads, and includes the 
case where a load is zero. We write down the general algebraic expres- 
sion for the total internal work and form its first partial derivative with 
respect to an arbitrary load acting at the specified point. In this expres- 
sion for the derivative we substitute the actual value of the load acting 
atr. If, as is frequently the case, r is a point at which there is no load, 
or none having a component in the direction of the desired deflection, 
P, is equated to zero. A very simple example will serve to clear up the 
method. 

14. Application to Problem of Linear Displacement.—Let it be 
required to find the vertical deflection at B due to a load P at B, Fig. 22. 
From “ Mechanics of Materials” (see Eq. (2), p. 17) 


1 (% Mdze PP? (7% P2L3 
Tipe a TS SS 2  — ed 
Pee af BT = SUT f pe Ga 


OW PL ; 
d SP ~ 3ET’ the well-known expression for 
the maximum deflection of a cantilever with a single load at the end. 
If we wish the vertical deflection at some intermediate point, as 7, 


(assuming J constant), an 


* This derivation follows closely that given by Féppl, “Vorlesungen,” III, pp. 
167-69. 
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we imagine an additional vertical load P, applied to the beam. Then 
the total work is 


i 
Yes EI 


0 


“(Pe Ade a 1 (2 ((P+ Px — P,x)Pdx 
2 fe EI ; 


The first term, being independent of P,, will disappear on differentia- 
tion, and hence may for our purpose be omitted. 


L 
s if ne eae 
3 
~ al a B,) ee = PRP xi es = 417) + Par = x1)|. 


OW: 
ree = 5a7l 


——_[2(P + P,) (18 — a8) — Pa (L? — 27) + Pra?(L — 21)]. 


Fig. 22 


This is a general formula, valid for any values (not infinite) of 
P and P,. In thiscase P, =0 and 


OW: [P 


ee 6, = GET =~ (2L? — 3172; + 2,3], . ... a well-known result. 


15. Angular Displacement.—We may without difficulty extend the 
above method to the case of angular displacement. If in the structure of 
Fig. 21 we have a couple, FR, acting at the end section B, for example, 
the work equation becomes, 


W;, — 4>P6 + Ra, 


if a is the angular displacement at B. If now we imagine an incre- 
ment AR to be added to the above loading, and applied before the other 
loads, just as in the preceding case, 


W;+AW; = 2>P5 + +Ra + AR-a, 
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whence 
AWA ea OWS 
ee (in the limit) aR? 


(20) 


that is to say, the angular displacement at any section of a girder is 
equal to the first partial derivative of the internal work with respect to 
a couple # acting at the section. As in the case of linear displacement, 
it is unnecessary that the actual applied loading shall include such a 
OW: 
oR 
If in the beam of Fig. 22 we have a couple R acting at B 


1 (* M2dx il L 
W ques = ae 2 
é A. EI amr | fest ee 


couple; we obtain in a manner analogous to the preceding case. 


3 L 
= sel s- SIG ah ts Re 
0 
3 
_ sala 4+ PRI? + reL |. 
BW ps 
ier sat| PE + 2RL], 
which, for R = 0, gives 
OWS eee 
oR 8 2k 


another well-known result. 

16. Summary and Comparison.—The above principle is one of great 
generality and importance in its application to the theory of structures 
and it is usually referred to as ‘‘Castigliano’s first theorem.”’ * 

We should note the important limitation that, as above expressed, 
the theorem can be directly applied only to structures with rigid sup- 
ports or at least where the reactions perform no work. 

To compare the expressions (19) and (20), radically different in form 
from the previous deflection equations, with these latter, we observe 
that since the internal work in a bar due to axial stress and flexure re- 
sulting from the gradual application of a set of loads, is respectively 


1 S2L 1 (2 M2dx 
Wieocep one Wi= 5 EI 


* After the discoverer, Alberto Castigliano (1847-1884), a distinguished Italian 
engineer. His “Théorie de l’équilibre des systémes élastiques,” (1879) is one of the 
pioneer works in theory of structures. 

{ The method can be extended without difficulty to include the case of yielding 
supports. 
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(A is assumed constant) 


aW: SL 98 
aP ~ AB BP” 


for the case of direct stress, and 


aW: _ (% Max 9M 
aP EI oP” 


0 


for the case of bending. (The integration is with respect tox; hence the 
differentiation under the integral sign with respect to P is permissible.) 

Now, if a bar is subjected to the action of several loads, of which 
P, is one, we may always write 


S=38 4 Poa, 


where S = stress due to all loads excluding P,, 
and u; = stress due to load unity applied in the line of action of P,. 


Also M=M+ Pm, 


where M and m, are defined in a similar manner. 
We then have 

os oM 

——-. = r and —- = T) 

elas: ae 
and the expressions for the deflection of a girder or a frame obtained by 
means of the derivative of the internal work with respect to a load at 
the point of deflection become identical with the previous Equations 
derived from the dummy unit loading. 


SECTION II.—SPECIAL METHODS 


C. Moment ArgEa Metuop 


17. First Principle——Given the beam of Fig. 23; required the 
angular change in the elastic line between the points A and B’ due to 
any loading. We have 


- ls Mdz 7 
BS nh ee ) 
e001 


where m is the moment at any section distant x from B’ due to unit 
couple applied at B’. Therefore 


bs ie Madz (21) 
B’ = Te . . . . . . . . . 
ane 


since m equals unity at all points. 
Referring to Fig. 23, the above expression obviously represents 
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numerically the area of the a diagram between A and B’. Now, if 


we wish to find the angular displacement between two tangents, M and 
N in any bent beam, 
we may for the purpose 
in hand view one of the 
points as a fixed end 
and find the relative 
rotation at the other 
point by the above 
method. We thus ar- 
rive at the general prin- 
ciple: 

“In any bent beam 
the change in angle be- 
tween any two points 
on the elastic line of 
the beam is numerically 
equal to the area of the 


ous diagram between 


EI 
these two points.” 

18. Second Princi- 
ple.—If it be required 
to find the vertical de- 
flection of B’ measured 
from a horizontal tan- 
gent at A, we have 


where m is the moment 
at any section distant x Fig. 23 
from B’ due to a verti- 

cal load of unity acting at B’, whence 


4 Mdx 
NPR (Men at Paienmes marae meen oan (0) 
1 EI 


This cae is clearly equal, numerically, to the statical moment 


of the a diagram taken about a vertical through B’. Evidently this 
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proposition applies to the linear displacement of a given point from a 
tangent at some other point in any bent beam. ‘This second general 
principle may be stated: 

“The deflection of a point in any bent beam from a tangent at some 
other arbitrarily selected point is numerically equal to the statical 


moment of the ay area between the two points, with respect to a line 


(normal to the’ reference tangent) through the deflected point.” 
These two very important propositions form the basis of what is 
commonly called the method of moment areas.* 


M- diagram 


Fie. 24 


The following examples will illustrate the manner of application of 
the principle. 

Problem 1.—Cantilever with load at end (I constant) (Fig. 24). 

We may write at once from preceding principles: 


Tages eel as OPiA Oia ere 
MCORT © Sn Sos at ie 
Problem 2.—Cantilever with uniform load (I constant) (Fig. 25). 
From known properties of the parabola (see Table I) the area of 
moment diagram = jwL* and its centroid is 3L from the free end. 
Hence 


AaB 


pL wL4 

GET’ oe 

* The development of the moment area method as here defined is due to the late 
Professor Charles E. Greene of the University of Michigan (1874). 


ap BHnel ay — 
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W* per ft, 


Fig. 26 
Problem 3.—Simple beam with load at center (Fig. 26). 
We have at once 
es 
a = total area of iil diagram = 
a yt it be 
ie ie aaa 


PL? 
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TABLE I—Continued 


\ SLL LLL LLL 
I aE ei 


A=K%we 


w 

Note on Dracram (4), page 44.—y, = 3 (Lt So SUES Oe = 

ee — x?) — fie aes — a) = Slax — x”); i.e. the area (I) is identical with the 
a 


moment curve of a simple beam of span ‘“‘a.’’ Similarly (II) is identical with the 
moment curve for span ‘‘b.’’ Since this relation holds for any pair of values of “a” 
and ‘‘b,” the division of the moment area as shown above may always be used to 
obtain the statical moments about any point. ‘ 


To obtain 6., some special consideration is necessary. The moment 
area method gives the deflection of any point from a tangent at some 
other point; in this problem the desired deflection 6, is from the original 
position of the beam, and the moment area method does not give this 
directly. In such case we may proceed as follows: Since aa is very small, 


; - lee Ya by, 
BB’ = BB” = 53 = (from the second moment area principle) 8HT 2° 
ae Op pce. ee i i Vala 

From the geometry of the figure, CC’ = > = 39RT Also, CC’ — C'C 
Pies 


= CC” =6.. But C’C” (from second moment area principle) = 16ET 6’ 
yee 


whence 6, = 38ET The same general method will apply to finding 


any simple beam deflection by means of moment areas. 

19. Independent Derivation—The moment area method may be 
derived quite simply without recourse to the philosophy of the work 
of deformation. For it is clear, Fig. 23, that the total angular change 
between the faces of the beam at A and at B’ must be the summation 
of the angular changes of all the elementary sections dz lying between 
these points. But we have shown (page 17) that the angular change 


da between the two faces of an elementary section is ; therefore 
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'B! 
the total change between A and B is yee = area of a diagram 
A 
between A and B. This establishes the first moment area proposition. 
To derive the second principle, we note that the contribution of the 
distortion of an elementary section dz to the deflection at B’ 


Mdz B’ Mdx 


= Ady = da-t = ar” and dp = Fr 


A 


= statical moment of 3 diagram between sections A and B’ about B’. 


The moment area method furnishes a general method of attack on 
all beam deflection problems, and, many types of rigid frames can be 
analyzed advantageously by its use. By means of Table I used in 
conjunction with this method, a variety of deflection results may be 
written out at once, and the tedious integration processes of the general 
method of work or the method based on the differential equation of the 
elastic line are thus avoided. The student will be well repaid for taking 
time to thoroughly master the principle. 


D. MerHop or Evastic WEIGHTS 


20. Simple Beams.—If we examine the fundamental formula 


we note that it may be approximately evaluated as follows (see Fig. 27): 
Construct the ae diagram and divide it into a convenient number of 
small strips Az; construct the m diagram, determining the ordinates 
corresponding to the centers of the strips Ar. Then evidently 


: M. 
—_ (approximately) > tn. 1 ie a eu Kee) 


Now let us imagine the same beam loaded with a varying load, w 
per foot. An approximate value for M, may be obtained as follows: 
Construct the influence line for the moment at q (Fig. 28). Divide the 
distributed load w into a series of concentrations w-Az, Az being any 
convenient small distance; the smaller it is taken the more accurate 
the approximation. Then if M,, is the ordinate to the influence line 
(taken in each case to correspond with the center of the space Az) 


M, = (approximately)2w-Ar-Miy. . . . . (24) 
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But the influence line for M, is numerically precisely the same 
thing as the moment diagram for the beam due to unity at qg; in other 


words M; = m. Now if w should equal = it is clear that the expres- 


Y jv. 


IN 


‘Mig Influence Line for Mq 
Fig. 28 


sions (23) and (24) are numerically identical; i.e., the deflection of any 
given point qin a simple beam AB is obtained by applying to the beam 


the actual or diagram as an imagined load curve, and computing the 


moment at g. This fictitious moment is numerically equal to the actual 
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deflection. Since this is true of all points in the beam, a moment diagram 


constructed for the imagined loading of ae per foot is identical with the 


actual elastic line. 
Similarly 


where m = moment at any section due to a couple of unity acting at q. 
Drawing a curve for m (Fig. 29), we note that it is identical numerically 
with the shear influence line for section g. Hence we deduce that the 


WMMMMéMeé-“Ytbbetdttdbbtttbtttbtthttttbittb 


Mm =1 in-lb, 


a, 


rie > 


Fic. 29 


angular change at any section of a simple beam AB is equal to the shear 
at the section due to an imagined loading equivalent to the = curve. 


21. Graphical Representation of Elastic Curve as a String Polygon.— 
From the well-known relations between the moment diagram and the 
equilibrium polygon we may construct the elastic line of a beam accord- 
ing to the above method, by a strictly graphical process. We first lay 
off a force polygon of the actual loads and, taking any convenient pole 
distance H,, draw a string polygon. (See Fig. 30.) If y; is an ordinate 
to the polygon, Hy; = M. Next, lay off on the base of the string 
polygon convenient small divisions Ax and treat the small areas 


MAxc _ Hy;Az 
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as loads, and with any pole distance H,, draw a second string polygon. 
Any ordinate yy, of this polygon will, if multiplied by Hy, equal the 
moment at the point where the ordinate is drawn due to a loading of 


a Pet unit of length, and hence will numerically equal the deflection. 


21a. Examples.—A few simple illustrations will make clear the 
method of application of the principle of elastic loads. 

Problem 1.—Fig. 30a—Simple beam with load at center; to find ag 
and 58,. 


3 


Fic. 30a 


We have seen that a, is numerically equal to the shear at g in the 


beam when loaded with the a diagram. Therefore, 


SPIZ ee Pia Ser? 
“—~ I6E. 64EI  64ET 


Also, 5, is numerically equal to the bending moment at q in the beam 


when loaded with the a diagram. 


Le y EL PL? Seis 11PL 
“16h 4a ABT. 12° FOBET. 
Problem 2.—Fig. 30b—Simple beam uniformly loaded; to find ag 
and dy. 
3 M ? B * wL 
Since the area of the —; curve FH’G = 3(HH')-L= I2Er’ the 


EI 
; M art wL 
reaction at A due to the p> loading is R’4 = SAE’ 


Therefore, 
Og 
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The area 
L 


jp [* (La eee 
PEK’ = 7 [ (F ~ 5) = sea Sr 


= gh t "DLE Tas Be tO ie eos 
Ag PALA Oh SOA GT wees een ie 


Hence 


loading - 


Likewise, 5, = bending moment at q due to ae 


oe Rae 4 — moment of FKK’ about q 
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Problem 3.—Simple beam with partial uniform load and concentrated 
loads; to find elastic curve graphically. 

Solution is completely shown in Fig. 30. 

22. Application to Beams not Simply Supported.—The method of 
elastic loads as developed in the preceding articles applies only to 
beams simply supported at the ends. (It will be remembered that the 
deduction was based upon the numerical identity of the m, diagram 
and the moment influence line for g,—a relation which holds only for 
a simple beam.) The method can be generalized to apply to all types of 
beams, but since we shall make little use of the method in any but the 
simple beam case, the general method will not be developed here.* 


* For a luminous account of the general theory of representation of the elastic 
line of any beam as a moment diagram for a suitably chosen ‘‘substitute” beam and 
suitably chosen loads, see a paper by Professor H. M. Westergaard, “Deflection of 
Beams by the Conjugate Beam Method,” Journal of Western Society of Engineers, 
Noy. 1921. 
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The student should note that the moment area method gives directly 
change of angle between tangents at two separated points and deflec- 
tion from tangents, while loading with the = diagram gives directly the 
angular and linear displacement referred to the original position. The 
former is therefore the readier method in dealing with cantilevers and 
the latter with simple beams. 

As will be seen from the last problem under Art. 18, however, the 
moment area principle is easily adapted to the simple beam case, even 
when deflections from a tangent are not directly desired. As regards the 


a] 


(a) 


(6) 


PL Tai 
eles tm, poe! 5" 


is 
8EI 


pL? (c) 


ar 
oe 


application of the elastic load method to cantilever beams, it is evident 
that any cantilever may be regarded as one-half of a symmetrical simple 
beam, suitably loaded, and the method may thus be very simply extended 
to cover this case. It may also be of interest to the student to show 


mle 


Fie. 3l 


: Mie 
that if a cantilever AB (Fig. 31a) is directly loaded with the ET diagram 


(Fig. 31b) and the corresponding moment curve drawn (A’’B’—Fig. 


31c), then the true deflection line will be determined by the ordinate y 
to the curve AB’, measured from the base AB”. (A”B” is tangent 
to A’’B’ at A’’.) 

The method of loading with the a diagram together with the two 


principles enunciated in Arts. 17 and 18 are grouped by many writers 
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under title of the moment area method.* So far as the treatment of 

: M 
beams goes, the designation is apt enough; both make use of the i 
diagram in a very similar manner so far as practical detail is concerned. 
But the underlying conceptions of the two methods are quite different, 
as will be clear from the preceding pages. Furthermore, the notions 


: dU) Bae 
involved in the procedure of treating the i diagram as a load curve 


are identical with those involved in the treatment of truss deflections 
in Art. 24, and for this case the designation of “moment area” seems 
hardly suitable; it is almost universally termed the method of elastic 
weights. : 

23. Advantages as Compared to General Method.—The same 
remarks apply here as were made in Art. 18 regarding the moment area 
method. The two methods taken together, each supplementing the 
other, constitute an analytical tool of far-reaching practical importance 
in the treatment of deflections and therefore in the analysis of statically 
indeterminate structures. Their use obviates all necessity of formal in- 
tegration in most practical cases, and while the integrals involved in the 
work equations are of the simplest kind, their evaluation is tedious and 
time-consuming, and is a common source of error. In most deflection 
problems, whether the loading results in a simple and easily expressible 
moment curve or a complex and irregular one, the moment area or 
elastic weight method is likely to prove by far the simplest working 
method for finding the deflections. Table I will greatly facilitate the 
work. 

It should also be mentioned that the relationships brought out 
by the above principles (e.g., the fact that for a beam or series of 
beams with ends fixed, the positive and negative = areas must 
balance) are frequently of importance in the analysis and checking 
of problems where the principles are not used to obtain numerical 
results. 

24. Truss Deflections.—The principle of elastic weights can easily 
be extended to the case of truss deflections. In Fig. 32 let us examine 
the deflection of the truss due to (1) the deformation of the chord member 
BC and (2) the web member Cc. 


*The method of representing the deflection line as a string polygon and the 
concomitant method of computing individual deflections as bending moments due to 
a fictitious loading are due to O. Mohr, “Beitrag zur Theorie der Holz- und Eisen 
Konstruktionen,” Zeitschrift des Architekten und Ingenieur Vereines zu Hannover, 
1868, 


SPECIAL METHODS 59 


For BC 
oe SrctizcLize 
AzpcH 
or omitting subscripts = oo. e is a constant for any given 


loading. The deflection of a specific point, as e, is obtained by multiply- 
ing this constant by wac—e, the stressin BC due to unity ate. For the 
deflection of d or c the deflection constant is the stress in BC due to 
unity atdorc. A little reflection will make it clear that the u diagram 


for BC is, to some scale, the deflection diagram for a change of length in 
BC. But the wu diagram is identical with the ordinary influence line for 
the stress in BC, and is obtained by placing a unit load at the center of 
moments for BC and drawing the moment diagram divided by r (since 
u= m). If instead of unity we apply a load of ls = Be then the 
r rAK r 


moment diagram is numerically exactly equivalent to the true deflec- 
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tion line. The same rule holds for all chord members; hence, to con- 
struct the deflection diagram for a truss due to the deformation of the 


ares 
chord members, load the moment center for each chord with mer and draw 


the moment diagram. 

For Cc a similar line of reasoning leads to the conclusion that the 
influence line for the stress in Cc is, to some scale, the deflection curve 
of the truss for a change of length in Cc. For chord members it is clear 
on inspection that the influence line is numerically the same as the 
moment diagram for unity placed at the center of moments for chord. 
If now we imagine a vertical load applied to the truss at o through a 
rigid bar o-c-d connected to the truss at c and d only, we see that the 


moment diagram due to a load of : at o is numerically the stress influence 


line for Cc, and if be applied at 0, the resulting moment diagram is 


the true deflection line. Nowa load P applied to the truss in the above 
cp 


manner at o is equivalent to loads Se and — a applied - re- 
spectively at c and d asshown. Hence the law for the web members: 
To draw the deflection line for the truss due to a change of length in 
any web, apply to joints adjacent to section which is cut to find the 


stress in the web, the loads ee z Dads a The resultant 


moment diagram is the actual deflection curve. 

We thus have a general method of constructing the deflection line 
due to the distortions of all members, for any truss, by the method of 
elastic loads. The method is fully illustrated in Problem II, page 78. 

It may be interesting to note a similarity between the methods for 
beam and truss. Beam deflections are computed for the effects of bend- 
ing moment only and hence are analogous to truss deflections due to de- 
formation of the chords. It will be recalled that the elastic load for each 


small section of the beam, a is the angular change due to the distor- 
tion of the element As. It is evident that the elastic load for the truss, 

Adon . ; 

is also the angular change due to the distortion of the chord member. 


Hence the law is sometimes stated that the deflections due to bending 
in a beam or truss are obtained by loading the span with the numerical 
equivalent of the total angular change at each point, 
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EK. THe Wiuui0t DIsPLACEMENT DIAGRAM 


25. General Theory.—Any point, as C (Fig. 33), connected to 
points A and B by a pair of bars, AC, BC, can obviously be displaced 
only (a) by a shift in position of A or B, or (b) by change in length of 
one or both of the bars. Knowing the shift of A and B and the deforma- 


Fig. 33 


tion of AB and BC, we easily locate the final position of C (= C2 in 
figure) graphically by swinging arcs with the new locations of A and B 
as centers and the new lengths of AC and BC as radii to an intersection 
in Co. In the truss of Fig. 34 we may apply this graphical method to 
obtain the deflections. To make the construction clear we shall assume 
the relative deformations all equal and equal to 75L, positive or negative 
as indicated. The point A and the line Aa are fixed; a’ is therefore 
easily located; with these points as centers and the deformed lengths 
of AB and aB as radii we strike arcs which will intersect in the final 
location of B(= B’); with B’ and a as centers and the deformed lengths 
Bb and ab as radii we locate b’ similarly; from B’ and b’ and the deformed 


lengths Bc and be we locate c’, and so on. 
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This simple construction is, theoretically, always available for 
obtaining truss deflections when (as is nearly always the case) the truss 
is an assemblage of triangles. It is of little use as a working method, 
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Fig. 33a 


Final position of C 


however. We have noted that in the deflection of framed structures 
we are dealing with deformations and displacements which are exceed- 
ingly small compared with the lengths of members. The deformations 
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seldom exceed s¢55L, and in many deflection problems they are much 
less. To plot such quantities to any manageable scale on the same 
diagram with the frame itself is out of the question. 


TABLE A 
S, Ey NA > de AT SOE up* | SL, 
ee Ul tae) Tar A fies Lbs. a 
AB +90,090 | 180} 6.0] 30.0/ +2,700,000 |/+3.0| 8,100,000 
BC=CD | +10,000| 180] 2.0] 90.0/ + 900,000 |/+1.0] 1,800,000 
De 14,100 | 253] 2.0 | 126.5} —1,785,000 |/—1.41) 2,520,000 
be=ab | —40,000| 180] 4.0] 45.0/ —1,800,000 ||—2.0| 7,200,000 
aA +50,000| 180] 3.5| 51.4} +2,570,000 |/+1.0 | 2,570,000 
aB —70,500 | 253]. 8.0| 31.4} —2,230,000 ||—-1.41] 3,150,000 
Bb +10,000.! 180} 1.0 | 180.0| 41,800,000 
Be +42.300 | 253} 3.0] 84.3] +3,560,000 |/+1.41) 5,040,000 
Ce —10,009 | 180] 2.0| 90.0) — 900,000 


E.. 8p =30,380,000 
8p=1.01” 


* The last two columns are added to give a check on the deflection at D. They 
are not required in the construction of the Williot diagram. 


This fact of very small deformations, however, leads to a modified 
graphical method of the highest usefulness. For with deformations so 
small, the above described process of swinging arcs about such points 
as A and B may permissibly be replaced by erecting tangents at the 


64 DEFLECTIONS 


ends of the radii. (The student will best be convinced of this by 


ae : L 
attempting the exact construction in a simple example, say, AL = 000° 


In the adjoining illustration (Fig. 33), the deformations are in the 


D' 


Fig. 34a 


neighborhood of 200 times the natural size. In an actual truss the 
maximum change of length in a member 50 feet long would be little 
over +} inch.) 

In Fig. 33 the exact construction gives the new location of C as C2; 
the approximate construction, by means of perpendiculars erected at 
the ends of the radii, gives the displaced position as C’’. Here the 
error is considerable, but for a relative deformation of 545 of that 
shown, the difference would be practically negligible. 

Following the detail of the approximate construction as shown in 
Fig. 33, we note that CC’, and CC’, are equal to AA’ and BB’. 
These quantities must be known before the construction can be 
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started. Having these laid off, we next lay off AL4—¢ from C’, and 
ALs—c from C’s and from the extremities of these lines (which are the 
ends of the members after deformation) we erect perpendiculars and 
prolong to their intersection instead swinging arcs about A’ and B’. 
This last step is the keynote of the construction, which, it will be 
observed, may be carried through without any knowledge of the actual 
lengths AC and BC. Since we make no use of these quantities, we may 
draw the displacement diagram to any scale we please, quite inde- 
pendently of the framework. It is so shown in Fig. 33a. 

This construction is known as the Williot displacement diagram, 
after the French engineer Williot, by whom it was developed. 


Fie: 35 


As a simple illustration of the construction, the diagram of 
Fig. 34a is drawn for the truss of Fig. 34 with data as shown in 
Table A. 

26. The Mohr Correction Diagram.—In the preceding example the 
truss had one point, A, which remained fixed and one member, A — Ge 
which maintained a fixed direction throughout the process of deforma- 
tion. For all such cases the construction proceeds directly. Now, in 
general, every stable frame will have one point and one line fixed, but 
the latter does not necessarily coincide with any member. In Fig. 35, 
loaded as shown, the point A is fixed, as is also the direction of the line 
AB, but every bar in the frame changes its direction. The Williot 
diagram, since it consists essentially in the repeated application of the 
construction shown in Fig. 33a, that is, the location of a third point from 
two others of known location, fails for the case of Fig. 35 unless emended. 
This emendation takes the following form: We assume any member, 
as AK, to be fixed, and draw the Williot diagram. This construction 
obviously gives the correct displacement of all joints with respect to AK 
and it only remains to determine the true position of AK. The deformed 
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truss is shown (greatly exaggerated) by the dotted lines in Fig. 35. 
Since the deformed configuration of the truss is correct, evidently we 
only need to rotate it as a rigid body until the point B’ takes the position 
B”, it being a condition of the problem that the line through the joints 
A and B maintains a fixed horizontal position. 
If, then, to the displacement of any joint as 
determined by the Williot diagram we add vec- 
torially the rotational displacement just explained, 
the result will be the true displacement. The 


angular rotation of the frame is sufficiently ex- 
/pRir 


By 


actly expressed as Since every line in the 


AB’ 
truss must turn through this angle, the rotational 
displacement of the point J, for instance, will be 
eae at in a direction normal to AJ. It is 
assumed here that since the deflections are small 
we may use the length and direction of AJ as 
identical with the length and direction of AJ’. 
A similar equation may be used to determine the 
rotational displacement of any other joint. 
The graphical solution of the rotational dis- 
placement may be accomplished as follows: If 
ra upon the known displacement, B’B’’, as a base, 
we construct a figure similar to the given frame 
(see Fig. 35a), turned through a right angle, since 
B’'B" 1 AB, we note that 


Fie. 35a 


(1) Aim: L Am and (2) Am = AjB,: a apie ae 


likewise Z,4; 1 AL and is equal to BR and so on. These 
quantities must therefore correctly represent in magnitude and direction 
the desired rotational displacements. 

This simple and elegant construction, without which the Williot 
diagram would be of limited usefulness, is known as Mohr’s correction 
diagram.* 

26a. Example.—Fig. 36 shows a Williot diagram for the truss of 
Fig. 35, drawn on the assumption that AK stands fast. The vectors 
Am’, AK’, AL’, etc., represent the magnitudes and directions of the 


*O. Mohr, “Ueber Geschwindigkeitsplane und Beschleunigungsplane,”” ois 
ingineur, 1887. 
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dispiacements of m, K, L, etc., referred to the point A and the line AK as 
fixed. As shewn in the displacement diagram and in Fig. 35, this 
results in B lifting from the support an amount B’B”. To place the 
truss in its true position it is necessary to give it a rigid-body rotation 


K J E 


RB B! 


about A until B lies in the same horizontal line with A. The Mohr 
correction diagram described above gives all the displacements due to 
this rotation, and is shown as I in the lower part of Fig. 36. AB; is 
laid off equal to the vertical component of AB’ (= B’B” of Fig. 35), 
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and a similar figure to the original truss, rotated through 90°, is drawn 
on this base. Then the rotational displacement of, say, point L, is AL. 
If we add the vectors AL’ and AL, we get the final correct displacement 
AL';. However, a simpler and more compact diagram results if we draw 
the correction diagram as shown in the upper part of the figure as II. 
Here the rotational displacement of any point, ds L, is L’/’A. This 
combined with AL’ gives L’’L’ as the final displacement. This is 
clearly identical with AL’). Similarly, the resultant deflection of 
nis n''n’, of J, JJ’, etc. Owing to the greater compactness, the cor- 
rection diagram is always applied in this manner. 


SECTION III.—_SUMMARY AND APPLICATIONS 


27. Recapitulation.—A brief recapitulation of the several methods 
for finding deflections may be of some aid to the student. 

A. The method which was first developed and which is adopted as 
the standard method for this treatise is based on the equivalence of the 
external and internal work of a “dummy” unit loading (force or couple 
imagined to act at a point whose deflection is desired) acting through 
displacement due to other causes. It may thus be viewed as a special 
case of the general theorem of “ Virtual Work,” * though the derivation 
here given does not make explicit use of that principle. 

In its application to the deflection of structures, the above method 
appears to have been first perceived by Maxwell (1864), but it was 
independently discovered by Mohr (1874) and its application greatly 
broadened. For brevity we shall refer to it as the “Maxwell-Mohr” 
method.t In the form here presented it is applicable to finding the 
displacement, linear or angular, of any point in a bar, or an assemblage 
of bars, straight or slightly curved, due to a distortion (taking place in 
any portion of any or all bars) which may be represented by a combina- 
tion of axial and flexural deformation. In the cases we shall study, 
these deformations are generally due to applied loads, but it is most 


* A statement of this principle as applied to rigid bodies may be found in almost 
any treatise on analytical mechanics, e.g., Church, p. 67 et seq. The deflection 
equation for a true framework follows easily from this, but the justification of the more 
general principle of Virtual Work as applied to deformable solids is by no means so 
simple and it is believed that the proof presented in the text, though less compre- 
hensive, will present less difficulty to the student. : 

t The propriety of linking the names of Maxwell and Mohr with the method 
of the dummy unit loading is open to some question, since this particular method 
did not originate with either. (See Prof. I. P. Church, Trans. A: 8. C. E., Vol. 
XXXIII, p. 649.) To them is due the general method of obtaining deflections by 
the principle of work, which is now universally applied by means of an arbitrary 
unit loading. 
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important for the student to note that this is not necessarily so. For 
example, if a member of a truss is shortened or lengthened by change of 
temperature, play in the pinholes or tightening of a turnbuckle, or if a 
beam has its temperature so varied that the fibers on one side are 
shortened and those on the other side lengthened in a manner similar 
to flexural distortion, the method will apply equally well. It is, of 
course, necessary that these changes shall be small to the order of elastic 
deformations. The distortions being known, the procedure is invariable : 
We apply a unit loading to the point where we wish the deflection, 
determine the moment m and the axial stress n (the shear if desired) 
for all sections of all members of the structure, and we have 


= (oumerially)® f n-ds + » (made, 
and 


a = (numerically) = { n,-Ads + 2 if Ma: Ada. 


B. The method based on the derivatives of internal work, ‘Casti- 
gliano’s theorem,” differs in fundamental conception from the Maxwell- 
Mohr method, but in the application to the deflection of structures the 
scope of the two methods is virtually the same. We have seen that 
the “m” and “n” of the Maxwell-Mohr equations are identical with 
oe and a of Castigliano’s equations. The latter can be extended 
readily to include temperature changes, yielding supports, etc., and the 
essential difference in the methods lies in the way in which, say, m is 

M . 
-_ obtained in the one method and Ss in the other. 

In the former case we apply a unit loading at the point we are investi- 
gating and write the expression for m from the rules of statics; in the latter 
we set up the expression for M due to the specified loading (including, if 
necessary, a load P at the point of deflection) and differentiate this with 


: k M 
respect to P, giving P its numerical value in M and oS after the opera- 


tion. Recalling that M and N are linear functions of the loads, ie., 


WiC Pye Ca Pie, oc a see Colm 
we see that 
2f = C, (= m, obviously), 
and the operation is thus simpler than might at first appear. 
C. The method of moment areas affords a very simple treatment of 


70 DEFLECTIONS 


angular and linear deflection of beams based upon the two propositions 
(a) that the relative tangential rotation due to flexure between any two 


M .. 
points of a beam is equal numerically to the area of the EI diagram 


between the two points, and (6) that the deflection of any point of a bent 
beam referred to a tangent at some other point is numerically equal to 
the statical moment of the ao diagram lying between the points, about 
normal through the first point. These principles, though deducible as 
corollaries of the work theorem, are easily deduced from the most 
elementary considerations in the geometry of the strained beam. Their 
application to problems is clear-cut and direct and requires no comment. 
This method is applicable to all beam deflection problems, and to trusses 
which act approximately as beams. Where the areas and moments of 
areas are not readily handled algebraically, useful approximations are 
easily made by taking a finite summation of reasonably small elements 
of area (and their moments). The method is not applicable to truss 
deflection problems except as above noted. 

D. The method of elastic weights is here used to include all the 
methods having for their basis the correspondence between the deflec- 
tion curve of a structure and the moment diagram of a beam subjected 
to an imagined set of “elastic loads.’”” The fundamentals of the method 
are quite fully set forth in Section II C, where it is shown that the same 
general method is directly applicable to the vertical deflections of both 
beams and trusses. It may also be extended to obtain the horizontal 
deflections of trusses * and is therefore a method capable of very wide 
application. So far as the application to beam deflections is concerned, 
it is an alternative and strictly parallel method to that of moment 
areas. 

From its basic character in treating the deflection diagram as a 
moment curve for a properly adjusted fictitious loading, it lends itself 
directly to both graphical and analytical calculation, and to approximate 
calculation as noted in preceding paragraph on moment areas. 

E. The Williot diagram affords a direct method, based on pure!y 
geometrical considerations, for obtaining the actual (as distinct from 
the component) displacements in any true truss, to which alone it is 
applicable. 

Each of the above methods is independent; that is, each may be 
deduced without the aid of the other. | 

28. Comparative Advantages of Methods.—Some remarks on com- 
parative advantages have already appeared in the preceding pages, and 


*See paper by Professor W. S. Kinne, “Wisconsin Engineer,”’ Feb., 1920, 
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some further discussion may be found in Chapters II and III. The 
following points will bear emphasis here. 

(a) If it is desired to find the angular or linear displacement of a 
simple or cantilever beam at a single section, calculation by moment 
areas or elastic weights will nearly always prove the most expeditious 
method. 

_ (6) If the simultaneous deflection of a number of points is wanted, 
the construction of the elastic curve as a string polygon (see page 54) 
is recommended as the most advantageous method. 

In either of the above cases, if (from tables or otherwise) the general 
equation of the elastic curve is known, a simple substitution gives any 


deflection, and of course this will be the easiest solution. However, 
Se 


4 


complete solutions of the equation s = 7 are not usually available 


in advance for any but the simplest cases, and the integration of the 


ee 


Fig. 37 


equation and the determination of the constants is in general a far more 
difficult method of solution than those suggested above. 
(c) To obtain the displacement of a single point in a truss, the 


equation 6 = ee will usually give the readiest solution. 


(d) To obtain the simultaneous displacements of a number of points 
in a truss, the Williot diagram is the simplest and quickest method. 
We may also repeat the calculation of (c) for each point, or we may apply 
the method of elastic weights as described in Art. 20 and illustrated in 
problem II, page 78. The latter method is the quicker of the two and 
for practical purposes is equally exact. The Williot diagram is open 
to the same criticism as the ordinary stress diagram and many other 
graphical processes; small errors easily creep in and may become 
cumulative and so introduce important error in the final result. With 
reasonable care in construction, however, the Williot diagram will 
probably give results as accurate as the data justify. It will be largely 
used for truss deflection problems in the later chapters of this book. 

29. Examples. 

Problem I (Fig. 37).—To find linear and angular displacement at C. 
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(a) By the Maxwell-Mohr method (Dummy unit loading). 
With origin at A we have 


ula — A to sy 
Wee 

wine (gy Diao 

let ” 4 “3 


vanishes for this section. 


Prony Bb to. Cy MeO: henee (Er 


Since we are concerned with vertical deflection, we apply the unit load 


at C downwards; the sense is a matter of indifference so long as due 
regard is paid to the sign of m. We have 


m= ee aay to B, 
Ly 


whence, assuming # and I constant, 


Ly 


ey eee ee ol wx? Ls 
6c =. EI = EI | f, (juiae x)(- of) da 
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i.e., the displacement is wpward by this amount. 


Also, 
cline BMm,dz 
BEET DUNES 50802 
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where m. = moment at any section due to a unit couple at C acting as - 


shown. This couple will cause a negative reaction of = at A, whence, 
1 
zg 
Ma = ——, from A to B. 
Ly 


It is evident then that the detail work is exactly as above with — - 
1 


Le 


substituted for — x 
Ty 


, whence 


ie Sole t 
Pac ges eh Dis 
the minus sign indicating a rotation opposite to that shown, 1.e., a 
counter-clockwise rotation. 
Since the beam from B to C is unstressed, it is clear (a and 6 being 
very small quantities) that 


(Yer = Lz: ac. 


It is also evident that ag = az. As a check we may compute ag. 
Applying a unit couple clockwise at A and taking origin at B, we have 


ii). 8s Di 8 27 Eien ed oie 


zs w(x x a 
i) is wlyx x 4 ae whye _ 2 x 9 wad 
c 2 
2 
i.e., the rotation at A is clockwise. It is evident from symmetry that if 
the beam is fully loaded, 
9 wl? Th wl? 1 wy? 


po 384 hE 384 HE 24 ETS 


This is a well-known result easily verified by the general method. 
Thus for full loading 


BMmde 1 (™ ra 
anf er = az { (ob 5 em 
wa? — wat] 1 wh? 
z ae y sae WounD 
(b) By Castigliano’s theorem of the partial derivative of the work 
of deformation, 
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Suppose an arbitrary load P to act downward at C. Then, with 
origin at A, and calling moment due to w, M,, we have 


L 
u M, — Pr, A to B oM — a7, A to B 
= 1 —_- = 
P 
— Pda + Ep 2), B40 0 0 (ee ee 
Ly 
pe if ee OM geen 8 
eonoetae Peecie rier 5. EI Ly 
¢ P(e + In — x)d 
a, te 
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Since this holds for all values (not infinite) of P, it will be true if 
we assume P = Q. Then 


ewe ( 2) 
(Yor = ) 


Fie. 38 


which is identical with the corresponding equation in (a); hence we need 
not carry the detail further. 

(c1) By the method of Elastic Weights. 

Since 6¢ = ac-Le, andag = ap, the problem is practically solved 
when az is found. 

The rotation at B is numerically equal to the shear at B in the beara 


AB when the aT diagram is applied as a load curve. Since we are 


assuming H and J constant it will be convenient to work for Ela,;. 
Fig. 38 shows the moment diagram for the given loading. The moment 
area may be divided as indicated into the triangle A’E,’B’ and the 
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parabola A’D’E,’. Since the latter is identical with the moment 
diagram for a simple beam span equal to AZ, its area 


2h wh? _ whe 
Oe? GODT SOG 


The area of the triangle 
= Whi 1 hilt oy wl? 
DAs ae cao 


I 


Therefore EIag = shear at B due to M-diagram applied to AB 


_ Mom. of A’E,'B’ + Mom. A’D’Ey’ 
Ty 


PAE Ee 1. wh? | = iG 
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(ce) By method of Moment Areas denoting clockwise rotation 
as positive, it is evident that 
ay 


QAI ANG Bo 


and 6’4 = Moment of A’H,’B’ about A + moment of A’D’E,;’ about A 


ot wl, Ty wl3 Iy 7 
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Problem II.—Given the truss of Fig. 39a to find the vertical deflec- 
tions of the lower chord joints. 

(a) By the Maxwell-Mohr method. 

Table A, Fig. 39c shows the detail of the work and the results. To 
avoid repeated division by # with the resulting small decimals, it is simpler 
Sul 


ie For convenience in tabulating, Be is 


A 
and consequently the dummy unit load is 1000. 


to work first for H6 = 


taken in units of oie ; 
The stresses S are obtained from the Maxwell diagram of Fig. 39b. For 
the particular loading of this problem it is evident that wa = 2 For most 


cases, of course, no such simple relation exists and ug would be obtained 
from an independent diagram or by analytical computation. It is 
clear from the symmetry of the truss that uw, is obtained directly from 
ua, and that u, will be the same on either side of the center and will 


- 
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equal 2 X (corresponding value of wa for left half of truss). The sign 
Sub 
ie 
same sign; otherwise it will be negative. The remainder of the calcula- 


of the quantity will obviously be positive when wu and S have the 


(a) 


Fia. 39 


tion requires no explanation and the resulting deflections are given at 
the bottom of Table A. 

(b) By Castigliano’s method. 

The fundamental equation is 


Ee ae ae Sheed 


Or Se a —— e ——__— 
OP, OP \2<v AB AE 3Pe 


Recalling that 


S=kiPi + kePo <P Pras nhs 
we readily obtain 


sr 
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But, S(due to.P,) = Pu, 16s up = ke hence it is evident 
ah 


that the detail of the solution by Castigliano’s method reduces to the 
same form as for the Maxwell-Mohr method. 


GENERAL NOTES 


Fundamental Equation:— 

dn—r=ALr XuUn—r, where 5n—7=deflection of joint ‘n” due toa change of length 
ALr in member “‘r’’; and un_,=stress in “r’”’ due to unity at n. 

Fundamental Working Rule:— 

Let an “elastic load” for each member (=change of length +moment arm) be 
applied to truss at the moment center corresponding to the member. The simple 
beam moment diagram for this fictitious loading is the actual deflection diagram for 
the truss joints. 

Deflections due to Chord Distortions: — 

Fig. 40 (c) shows the method of application of elastic loads for a deformation 
AL in BC. For any other upper chord member the method is identical. The 
same essential procedure is followed for lower chord distortions if deflections of both 
upper and lower chord joints are desired. If displacement diagram for lower chord 
joints only is wanted, the procedure is shown (for the chord member be) in Fig. 40 (6). 
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(c) By the method of Elastic Weights. 


We proceed as in (a) to find H-AL = a Corresponding to 


z is to be applied to the truss at 


“6 


each member an “elastic load” = 


the moment center for the given member. r is the “arm” of the 
member referred to its moment-center. In the case of web members, 


an equivalent substitute loading is generally used in place of EL, 


AA AWA 


Ae {o Ae te fp oh te aN 


Fig. 41 
NOTE 
From similar triangles we have bee and sa (Rb||Cc), whence P= =, 
A This rule is general. 


Whe 
Elastic loads for chords act in direction of actual loads. The manner of applica- 
tion of P and Q corresponding to tension and compression in webs is illustrated in 
diagrams at bottom of Fig. 41. 
P is always the nearer load to the moment center. 
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TABLE B 
CuorpD MEMBERS * Wes MprmBers 
r é 
Rare EX AL BS EAL EAL 
Joint | Me™| ey ab| r |——— || Joint | MO") wx AL P= Q= 
ber r ber ry Tr; 
rl r2 
B ab 310,000) 20 | +15,500|) 6 Bb |+ 434,000 2738 + 15,900 
(o) be 750,000} 25 |+ 30,000]! 6 18.2 — 48,400 
Cb — 884,000;——|——|———--—— = 
D cd 1,250,000} 25 |+ 50,000]| ¢ 22.5 + 39,300 
E de 940,000} 20 | + 47,000 b 22.5 oo 56,000 
_— — Cc +1,260,000 ——|——|——_-—_——_|— 
aB 416,000} 21 |-+ 19,800 c 22.5 + 56,000 
b 5 peer = oe | 
BC 436,000] 22 |+ 19,800|| c 22.5 — 56,000 
— — — cD |—1,260,000——|——|———_——_____——_ 
c cD 750,000) 25 |+ 30,000|| d 22.5 + 56,000 
DE |1,300,000) 22 |}+ 59,000}| ¢ 22.5) — 93,800 
d —|—— ——|— —| dD~ |+2,115,000——|——_—_-_—_—__|_—___- 
Ee 1,255,00C} 21 | + 59,800 d 18.2 +1,160,000) 
d dE |+41,290,000 27.3 + 47,400 


* End post is treated as a chord. 


This is explained in Fig. 41. The values of r used are tabulated on 
the figure in 39a. The remainder of the process will be clear from 
Figs. 40, 41 and 42, and Table B. When the resultant values of the 
elastic loads have been obtained the moments may be calculated ana- 
lytically, or the elastic load moment curve = true deflection curve may 
be constructed as a string polygon (Fig. 42). 

(d) By the Williot-Mohr diagram. 

With the data of column 5, Table A (Fig. 39c), assuming member aB 
to stand fast, the Williot diagram of Fig. 43 is constructed after the 
method explained in section II-e. The Mohr correction diagram is then 
applied as was explained in the illustrative problem in this section 
(Fig. 36). The deflection results for b, c, and d are indicated in the 
figure. 

The very close check obtained by the three independent methods is 
worthy of note. 

Problem III.—Figs. 44a and b. This is a beam deflection problem 
similar to I. It is solved by the method of elastic weights, and the 
detail work is fully shown. 
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W,=—26,000 


We=+15,500 Wass Fei 008 


R ,=84,700 M,=4,885,000=E6, 


M,= 2,117,000 =E6, M g=7,270,000=E6, 


= R= 291,000 


(a) 


(0) 


M,=8.43 X 250,000 = 2,115,000 
M,.=19.54 x 250,000 =4,885,000 


Mg=29.10 x 250,000 =7,275,000 


(c) 
Fig. 42 
PROBLEM III 
Reactions AND Moments ror Actuat LOADING 
180 13. 
SNA Sa 0 xX oo cone ay 
18 
Re= ; 2450. 
200 x 9? 
Mp = 2350 X 9 — aa = 13,050’* = 156,600". 
Mc = 2450 X 8 — 3000 X 2 = 13,600’* = 163,200’*. 
Mp = 2450 X 6 = 14,700’ = 176,400’. 
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Moments AND SHEARS FOR Bram LoApED with Moment DracRAM 


Area X Arm (Z) = Moment 
145,800 13.5 1,970,000 


Area I = 2 X 24,300 X 9 
a 
2 


II = } X 156,600 X9 = 705,000 12 8,460,000 
III = 156,600 X 3 = 469,800 7.5 3,525,000 
IV = 19,800 X } X 3 = 29,700 ai 207,900 
V =-1:76,400' xX-3-x 6 = 529,200 4 2,116,800 
1,879,500 16,279,700 
16,279,700 X 144 _ 
Ry = SELTaCED Ue = 905,000 x 12 
Area IIT, = 156,600 
ArealV; = 6,600 X .6 X 1 = 3,300 
Shear at C = 905,000 — 145,800 — 705,000 — 156,600 — 3,300 
= 105,700 « 12 
ag = = EOS QO 28 — .000,294 Radians = Slope of Beam at C. 


~ 30,000,000 X 144 — 


Ape Free e 


’ 
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Bending Moment at C 


Rr = 905,000 10 = + 9,050,000 
I = — 145,800 X 5.5 = — 802,000 
II = — 705,000 x 4 = — 2,820,000 
LF — 156,000 <6 = 78300 
Dee 63 200 See 1,100 

M. = — 5,384,100 x 144 


=) 5884,100% 144 tar 
ea 30,000,000 x 144 — 1782” = Deflection at C. 


W=200* per ft. 
ee eS PR EE TT RTE 


E =30,000,000 * /sq. in. 
I =144 ins.4 
Required a, and 6, (vertical) 


(a) 
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Problems IV, V and VI, Figs. 45, 46 and 47 are-problems in truss 
deflections. The accompanying tables show the detail work. 


PROBLEM IV 


Ww 

S SS 
Ss S 
> = 
= g 


j 


Y 


E = 28,000,000 * /sq. in. 
Required: Vertical Deflection at Le 


Fig. 45. 


Mamba Length (L) Stress (S) | Area (A) SL y SuL 
Inches Pounds Sq. In. EA EA 
UoUi 120 +83,400 6.00 + .0595 +1.665 + .0990 
UU 2 120 +650,000 6.00 + .0357 + .832 + .0297 
U2Us 120 -+25,000 6.00 +.0178 0 0 
Loli 120 —650,000 6.00 ~— .0357 = .832 + .0297 
InLs 120 — 25,000 5.00 — ,0214 0 0 
LeLs 120 — 8,330 4.00 — .0089 0 0 
LL 120 — 8,330 3.00 — 0119 0 0 
Waly 144 +30,000 5.00 + .0308 +1.000 + .0308 
UcLe 144. -+20,000 4.00 + .0257 +1.000 0257 
U3L3 144 0 3.00 (0) 0) 0 
UsL4 187 +13,000 4.00 +. O217 0 0 
UsLe2 187 — 26,000 4.00 — .0434 0 0 
Ueln 187 —39,000 4.00 —.0651 —1.300 | -+.0846 
UiLy 187 — 52,000 4.00 — .0868 —1.300 + .1128 
| 


Total deflection of Ly = + .4123” 
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PROBLEM V 


(1) Horizonran Deritection or B 


Length (L)| Stress (8) | Area (A) | SL Sul 
Member | Tt aches Pounds | Sq. In. AE bs AE 
AC 170 —11,330 3.00 — .0229 —1.416 + .0324 
CB 170 —18,400 3.00 — .0382 —1.416 +.0541 
AD 134 +14,500 2.00 + .0347 +2 .235 + .0775 
DB 134 +14,500 2.00 + .0347 +2 .235 + .0775 
CD 60 +13,000 4.00 +.00696| +2.000 + .0139 
Total horizontal deflection of B to right = .2554” 
E is taken as 28,000,000* per sq. in. 
(2) Horwontat Deriection or C 
Length (L)| Stress (S) | Area (A) SL Sul 
Member. | Inches Pounds Sq. In. EA ? EA 
AC 170 —11,330 | 3.00 | —.0229 0 .0000 
CB 170 —18,400 | 3.00 — .0382 | —1.416 | +.0541 
AD 134 +14,500 2.00 +.0347 | +1.117 | +.0387 
DB 134 414,500 | 2.00 | +.0347 | 41.117 | +.0387 
CD 60 +13,000 4.00 + .00696| +.1000 | +.00696 


Total horizontal deflection of C to right = .13846” 
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Member 


Ui 
UiU2 
U3 
Loli 
LyL2 
LoL: 
Uoli 
Uile 
U2Ls 
UoLo 
Uili 
U2L2 
UsLs 


* One-half Actual Value. 
The total vertical deflection of C is twice this result = 18.535’ 
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>} oh 


PROBLEM VI 
we 


wm 
> 
8 
Ne} 
S 


6@30=180" 
ok 


E = 28,000,000 * /sq. in. 


Length (ZL) 
Inches 


360 
360 
360 
400 
374 
362 
457 
402 
388 
456 
282 
180 
144 


Fig. 47. 
REQUIRED VERTICAL DEFLECTION AT C 
Stress (S) | Area (A) SL SuL 
Pounds Sq. In. EA HA 
— 239,000 10.00 — .307 — .6375] + .1955 
—600,000 10.00 — .771 —2.000 | +1.542 
— 844,000 10.00 —1.085 —3.750 | +4.070 
0 20.00 0 0 0 
+249,000 18.00 + .1845| + .661 | + .122 
+603,000 16.00 + .43825} + .2015| + .088 
+304,000 10.00 + .496 +- .810 | = 7401 
+404,000 8.00 ++ 5.725 +1.525 | +1.105 
+274,500 6.00 + .634 +1.880 | +1.191 
— 187,500 10.00 — .3055| — .500 | + .1578 
— 255,000 8.00 —! 3215) 682, 1) = 219 
—170,500 6.00 — .1827; — .700 | + .128 
— 37,500*; 2.00* — .0964; — .500*| + .0482 
9.2675” 


VI,.—The truss, loading and E are taken the same as in Fig. 47. 
Required: The horizontal movement of B. 


Member 


UU, 
UU, 
UU; 
Lol 

IL, 

LoL; 

UL, 
UiLe 
U2L; 
UvLo 
UL, 
UeLe 
U;3L3 


Length (L),| Stress (S), | Area (A), SL 

In. Lbs. Sq. In. EA i 

360 —239,000 10.00) [5 =. 307) cS ey 
360 — 600,000 10.00 | — .771 | —1.533 
360 —844,000 10.00 | —1.085 | —2.165 
400 0 20.00 0 +1.11 
374 +249,000 18.00 | + .1845 | +1.678 
362 +603,000 16.00 | + .4825 | +2.55 
457 +304,000 10.00 | + .496 | + .785 
402 +404,000 8.00 | + .725 | +1.025 
388 +274,500 6.00 | + .634 | + .680 
456 — 187,500 10.00 | — .3055 | — .483 
282 — 255,000 8.00 | — .3215 | — .458 
180 —170,500 6.00 1827} — "253 
144 — 37,500 2.00 0964 .000 


The total horizontal movement of B is twice this result = 14.075” 


Sub 
EA 


.0000 
7.0375” 
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PROBLEM VII 


wW= 4500¥/ft, 


Beam and Loading 


Fia. 48 


(9M Diagram-— Dee (e) Deflection Diagram 


Fig. 49. 


CALCULATION OF CENTER DEFLECTION 


i. = ee if M. = center moment due to a loading 


E 
3940 X16 = 63,000 
3700 X 32 = 118,500 
3700 X 64 = 236,300 
3200 X 80 = 263,000 M-.=R X 240 —=Pa 
4480 X 112 = 503,000 = 36,000 X 240 — 4,080,000 
3800 x 128 = 487,000 = 4,540,000 
3910 X 156 = 610,000 (aa M. 4,540,000 lbs. /ins. 
4040 xX 180 = 728,000 ‘FE 30,000,000 Ibs. /ins.? 
1970 X 200 = 394,000 = .1508 ins. 
1590 X 208 = 331,000 


1590 X 224 = 356,000 
R = 36,000 lbs./ins.; 4,080,800 Ibs. /ins. 
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Problem VII.—Fig. 48 is an example of the calculation of beam deflec- 
tions where I is not constant. The method of elastic weights is used 


advantageously here. The s diagram is plotted (Fig. 49c) and this 


is then applied as a load curve to a simple beam of same span as given 
beam, but of constant section (Fig. 49d). The moment diagram for 
this substitute beam and loading is the true deflection curve (Fig. 49e). 
In Fig. 49c, the S areas I, II,... XI are treated as triangles and 
trapezoids. The final error in this approximation is small for the divi- 
sions shown and of course will be further reduced by taking smaller 
divisions. Any case of varying moment of inertia may be similarly 
treated. 


PROBLEM VIII 


9@36-8%330.0" 


Fig. 50 


Problem VIII (Fig. 50) shows camber calculations for the 330 ft. 
railway truss span of Fig. 111. The calculations for the center 
deflections (at La and Ls) are made (a) for maximum loading 
(D+L-+I) and (b) for [D+4(L+I]. Camber is usually provided 
just sufficient to offset (6). The last two columns of the table 
show the necessary modifications in length (1) when camber is pro- 
vided by changing the lengths of all members and (2) when it is 
secured by changing the top chord members only. An advantage 
of the latter method lies in the fact that the changes in length, 
being confined to a few members, can be secured more accurately 


(due to their greater amount) within the limits of workable dimen- 
sions. 
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CHAPTER II 


GENERAL THEORY OF STATICALLY INDETERMINATE 
STRESSES 


' 80. Preliminary.—Every structural problem where the number of 
unknown forces to be found exceeds that which can be obtained by 
means of the equations of static equilibrium, is said to be statically 
indeterminate. The setting of the problem has been discussed rather 
fully from a general standpoint in the Introduction. It was there 
stated that the necessary additional relations upon which the solution 
of the problem depends are obtained from the Law of Consistent Deflec- 
tions. That is to say, in any structure, not only must the requirements 
of static equilibrium be satisfied, but the resulting elastic deflections 
must be consistent with the conditions of the problem. 

In Chapter I we have shown how the elastic deflections of structures 
may be obtained by several methods; in this chapter we shall apply 
these results to the solution of the statically indeterminate problem in 
general, by means of the principle of consistent elastic deformations 
or deflections. 

Before proceeding further it is well to note explicitly the assumption 
that underlies the whole development of the theory (as indeed it does 
other portions of the theory of structures), i.e., that the total effect of a 
group of forces on the stresses and deflections of a structure is equal to 
the sum of the effects of the forces taken separately. This is commonly 
called the “law of superposition.” 


SECTION 1.—SINGLY INDETERMINATE STRUCTURES 


31. General Theory.—Let us consider a continuous girder ABC, 
Fig. 5la, resting on three rigid supports. We remove the center 
support and imagine the simple beam AC acted on by the loads 
P,...P, and an arbitrary upward load P», at B, Fig. 51b. Clearly, 
if Pg = Rg, the simple beam in (6) becomes the exact equivalent, 
statically, of the continuous beam in (a). The determining condition 
to be fulfilled by Ps = Rz is that it shall make the deflection at B equal — 
to zero. We have 
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if M’ is the simple beam moment, due to loads P at any point of AC, 
and Rgmz is the simple beam moment of any point in AC due to 
Pz = Rez applied at B. 


Hence 
secon (7 Minsle . p ((° malts 
; pute pe ata Oi 
from which we get 
oe 
, 
| RS Sana EE eee ep (25) 


if 6’, = deflection at B in simple beam AC due to specified loads, and 
diz = deflection at B 
in simple beam AC 
due to an upward 
load unity applied 
at B. 

The physical con- 
ception is thus very Py Le SARS DEAL Ne? 
simple. Weimagine 
the loading applied 
to the beam with the 
superfluous reaction ~R, P, Re 
removed; this will Fic, St 
result in a certain 
displacement of the reaction point = 6’. We then say that the amount 
of the true reaction is the magnitude of the force necessary to erase 
this deflection. A unit load will effect a displacement of 6,, whence 


The same method in principle may be applied to a truss with a 
redundant member. In the truss of Fig. 52 the tie rod CD may be 
regarded as a superfluous member. The truss may be rendered statically 
determinate by the removal of CD, which is accomplished in effect if 
we cut the member at some point—for convenience very near the end D. 
When the member is so cut, the cut faces will be displaced relatively 
by an amount 6’ which may be computed by the standard method, 


_NCSuL 


ye 
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where S’= stress in any member of frame, due to given loads, with CD 
removed (cut), and 


Ly u= stress in any 
Yy C member due to a 
pair of unit forces 
acting on the cut 


faces of CD as shown 
Yj in Fig. 52. 


YY If now we have 
Yj a pair of equal and 
Le 


oppositely directed 


Yj forces acting on the 
lees cut faces of CD, 
Yj 4 numerically equal to 


the true stress in CD 
when it acts as a part 
A of the frame, this 
modified structure is 
evidently statically 
equivalent to the 
Fic. 52 original, and we must 

have 


6 = relative displacement of cut faces of CD = 0 


eis 7 Fa se + S,-u)ub 


CA irae AK 
“ S’uL u?L 
= 2 an Sea 
and 
S’uL 
AE 6’ 
Ries he Ree en) 
AE 


where S, = magnitude of true stress in CD and 
S = magnitude of true stress in any member of the frame. 


It will be noted that S’ for the redundant member is always zero; 
hence it disappears from the summation in the numerator. We ordi- 
narily say, therefore, that the summation in the denominator includes 
all members, while that in the numerator includes all except the 
redundant. 
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The method is thus seen to be precisely analogous to the case of 
the redundant reaction for a beam. We cut the superfluous bar, com- 
pute the resulting displacement of the faces, and determine the true 
stress in the bar by the principle that it is equal in magnitude to the 
force-pair required to bring these faces into contact. A pair of 1% 


forces will move the faces a distance 6; and to move them through the 
i? 


distance 6’ will require 1% X 5 
1 


The cut in the redundant member may be taken anywhere; if taken 
sufficiently close : 
to the end, the p 
deformation of the 
longer portion 
may be taken as 
the deformation 
of the entire mem- 
ber, which simpli- 
fies the detail 
work. A B 

32. Structures 
with Members (a) 
Subjected to Di- Fic. 53 
rect Stress and 
Bending.—The preceding method is easily adapted to the more general 
case. In the framework of Fig. 53, where some of the members take 
flexure as well as axial stress, we know that the true stresses must 
be such as to render the horizontal deflection at A zero, whence we 
have 


ae — > eae iy 


MM’ 
“Soe UaL are RZ nea dS AS 
2d. 
+ Raa > far 
Se a M'madx 
om ca 6! ale 6’, nye 


oO EN EE C7) 
oa Ss esky (meee dia + O10 by’ G7) 


whence 


Ru-a —= 
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where ua and m4 = the direct stress and the bending moment, re- 
spectively, in any member due to a 1x load 
acting horizontally inward at A. 

6’, and 6’, = the horizontal deflection at A due, respectively, 
to the axial deformation of all members resulting 
from the given loads, and the bending of the 
members due to the given loads. 


If we change the subscripts for wu and m in the preceding equation 
from A to r we 
get the equation 

P for the stress in 
the redundant 
member S, of the 
structure shown 
in Fig. 54b. Here 
again u, and m, 
are, respectively, 
the axial stress 
in any member 

and the bending 

(a) (b) f moment at any 

Grane point of any 

member due to a 

pair of unit forces applied in opposite directions to the cut faces of the 
member. 

33. Modification to Include Members Slightly Curved.—Finally, if 
we have a framework in which some or all of the bars are slightly curved, 
and in which the section A is not necessarily constant throughout the 
member, we may write quite generally 


P P 


X, = redundant quantity, either reaction or stress 


ys HO ae s M’'m,ds 
. Ae EI kon ee 


The same remarks regarding the scope of the summation in numerator 
and denominator apply here as were noted for the simpler case on 
page 92. 

34. General Remarks.—It should be noted that the choice of the 
reaction or of the member which we treat a8 redundant is to some extent 
arbitrary. Usually any reaction or member may be so treated whose 
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removal leaves a statically determinate stable structure. In the truss 
of Fig. 52 we might equally well have selected AG, or FE, or any one of 
several others as the redundant. But we could not so use GE, since its 
removal leaves an unstable structure and it is therefore not a superfluous 
member. Neither could we select EJ or HF, since for the given loading 
they are not essential members of the truss; their stress is zero, and 
their removal still leaves the structure statically undetermined. 

The interpretation of the signs requires careful consideration. To 
restate the general method: We remove the redundant support or 
member and apply in its place equivalent forces as external loads. If 


Fie. 55 


these are entirely removed, the resulting statically determinate structure 
will so distort that the points of application of the redundant forces (in 
case of external reaction there is but a single force) will be displaced an 
amount 8’. The redundant force X must be such as to cause an equal 
and opposite deflection X61 i.e.: : 


o=.0 = 6) + X01. 


This, of course, assumes that the unit loading producing 61 is opposed 
to the displacement 6’ and it must always give a positive value of X. 
If the calculation is carried through as above but with the unit loading 
applied in the opposite sense, the value so obtained for X will have the 
same magnitude but opposite sign. A clear understanding of these 
relations should serve to avoid any confusion as to the sign of X. 
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35. Examples.—It will aid in fixing the foregoing principles to 
apply them to a few simple problems. 

(a) Beam Fixed at One End and Freely Supported at the Other.—(Fig. 
55). 


Ya 
SST 
ez 
ba \ QO 
XN WH (a) 
c , ‘ 
4 L Ra 
vy 
i; = TE ——————~ z 
\ Foo | 


te oF a : 


Fig. 56 
With origin at B, E and I constant, R, removed, we have 
M’ = 0, — from z = 0 toa.= Bb, 
M’ = P(x —d), — from z = btor = L, 


= x, — (unit load downward). 


Then 
2 
ine ( M'mdz = =" P(« — b)adx = EBL =a) 
and 
L L lL? 
Elo, =i Lae = Lede = 
0 0 3 
whence 
2 
Rm 
Rg ite 2) jp 
ape ge mins I 
3 


The minus sign means that R, acts oppositely to the unit load. 
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Consider the same beam with uniform load extending a distance a 
from the fixed end (Fig. 56). Proceeding as before 


pone 
MS = 2 
beeen: 
- 3 
EIS = I M'mdx = ie Bee Or ae = SUL — a) 
Bie 3 
and 
5’ a\2 
Rp = — >= = (7) (ats 
When a = L 
Re = — 2uwL. 


It is not necessary to use Rg as the redundant; we may take the end 
moment, M4, equally well. In this case the statically determinate 
structure is as shown in Fig. 57. The fundamental equation is 


where m is the moment at any section due to a unit couple applied at A. 
We then have 


ware 
“OL,” 0 to b 
M = 
wore _ w(x — b) 
OL 5 ; b to L, 
ee apt 
m 7 
and 1 aol b)2nd 
ae Ge — (0) AKO hy 
Eloi’ I Mmdz = — ¢ “yee a Peary se 
Ci RL 2 
UA gee 
_L 
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whence 


wa? 
M4 => gf 2c = a)?. 


The plus sign indicates that M4 acts in the same direction as the 
dummy unit couple. 


WwW 
WUT 


3 


20” — 65* I beam. 
Required: Value of R2 


Fie. 57a 


if sage ‘i E ee ae 
pa e [9 + 600000 — 8) [rar _ 23,969,000 


18 re 
1 
‘I Ae 4944 
Ro = — 12,310* 


The unit load, was assumed to act downw 


ard, hence the negative sign means 
that Re acts upward. 
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We may check this from the preceding result: 
waz 2 2 
Mam Rb 8 Blab) ME = — ar op 


Fig. 57a shows a numerical example. 
(b) Continuous Girder of Two Equal Spans, Uniform Load (Fig. 58). 


Fig. 58a 


SECTION 


1 Web plate 30” x 3” 2 Angles 6” x 4” x &” 
2 Cover plates 14” « 3” 
Required: Value of R2 


18 a’ I a? 
ip (3455 a aa 45ladx + ) [34.552 Gis oe 18) | | 


28 a? 
A51xdx + f (32.450 _ =) .549xdx 


84 28 
ifs 451 a2da + if 549°x2dx 
208,000 


aie Se gaee x 1000 = — 427,500*; the negative sign means that Re acts 


upward. 


We treat the center support as redundant and take origin at A. 


L ie 
M’ Sil ait mM => 


’ 
0 
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and 
L L (wh x? 
1BIB'» =f M’'mdzx ={, ( es 
A) 0 = 
L ya pe 
ZET biz sie mdx = vide = 
0 0 
whence 
O74 
oun O1B i a 
6 


Fig. 59 


wx? Oa 
ede — wl ) 


Fig. 60 


which is the well-known formula for the center reaction in a ones 


beam of two equal spans, loaded uniformly. 


The same general method may be applied to a two-span continuous 
girder of unequal spans and any loading. Fig. 58a shows a numerical 


case. 
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(c) Portal Frame (Fig. 59). 

We treat the horizontal reaction as redundant, and neglect the effect 
of shortening in CD due to H (generally exceedingly small in such a 
frame). The fundamental equation is, 


: a> Bees 


le 7 L 2 
Ss M'mdt _ oy, Bem 


EI ET 2 SEI,’ 
Al wird. ue ae + Ts Le a Qh? a h?L 
2 i Fay Moe MIO 
whence 
Phi? 
= 8s 
os 7 eae 
Bala Ey He 


The unit loading was applied outwardly; the minus sign shows 
that H acts inwardly. 

We may take the same frame with horizontal load at top (Fig. 60). 
Again neglecting axial shortening, we have 


— (M’'mdx 
cs Selene 
isla Se ee aes ar ge SEMESTER ET ee 
14 mdz 
I) EI 
Phe 
M’=0forAC; = = for CD, origin at C, 
0 
and . 
=| Px. for DB, origin at.B, 
0 


m is same as for preceding case. 
We then have 


M'mdx Pepe Pade APPL , Pie 
2 se f, aL =. Pie She 3h, 


whence 


PRL . PH 

Vi Rae OENe 
Ue 7 ore eee 

Bis- “Si 


the usual approximate formula, 
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If the member CD should develop an appreciable axial deformation, 
or if the load P should be applied to the column BD at an intermediate 
point, the above result would no longer hold. 

(d) Two-hinged Arch Rib with Parabolic Axis (Fig. 61). 


lid 


Deflection line for arch axis under pair of unit horizontal loads at supports acting 
inward = (to some scale) influence line for H. 


Fig. 61 


Taking positive direction of coordinates upwards and to the left, 
the equation of the parabolic axis when referred to end B is 


Bie de. 

y = 4h (F ~ z): 

The cross-section of an arch rib usually increases toward the support; 

a common assumption which gives a very satisfactory approximation 
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in most cases is that / varies as secant a (a = angle of inclination of 
arch axis with axis of x). In such case, if J, = J at crown, 


= I, sec. a, and — = ——— = = 
and the deflection equations are considerably simplified. Further, the 
terms representing axial thrust are, in all ordinary cases, quite small 


and may be neglected without serious error. 
Making these simplifications and taking the horizontal thrust as the 


redundant, we have, 
oe a aie M'mdx 
no aeted m? ds y 
om freas 
0 oe! 
Pax Ra erne ce "> 


era oe bes 


2 
i M'mdzx - eas +) az — ke Le — x*)(x — b)dz, 


tres ae are ie evaluated : 


% A4Paha (x _ a es Pahl 


L 
lee Nea de ~®L — a8 — Lon + bo?)de 
i) 


[? 
Ree a) 


8 
2 = 


ft Pay “Bote 


? 
—p2 
© fmtae i =H L 
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whence p P 
SUPE Wa a a 
Ha ~ 3 - Bl ) | 
heh ay | we have 
jo ) 
5- PL 


= ee ees ee 
He= cor (k — 2k? kA) 
Fig. 616 indicates the distortion of the arch when H is removed. 


10000* 


Mem=l 43) nhs S'L || SES 3 ei ees tee 
ber A A A 
1 Seif Ue Or arkeeeatees SAA Re ee 94.0/+7000] +7000 
2 3 | 141; —14,100 —667,000 |—1.41 +940,000 94.0/+-7000| —7000 
3 | 10 | 100] +10,000] +100,000|+1 | +100,000! 10.0|—5000! 45000 
4 3 | 100} +10,000 +333,000 |+1 +833 ,000 33.3]/—5000} +5000 
5 10 | 100 OUWS, ee tee Ss fell 5 le eee eee 10.0)/—5000} —5000 
6 3 | 100 Qik aaeee She ile, A aera 33.3/+5000! +5000 
+1,373,000|+274.6 
6! — 1,373,000 : 
S; = — pemraca. r 5000 * = Stress in S;. 


Since the unit loading is such as to produce tension in Se, the negative sign means 
that the true stress is compression. 
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(e) Truss with Redundant Member. 

The general method of procedure for this problem has been previously 
indicated. Fig. 62 and Table A show the full detail of a very simple 
numerical example. 

(f) Continuous Truss. 

This is precisely similar to the solid girder if we use the truss deflec- 
tion formula instead of the beam deflection formula. 


We have 
S'u.L 
Oto ae AE 
Eee Ste uel 
AEH 


The notation is self-explanatory and the detail involves nothing but 
a straightforward application of the deflection formulas. 

(g) The Spandrel-braced Arch. 

The horizontal thrust is the redundant; if R,x be removed the 


Fig. 63 


point g will deflect to the right a distance 6’ under the action of the 
load w. If u, is the stress in any member due to a unit horizontal load 
i at g, 
acting outwardly at g ee Suk 
S AE * 
The true horizontal thrust is the force required to produce an equal 
and oppositely directed deflection. A 1# load will deflect g 


u?2L 
°w = 2. AB! 
and sul 
Oe A 
Ry = eek ae ea 20, 


Fig. 64a and table show a numerical case. 
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LT TT TUTTE PEEP Ter TTT TTT 


6@30=180’ 


Fic. 64(a) 

TABLE A 
Mem-|Length (L)} Stress (S$) |Area(A)) SL | |, Sul we 
ber Inches Pounds Sq. In. EA EA EA 
UoUi1 360 — 239,000 10.00 |— .307 |— .617 |+ .1892] .00000045 
UiU2 360 —600,000 10.00 |— .771 |—1.533 |+1.182 | .00000282 
U2U3 360 — 844,000 10.00 |—1.085 |—2.165 |+2.350 | .00000561 
Lola 400 0 20.00 000 |+1.11 000 | .00000082 
IyL. 374 +249,000 18.00 |+ .1845/+1.678 |+ .3095} .00000195 
Debs 362 +603,000 16.00 |+ .4825/+2.55 |+1.102 | .00000490 
Uoly 457 1 +3804,000 10.00 |+ .496 |+ .785 |+ .389 | .o0000090 
UiLe2 402 +404,000 8.00 |+ .725 |+1.025 |+ .744 | .00000176 
U2Ls 388 +274,500 6.00 |+ .634 |+ .680 |+ .431 | .00000099 
UoLo 456 —187,500 10.00 |— .3055)— .483 |+ .1473) .00000035 
Uily 282 —255,000 8.00 |— .3215|— .458 |-+ .1473] .00000025 
Ue2L2 180 —170,500 6.00 .1827|— .253 |+ .0462! .00000006 
U3Ls 144 —37,500* 2.00* .0964 .000 .0000 

* One-half actual value. 7.0375 .00002086 
7.038 
= = —_— # 
.000021 enn 


The minus sign indicates that H acts inward (opposite to deflection 6’), 
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(h) The Framed Bent (Truss and Beam Combination) (Fig. 65). 

The columns ACD and BKH are continuous over points C and K. 
All other members take axial stress only. We take Riz as the redundant 
(we may take R-g equally well) and from the discussion which has 
preceded, we may write at once, 


; ae L Mmdx 
o> one ET 
20 2d 
a= ae 
S'ub L M'mdz 
5’4 om De Dre 


a eatA ee > es mdx 


Any truss and beam combination is analyzed similarly. Fig. 65a 
is a simple example of a “King post” truss. Member ACB is con- 
tinuous over joint C. If the member (1) is taken as the redundant, 
and we imagine it cut at the upper end, we have 


and 


whence 


S'ul M'mdx 
6/ AK EI 
Ross a 5 See Re ae 3 B 7 (a) 
AE EI 


In the substitute statically determinate structure, it is obvious 
that the load P is carried to the supports entirely by bending in AB; 


/ 
therefore the term Le vanishes. It is further clear from the figure 


that M’ = — Pm. We shall then have 


m2dx 


Lely BBN ova Meats SES AS ee i Salers 2 ts) 
© rT ae 


wL — 
sai <7 (from Table A) = 807. 


1340 


ep ee =F 6200. el 
- S@ = 7349 B07 X 10000 = 6200x (c) 
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Fig. 65 


A= 9,260" 
I= 216.0 ins! 


Fig. 65(a) 
TABLE A 
Member A L ut U Ops ee 
A | A 
AB 9.26 240 26.0 —2.0 4.0 104.0 
CD 2.0 60 30.0 —1.0 1.0 30.0 
AD = BD 220 134.5 67.3 +2 .24 5.0 336.5 
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The positive sign indicates that S@ is of the same sign as ug; 
1.e., compression. 

It may be interesting to view the problem from a different standpoint. 
We have noted that when member CD is cut, the load is carried entirely 
by beam action in ACB. But if the framework were rendered deter- 
minate by breaking up the member ACB into separate members AC 
and CB, we should have the entire load carried by the simple truss — 
ACBD. In the actual framework there is a combined action, and the 
problem is solved if we can answer the question: How much load is 
carried by truss action in ACBD, and how much by beam action in 
ACB? Now the deflection of the true truss (no continuity in ACB at C) 


for a unit load at Cis SS the first term in the denominator of (b). 


Likewise the deflection of the simple beam AB for a unit load at C is 
mda 
7 5s 
(b) and also the second term in the denominator. If we call 


the numerator of the fraction in the right-hand member of 


1 


medx 2 
EI 


= the coefficient of rigidity of the beam AB with respect to a vertical 
load at C, and define the rigidity coefficient r; for the truss similarly, 
we may write Eq. (b) 


— Ye 
td Pas r; ae pee . . . . . . (d) 


Tt Yo 


Now, the stress Sq measures the amount of the load which the truss 
carries and P — S the portion of the load carried by AB acting as a 


S, 
Peas = 7 ice. the 
relative distribution of the load through the beam and through the 
truss is in proportion to their relative rigidities. 

This result illustrates a very fundamental principle in the theory 
of redundant structures, usually termed the “principle of rigidities.” 
In general, in transmitting a load to its final support, the stress tends to 
follow the most rigid path. 

36. Summary.—We may summarize briefly: 

Any structure containing a single redundant may be reduced to an 
equivalent structure from which the redundant has been removed and 


beam. We may easily show from (d) that 
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in its place a statically equivalent loading applied. If the redundant 
is a simple support this loading is a single force; if the redundant is a 
superfluous bar, the loading is a pair of equal and opposite forces; if 
the redundant is a “‘fixed-end”’ reaction, the equivalent loading is a 
couple. The problem is to find this unknown loading which is numeric- 
ally equal to the redundant quantity, and which we may designate in 
general by X. The statically determined structure which results from 
the removal of the redundant we shall for brevity call the base-system. 

If now we imagine X to be entirely removed and the specified load- 
ing to be applied to the base-system, there will result a certain displace- 
ment of the point of application of X which we call 6’ and which is 
easily calculated from the fundamental formulas. (When the redundant 
is a pair of forces, the displacement of the point of application of X is 
to be interpreted as the relative movement of one of the equal and oppo- 
site forces with respect to the other.) * 

If we next imagine the specified loading removed and X alone to be 
applied to the base-system, we shall find that the application point of 
X is displaced an amount X6y, if 61 is the displacement for the case 
X = unity, and no other loads act on the base-system. But, if X is to 
be equivalent to the actual redundant reaction or redundant stress, 
then (in all such cases as we have been considering) these two deflec- 
tions must be equal and opposite, i.e., \ 


OS ote Or ee ee 


It is important for the student to recognize clearly that this simple 
equation applies directly to a great variety of problems—simple beams, 
simple trusses, and what we may call truss and beam combinations (as 
case ‘‘h”’). It should also be noted that 6 is here used as a general term 
for displacement, either linear or angular. 


* If the redundant is a moment, the displacement is a rotation, and in such case 
the use of the term “point of application” is open to criticism. If for any moment, 
however, we take a statically equivalent couple consisting of a pair of indefinitely 
large forces with a correspondingly small arm, we may approach as nearly as we 
please to the condition of a moment applied at a point, and with this interpretation 
we may properly speak of the rotation of the “point.” (See Professor Geo. F. Swain, 
“A New Principle in the Theory of Structures,” Trans. A.8.C. E. Vol. LXXXIII, 
p. 622, et seq.) At any rate, the gain in simplicity of statement would seem to 
make this terminology defensible in this case, 


DEVELOPMENT OF FORMULAS FOR STRUCTURES Lt 


SECTION II.—DEVELOPMENT OF FORMULAS FOR STRUCTURES OF ANY 
DEGREE OF STATICAL INDETERMINATENESS 


37. General Equations.—The preceding method is readily extended 
to structures with any number of redundants. To fix ideas we shall 
first consider a continuous girder with four spans (Fig. 66). If we 


Moment curve for a load diagram = A’a’b’c’B’ 
= EI X Deflection curve for loading kaa, kab, Kac 
= Influence line for Xa (if ya be made = 1). 


Fig. 66 


remove R,, Ry and R, we shall get, from the given loading, deflections 
8’,, 6’, and 6’, at a, b, andc. Now fa, Ry and &, must be so adjusted 
that the resultant deflection at each of these pointsis zero. If in general 
we let Smn = deflection at m due to a unit loading at n in the base- 
system, we may express the above conditions mathematically in the 
equations 


Te0aa =- Roba ae R bac a7 Oa — 0, 


and two similar equations. 


112 GENERAL THEORY OF STATICALLY INDETERMINATE STRESSES 


In the general case of n redundants we have 


tXnOad =e Xr Sav ate XeOue == see Xn5an ote Ore = 0 

XaSna + Xd + Xedve +... Xndon + 64 =0 
(29) 

Xaona + Xp6nv -- Xora + tues XnOnn aR On = 0 
This always gives n equations by which we may determine the n 
statically indeterminate quantities. The coefficients of X in the above 
equations, as well as the constant terms, are deflections of the statically 
determined base-system and are all readily obtained. Considerable 


simplification is possible if we remember that dmx = Sum from Maxwell’s 
theorem of reciprocal deflections. In general 


, NAS aL M'm, de 
a ae ae 


and 


UqlrL Mm m,dx 
os ine BS ie 


For a structure with a large number of redundants, general formulas 
for X in which the value may be obtained by direct substitution are quite 
out of the question; indeed when the number is more than two or three, 
the unwieldiness of the algebraic forms renders their practical usefulness 
doubtful. In such cases it is generally simpler to substitute the numeri- 
cal values of the 6’s in equations (29) and solve the resulting numerical 
equations for the X’s. 

The two examples following will make clear the application of the 
general method. 


37a. Examples. 

Problem 1 is a quadrangular frame with columns fixed at base and is 
therefore triply indeterminate. Fig. 67a shows the frame and loading 
and Fig. 67b shows the base structure with external loadings applied 
equivalent to the redundant reactions. The solution follows. 

The fundamental equations for the statically undetermined quan- 
tities are: 


6a = 0 = On + XaOne + MONT + ene: . ° e . 5 . . . ° (a) 
Oy.= 0 = 05+ Xadva + Xodva + Xcby. . . . . ig eh eee) 
6c= 0= 0’. te Xab¢ca =f. Xd oF X Occ. SMe NOt GO. Stig och ot Ge SOF aot (c) 
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(2) 
Fia. 67(a) Fig. 67(b) 


To evaluate the 6’s we proceed as follows (axial distortion is ne- 
glected) :— 


M'madx cf “P(x — b)adx f 'Paldx —P ee 
‘4= = ee = 227 — — 
: > EI ie EE URC ORE ool ee 
M'mvrdx LP (x2 —b)hdx "Pacdz  Pahfa h 
6',= 23 = a “+ = 4 | 
EI b Ely 0 El. 2HE Ly TI» 
S SS M'mede _ spe — b)dx a 'Padx — ae 4 a 
San ae SATA 9 Ble BEUT, © Ta 
As tenes [2 4 (Pee _ lr i 4 
‘a Big Joe; Jo Bla — SEL I: 
jog re moda _ 2." ada San “a 5 e 5 ar) 
a 0 EI: o Hh 5 1 
es * je +f, le L ] 
“=> <5)? hl, EI, + ar, 
aa Thade ("Lade  —Lh[L ,h 
i= >, Zits Es a Zima Wee Bes 
0 HI, 0 EI, PY Wie Ie: 
i Memalt _ a4 adx +f "ide E i 7 is 
Bac = > EI Jo #I,' Jo HI, 28 E i a 
ee "ede (= —h[L  h 
= >, r= oF = Ob 
0 EI, 2 0 El, Ee Nel ely 
With all constants and all coeficients of the quantities X thus deter- 
mined, the equations (a), (b) and (c) are readily solved. In any case 
ordinarily arising in practice h and L are known in advance and J, and 


Is are either known or relative values are assumed, and the algebraic 
detail then becomes quite simple. 
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The solution to obtain general expressions for the unknowns is quite 
lengthy and tedious and is seldom of enough advantage to justify itself 
in any individual problem. As an illustration of the general method we 
will indicate the process for obtaining the general formula for the hori- 
zontal reaction X5. 

In such case where no more than three equations are involved, it is 
best to first write out the general expression for X, from equations 
(a), (b) and (c). This may be done by ordinary elimination, but it is 
most easily effected by use of determinants. We have: 


Dee eI 64 One 
Oba vans 5’y be 
, 
xX: a Oc: oc c pe d 
er ae we 
Sba Oop Ode 
Oca Seb Ox 


at eS alDeaes Sua 55c8ac) + 8'4(Saadcc aT 62ac) =“ 5’ (8 aadbe at Sacdad) (e) 
8ab(Oba5ce a 5bcbac) a 9b0(baa5ce =. 62ac) ai 82b( Saadbc Gee bacbab)’ 


if (d) is expanded by means of the minors of the terms of the middle 
column. 
The coefficients of the 5”’s are (dropping the constant £), 


btabee ~ Bubae = S| + alee “: ral ss IF. a rl =0 
tate Soe = tole YE 4 HY TE 2 
sibel or) 
adres lene yc | 
paeaiars 
Substituting in (e) these coefficients and the values of the 6”s them- 


selves, we have a cancelling the common factor | 7 + TI) 
2 


; F vas ip E . 
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Member | L A 4 Ss (000s) = | Uy on Uy uy Uy | = i | Ug ag u,? Ugly Uy? Unt, u,2 UU ui? la cart uy? uae dart uate, uy “May | 
ie) | ae | a0 | 10.4 | -2000-| —seaoe | —.coo | saemtenl ae. 6 tt ole | eee ares, eel RS = PS Ere es. Ce tee eee eee ee ee oe 4.06 ‘7 
ee Ee OR a ee ee eee ee ee ROR Ma Pc Wty.” Bee” 2.34 Ys oe 
Ut, | 240 | «9.0 | 4.9 | —c00.0 | —20400 wo | ee Ye es oe EO os Gee AS CSIs es ee eal ee woke, ale 3 ee mathe! 
ma, | 90 | 23.0 | 48 | —c.0 | —semm fe ..... ..\ see a ee ae Ce ee ae a ae ere igs es wey ee a Meee ee Cad Ee ras 
ile 2 | so | wea |) 0 | om Pe — cs |. cues A a 5 ke i if a Eee Eh a aee a. ae ed eg ee ie He Fae? © 5 ee eat ie weet 4.06 2.34 Le 
Il: | 240 | 40 o | 60 +280.0 | -+1680.0 | yn Pe PE Eee ikke | :... ee ies yee Clee ry 5s Pee ay aA oe | ee er BER yk 3 
=e eS Se | eae Cee RBS et nee Gre | Oe of ae Ble ua re a 
Ik, | 240 | 53.0 | 4.5 | +600.0 | +2700.0 | .. | ae Hi eee de RIA. ae eG hs 2 ee re BR ea ai, es es ee ee a eed ee eee 1.75 
Ula | 20 | 25.0 | 12.0 | —400.0 | —a9000 | —.7e2 | 429750.0 |. ok ene i ee Bi ei FoR a) RN 9 oe el ee A ee pees t., Ae 7.32 ee | 
Uy | 300 | 18 o | 16.7 —350.0_ — 5840.0 7 — .782 44570 o- 72 | +44570.0 | Sate o.7 tee oe Sicitapeaptie: <P Pace «ay oy i 2 a = Teton tee Ts elem os araedl ts oF > Ge tote a! bec ond |S ~ eters 10.20 SEO ST ree tare arcs Maes Se soe 10.2 
Ul: | 300 | 15.0 | 20.0 | —250.0 | —5s000.0_ ee ~~ =.782 | +3010.0 | —.7s2 | +43010.0 | ......... 6) 33. LR at Loe ea 26102 |e etOF Pb geteia. | on aaa nee 9 19, 20'- tye 13. 20 gl oe Me ted. pegs 12.2 
lg i | 200 | 10.0 | 90.0 | —150.0 | —4900.0 1a.....-.|2 0 hi eeeee ieee ew Sh zae 1 erersgia ne 183 | +8baps Le eee a ae  Veie \ | oat Gu leie, 1 eee iataee\” WHE CPS «ces Joe 18.3 | =uguay 
Ud, | 300 | 10.0 | 30.0 | —100.0 | —30000 |.......... |. Mas SO Ree Pan a es See 7 ete al be es BE ee agile, RN I ee er es er eo SS 18.30 
Ugly | 354 | 20.0 19.2 4448.0 _ +8600.0 +1.00 +8600.0 i ete roe Sree | ee Tay pasa teitar ced fue ss Bre ores oy vd at ae a od ed ee ae ee +S el, ae 19.20 
UL: } 334 | 16 Oo. 24.0. 4320.0 47680.0 ot) ae te 41.00 7680.0 ee cs a Poe = Sera POR id. re ca os ay 1.00 ie Pear Ries 2 “s Re a, 24.0 
Us, | 384 | 12.0 | 32.0 | +192.0 | +0140.0 | ..........]....... ee PTS ee ao Sir eet ge” | eeerio.d. |. seen | ....hee id Lene ee eae Ceo a AO (Sie ARO Bh yer 1 cae Re ee 
Us } 384 10.0 | 38.4 + 64.0 +2460.0 an = ro | zai i ee Peoia sod He eee TSC OR OO lee, Soke MIO ET Ieee ae ea cee +2460 fie, 9, Ses aie et - +: ey satte Bios Sea mee Foch awitte ipl ayers is aoe 1.00 AQ) s20 eT | x stomsta eats pullese' se see ra 38.40 
IeUi | 384 | 20.0 | 19.2 Sle | hae. +1.00 ee ee he oi Rae eee scald 2 eee ee ee eee ay | se “a he! 
-. ES ES eae ee ....... hs: Cen a A, FEE fs Alay fs a a iat. oa ORE hd ur ee eae Be. Pape eee S| ee | 
InU; | 384 12.0 | 32.0 _ a4 Ween s 36 53. ee a eee ad ee cach Se i... Re eee eee TD ee Ge ee eo t 00.) [Aas oe, ball i Se a or | oe .. | 82.00 | 
EU, | 388 | 10.0 | 38.4 | ie er: | - Te = | ene re ah Red Pee eon ee at OO rs: |. Maen et ead SETS? rR: Lv Og 8 Pa) ae. Ren eae eh ay et oe 38.40 / 
ee ES a ee See Cece. ee ee ee ee ee 
2=+18745.0 2=+16910.0 2=+13960.0 2=+8455.0 2=64.04 2=75.08 F=98.32 F=116.9 TF=10.2 Z=1.22 ==18.3 
=EX5'g =EX38'p =Es'. = E3’q = Féaa = Ebvp = Eéce = Eibaa = E dap = Eite = Bicg = Bigg 
The fundamental equations are Substituting the 5-values from table (each multiplied by the constant E): 
_ 64X¢+10.2X5 =—18745 (a’) 
$a=0=6'a +Xadaat+Xodad, (a) 10.2X¢+75.0X0+12.2X¢ =—16910 (b’) 
$0= 0=5'0 + Xadba+Xo500+Xecdpe, (b) iia ae et ee =e ph ee 
a ee ED OT Eliminate Xq from (a’) and (b’) and Xq from (c’) and (d’), thus: 
sa=0=3'd +Xebde+Xasaa +Xa' baa’ Xa+.159Xo =— 293.0 Xa+.136X¢ =— 62.5 Xe=—134.7+.128X170 =—112.8 
ey AX cbae eR ul(oaa taeay Ua) Xa+7.380X)+1.2XNce= — 1656.0 Xa+5.37Xe+.667Xp = — 763.0 | 
7,22Xy+1,2X¢= — 1364.0 5.2Xc¢+.667Xo =—700.5 Xa=—292.54.159X170 =—265.0 
* Since Yg= Xa’, Xe= Xe’, etc. from symmetry of truss, and 5g¢q’= dca from table. Xc-+6.01Xp=— 1136.0 
. Xe +.128Xy= — 134.7 Xce+.128X9 =-—134.7 Xad=— 62.5+4+.136X112.8=— 47.2 


5, 88Xp= — 1001.3 


Xy=-—170.0 
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If we let na = ik, Hi = kp, ~ =n we shall have: 
Io Ty 


I; 

x eae (n + ke) (ky + 2k2) — (n + 2ke) (ki + ke) bs _3Pa n—ky 
7 Oh ~ (ky + 2he) hi -F 2ka) — (hi + hea)? 2h 2kitks 
oe a Ee Tee, “e fy r=) P 3ab 
eis eh) ON Ie Ae ORE eno) 


The plus sign indicates that X,(=H¢) acts as indicated in Fig. 67). 
A similar reduction gives the other redundants as 


tere , 6 L— 2a 


and eee Pab | (5k ‘ z Hay ee 2) 
P/y p P P P p p p We 
Up Us U, Us Us U, Us 
Gs i yy ke bss s Ayes 
(a) 


Xe=S.—u X=S.,-u X=Su-u, Xg=Sr5-u, Xq=Su,-ts=Xa (from symmetry) 


DDDDDDTKTX 


(6) 
Fie. 68 

braced. It is in general 8-fold indeterminate, but for the symmetrical 
loading of this problem the redundant stresses are identical on either 
side of the center so that the problem becomes only quadruply inde- 
terminate.. Figs. 68a and 68b show the structure and loading and 
the equivalent base structure. The solution for the redundant stresses 
is shown in Table A and the solution of the numerical equations follow- 
ing the table. 

When the stresses in the redundant members have been found, the 
true stress in any member is obtained from the equation, 


S = S’ ++ RT: + Xpup Cet XGA 
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SECTION IIIl.—INFLUENCE LINES FOR STATICALLY INDETERMINATE 
STRUCTURES 

38. Simples Cases.—As a general rule influence lines are much 
more important in the analysis of statically indeterminate structures 
than in simple structures. In many cases they constitute the only prac- 
ticable method of determining conditions for maximum and minimum 
loading. We shall consider a few of the simpler cases. 

(a) Two-span Continuous Girder. 

To construct the influence line for Rg in the beam of Fig. 51 we 
require the equation for 2» due to a unit load acting at any point g. In 
this case it is convenient to denote 6’, by 6g, and from the preceding 


theory we have at. once 
© mampdx 
S50 poe h 


= OBB as e mp-dx f 
ET 


If then we compute the above numerator for a number of different 
positions gq of the unit load we obtain corresponding points on the 
influence line for R (obviously 6g, is a constant). This procedure is 
very tedious, and we shall ordinarily find it advantageous to proceed as 
follows: 

From Maxwell’s principle we have 6g, = 592, where 6,2 is the 
deflection at any arbitrary point q due to a unit load at B. That is to 
say, if we construct the deflection curve for the beam under a unit load 


Re = 


‘ Pies Lg : : 
at B, this curve multiplied by 5, 8 the influence line for Rp. We may 
BB 


conveniently obtain this deflection curve analytically or graphically 
_ by the method of elastic weights, using as'a load diagram the actual 
moment diagram for the simple beam AC loaded with unity at B. 
(b) Truss on Three Supports. 
If we consider a truss on three supports (Fig. 63) and apply the 
above general theory, we get 


Uqlels 

ba hee AE 

He i See = Ove “ep 2g ea B Y 
AE 


where g = b,c...h. If we apply a unit load at e to the base-system 
and construct a Williot displacement diagram for this case, we shall get 
from this one diagram all the values of 6,. and thus all the data for the 
construction of the influence line for R,. We may also obtain the 
deflection line conveniently by means of a simple beam moment diagram 
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for elastic loads, following essentially the method of Chapter I, Section 
iD: 

(c) The Two-hinged Arch Rib. (Fig. 61.) 

For the two-hinged arch rib under a single vertical load unity at 


any point q, § 
MemMydac 
ile? 


eg ae acre DUR a 


OBB dap ape : 
EI, 
if we make the assumptions of Section C, Problem d. Fig. 61c shows 
influence line for Ry. It should be noted that 6,, = horizontal dis- 
placement at B due to unit load acting vertically at gq = vertical dis- 
placement at g due to unit load acting horizontally at B = 6,2. The 
quantities m, and mg, are respectively the moment at any section due 
to unity at q acting vertically on the simple curved beam AB, and the 
moment at any section due to unity applied horizontally at B to the 
same structure. Here, as in the case of the continuous straight beam, 
_ we may construct the influence line for Ry as a moment diagram of a 
simple beam under certain elastic loads. This is discussed in the 
Chapter on Arches. 

; (d) Two-hinged Braced Arch. 

The above formula for Ry holds if we substitute the truss-deflection 
expression instead of the corresponding form for beams. Thus 


Uqugl 
eee i ee ee, 
z 849 Ug? L 899 
AK 


Here again we may obtain all the values of 6,, from a single Williot 
diagram. We apply a unit horizontal force at g, no other loads acting, 
and draw the displacement diagram. From this we obtain the vertical 
deflection of each joint B, C...F, which by Maxwell’s principle is 
numerically equal to the horizontal deflection at g, due to a unit vertical 
load at q, and hence is the desired quantity. 

39. General Method for Multiply Redundant Structures. 

Let us take for example a triply indeterminate structure for which 
we have the equations: 


X qSaa at Xba ae X eOac a ee 5ag 
Xadva + Xp do + Xebnc = — Sra 
Xabca =e XvSen =F PGE aS Seg: 
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Solving these equations for the X's, and noting that 5a = dra, etc¢., 
we get 


Sag( O00 5.cc Pe Se) a 8xq( bacdde ae bab Sec) + 5cq( Sav 50e i Sacdvo) 
, 


EX =—=__— A 
if 
5ca Sab Ong 
A= boa San te ; 
Ord Oe Orbe 


and two similar equations for X, and X.. 
We may write the above equations 


Xs Sa) a Ragga rr kav Oen a Kacdacy ° e e ° . (30) 
where 
809 ce poset Ove 


koa = Sect St etc. 


and two similar for X, and X,. 

Now, 44a, 5, ete., are respectively the deflections at any point q¢ 
in the base-system, due to unit loadings at a, b, and c. There- 
fore, 


ee Soa, Kap 6 qb, Rae Oca 


are the deflections at q due to loadings at a, b, c, numerically equivalent 
to kaa, ka, etc. We have thus reduced the problem of constructing 
the influence line for any of the statically indeterminate quantities X to 
the problem of constructing the deflection line for the statically deter- 
mined base-system—the simple structure resulting from the removal of 
all redundant bars or supports—under certain elastic loads k applied at . 
the points of redundancy. This deflection line of the simple structure 
is ordinarily most easily obtained by the method of elastic weights, or, 
if a truss, by the Williot diagram. 

As an example we may take the four span continuous girder of Fig. 
66. We apply to the base-system (simple beam AB) the forces 


Xo = aay aes X> a! Rises Xe he Wak 
This loading will give the moment diagram of Fig. 66d. To obtain the 


elastic curve we apply the moment diagram as a load curve and thus 
obtain the curve of Fig. 66¢. If we determine the scale by the fact 
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that y, =1 (since for a unit load at a, X. must obviously equal unity) 
then from the preceding theory, A’’a’’b’’c’’B” is the true influence line 
for the reaction Xz. The method is general and may be applied to other 
problems than the straight continuous girder or truss. Fig. 69 shows a 
continuous arch with the influence line for the horizontal thrust con- 
structed by this method, but a full treatment of the subject is beyond 
the scope of this treatise. * 

40. Mechanical Solution—A most ingenious application ¢ of the 
preceding princi- 
ples, with certain 
modifications, has 
led to a mechani- 
cal solution of 
statically inde- 
terminate struc- 
tures, apparently 
applicable to all 
types, whatever 
the degree of inde- 
termination, and 
which promises to 
be of great practi- 
cal importance. 
Only the outline 
of the method can 
be presented here, 
and we may do 
this by showing 
the application 
to the continu- 
ous girder of Fig. Fic. 69 
66. 

In this method the fundamental structure is not the simple structure 
with all redundants removed; it is the structure obtained by the removal 
of the redundant whose value we seek, and no other. Let us suppose 


Influence Line for X, 


_ *For further treatment of the the subject, the reader is referred to H. Mueller- 
Breslau “Die Neueren Methoden der Festigkeitslehre,”’ which is largely the source 
of the above discussion (pp. 195-228, Edition of 1913). 

+ Due to Professor George E. Beggs of Princeton University, to whom the 
authors are indebted for interesting information regarding results that have been 
obtained in solving indeterminate problems mechanically. See article by Professor 
Beggs in Proc. Am. Cone. Institute, Vol. XVIII, pp. 58-82. 
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that in the above girder we want to derive the influence line for Xa. 
We remove the support at a and consider the continuous girder AbcB. 
If we denote the deflection of any point of the structure by A (to 
distinguish from the previous case where the base-system was the 
simple beam AB), a little reflection will serve to show that we must 
have 
Nea 3 

ce A Naps ea a, 
where in general A,, = deflection at q due to unity at r in the continuous 
girder AbcB. 

But, since Ag, is a constant, this means that if we have the deflec- 
tion curve for the continuous beam AbcB for a unit load at a, this must 
be to some scale, the influence line for Rg. For the ordinary course of 
analytical calculation, to be sure, such a procedure is futile; we should 
have to carry out a solution of the statically indeterminate structure 
AbcB before the deflection curve could be found. But if we lay out, on 
a drawing board or otherwise, the spans Aa, ab, bc, cB to scale and 
place on the supports A, b,c, and B a flexible bar of homogeneous mate- 
rial (so-called “‘spline”’), having J proportional to that of the actual 
girder, we then have a simple mechanical means of obtaining the desired 
deflection line. Hinging the spline at A, b, c, and B, we displace the 
point @ an amount y, = 1. Then the ordinate at any other point, g, 
measured from the base line AbcB to the neutral line of the spline, 
is equal to the reaction at a due to unity at g. It is obvious 
that the spline will take a curve identical in form with AbcB in 
Fig. 66e. 

In general, for any statically indeterminate structure, if we effect, 
on a model of the structure, a unit displacement at the point of applica- 
tion of the redundant force (unit angular displacement if the redundant 
is a couple) and measure the displacement in a given direction of any 
other point, this will equal the value of the redundant force for a unit 
load at the point acting in the given direction. Good results have been 
obtained by the use of relatively simple and easily constructed card- 
board models. 
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SECTION IV.—THE METHOD OF LEAST WORK 


41. General Theory.—In Section I, Chapter I, we developed the 
expression for deflection as the partial derivative of the internal work of 
deformation, 

OW 
Ons 


6, 


If now we have a beam or truss with a single redundant support, 
which we replace as in the preceding cases by an unknown force X, we 
must have (if the support is unyielding), 


a oWeE 
Sa 
which gives the required equation for X. 

If we have a reaction in the form of a restraining moment (as in a 
fixed-ended beam), the same equation holds if we understand 6 to be a 
general term for displacement, including angular as well as linear move- 
ments. X is then the applied external couple statically equivalent to 
the restraining moment. 

In the case of a frame with a redundant bar, if, as usual, we sever 
the bar and apply a force-pair X (equivalent to the true stress in the 
bar) to the cut faces, and if we call the relative displacement of these 
faces 6, the preceding equation is still valid. 

If there are several statically indeterminate quantities, we shall 
have, since W is in general a function of all these quantities, 


Sey Tes EME a 
eax: OXs OXn 


We thus have an equation of condition for every redundant and the 
method is perfectly general. 

Ti Weo=-f (Xu, Xu. «<a; Po, Po... Pa) where the- loads. Pare 
to be regarded as constants throughout the investigation, the values 
of the X’s determined by the conditions 


OW _ ow 

Coes een 
are the values that cause W to take either a maximum or a minimum 
value. Physical considerations indicate that it cannot be a maximum. 
For in the case of, say, a continuous girder or truss, if we apply to the 
base-system forces X having the same sense as the specified loads, it is 
clear that W increases uniformly as the X’s increase, and no true maxi- 
mum is possible. Similar reasoning applies to other indeterminate 


5 0, 


ba 


0; Op 0; oe ch Orn Oa: (31) 


= 0, etc. 
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structures. We appear justified therefore in assuming that values of 
X determined as above render W a minimum.* 

We thus arrive at this important generalization: In every case of 
statical indetermination where an indefinite number of different values 
of the redundant forces X will satisfy all statical requirements, the true 
values are those which render the total internal work of deformation a 
minimum. 

This law generally goes by the name of the “principle of least work.”’ 
It is often urged as peremptory proof of the principle that it must follow 
from the “economy of nature” that all natural operations take place 
with a minimum expenditure of energy. 

It has been held that the principle is traceable to the ‘principle of 
least action” which has played so important a part in the development 
of mathematical physics. As a principle useful in the analysis of stresses 
in structures, it appears to be due to Menabrea (1858). But it was 
discovered independently by Castigliano (1875) and its application 
greatly extended, whence it is generally known as Castigliano’s second 
theorem. Frinkel also arrived at the principle independently (1882). 

42. Method of Application—To illustrate in a general way the 
application of the method of least work, let us take the case of a con- 


* For a single redundant the mathematical proof follows readily: 


aS * — + +5> (5 N as 
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+ eo (ey 
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But if M and N are linear functions of X, 
CMON a 
EEO Gp ee 


ow => |< ds" =: (28 we can ds (ON\2 
Ox2 > AE \ox)’ 
an essentially positive quantity. 
The general case of maxima and minima of a function of several variables 
involves other considerations, and a really rigorous investigation of the question from 


this standpoint is hardly in place here. It is believed that the physical argument is 
quite convincing. ; 


whence 
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tinuous girder of three spans. We replace the effect of the intermediate 
supports by the undetermined external forces X, and X, as in previous 


cases. We have, 
W 1 (? M’dx 
ie PE EI,’ 


A 


where A and B are the end points of the entire girder system. Then — 
the equations of condition are 


OW _,_ (8 Mde aM, oW_ 4 (* Mae 0M 
OXa Bl Gx SOX A a Ele 


A 


We may write 
M=M'+M™.4+™, 


where M’ is the simple beam moment in the span AB, just as we 
have hitherto used it, and M, and M;, are respectively the moments 
at any point in the simple beam AB due to forces X, and X, applied 
singly to the points a and 6, no other forces acting. We then have 


ew: B M'dz 0M, BM.dx 0M. BM,dzx oM, 
Bi yl OX. phe eds OXa 


oT ee 
Changing the subscript from a to 6 we get a similar equation for 

ow oy OMe OM» 

OXy aM OXe Oks: 

readily evaluated. There result two equations in X, and X, and cer- 

tain constants from which we find the values of the former quantities. 
The example of Fig. 70 will illustrate the method of procedure. 
Recalling that 


are all easily obtained, and the integrals 


M, = X Ma) M, — XyM, 
and therefore 


Equation (32) is transformed into 


ow re ie Mies Bo modat MaMydx 
a = 0= ff EI the + Xa f EI + Xf EI 


A 


54 ae XqSaa =a Xp5ab, 


which the student will readily identify with the general equation (29). 

43. Summary.—The method of least work has played a very 
important part in the development of the theory of structures, and it 
is still widely used. It is a general method, coordinate with the Maxwell- 
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Mohr method; in practically all cases of importance to the structural 
engineer a problem which can be solved by one method can be solved 
by the other. Opinions differ as to the relative advantages; the authors 
of this book have felt that on the whole the balance is in favor of the 
Maxwell-Mohr method. and hence have adopted it as the fundamental 


wet, 
A SA) 
if 5 th Gob Laem 
R, Re (0) X,=Rs Xa=R,y 
Fre. 70: 


Treating the two right-hand supports as redundant we have for the internal work 
of deformation: 
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= 2, .. substituting in (B) and (C) and collecting terms we get: 


wh 4 wh wL L 
a + 3Rs alta = 0, and a + 3R3 + 8Rs1 = 0, whence Ry = 60" R3 = oar 
13 PAL 39 13 
d Ri = —wLl. = — = — = = 
and R; 30” R2 = wh — [Ri + R3 + Ral = wh 602 E = 602 e= 20.” ; 


method for the general treatment of statically indeterminate problems, 
But it should be said that in spite of the differences in the fundamental 
conceptions of the two methods, the parallelism in the actual detail of 
applications to problems is so close that there is very little to choose 
between them on that score. The historical importance of the method 
of least work and the fact that such wide use is still made of it in con- 
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temporary literature has made it seem desirable to explain its funda- 
mental character, though, for the reasons just stated, little further use 
will be made of it. 

The whole system of analytical treatment based on the internal 
work of deformation is sometimes referred to as the “method of least 
work.” Though the distinction may not be of great practical impor- 
tance, for the sake of clear thinking it is well to note that such usage is 
incorrect. 


SECTION V.—TEMPERATURE AND OTHER NON-ELASTIC EFFECTS 


44, Modification of Preceding Formulas.—In the preceding deriva- 
tion of formulas for the redundants in a statically indeterminate structure 
we have omitted from consideration the effect of temperature, of yield- 
ing supports, slip of riveted joints and other similar effects. 

If in the beam ABC the suppcrt B sinks a small distance Az below 
the level AC, we can no longer write 

F : dp = 0 = 6’p + Redis, 
but we must write 

dp = Ap = 6'p + Rebie. 
5’p — Ap 
cinta 


Rp = — 


Again let us suppose that when the support B is removed and the 
loads are applied to the base structure AC, an unequal distribution of 
temperature takes place so that there results a displacement from this 
cause which we call A:z. Then clearly 
5'n & Aus 

dip 


ke = = 


So in the truss of Fig. 52 if when the redundant member is cut and 
the loads are applied there are also temperature changes in the different 
members, then in general the total displacement of the cut faces will 
be 6’ + A; and 
sv + A; 


S= a 5 


A similar provision may be made for other non-elastic distortions. 

It is clear that we may express the effect of temperature or other 
similar change on the redundant independently of the effect of the loads 
by placing 6’ = 0 whence 


Temperature effects will be treated further under the special problems 
of the later chapters of the book. 
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SECTION VI.—GENERAL SUMMARY 


45. The following summary may aid the student in gaining a clearer 
view of the subject as a whole. 

(a) The first step in attacking a statically indeterminate problem 
by the general method is to decide (if, as is usual, there are alternatives) 
on the base-system. The second step is to replace the redundants by 
statically equivalent external forces X, acting on the base-structure. 
The third step is to write for the above structure the displacement equa- 
tions for the points of application * of X. These displacements must 
be known or the problem is incapable of solution. If the redundant is 
a single superfluous bar, we cut it at the end and express the relative 
displacement of its faces, which we know, if the force pair X is equal to 
the true stress in the bar, must be zero. If the redundant is a single 
superfluous reaction or restraining moment, we know that its resultant 
displacement must be zero, assuming the ordinary case of rigid support. 
(Temperature, settling of supports, slip of joints, etc., are generally 
provided for separately. See Section V.) The deflection equations 
take the general form (29). 


6 = O= 64 Xida... Xpdr-.. Kaden 


which equation merely states that the final deflection of the point r is 
the deflection which the given loading, acting alone, would produce in the 
simple structure, combined with the deflection which the redundant 
forces, acting alone, would produce in the same structure. 

It is important to note that thus far the equation does not require 
the principle of work for its establishment; it depends only on the 
principle of the proportionality of deflection to load (which establishes 
that the deflection due to X; equals X;5,,) and the principle of super- 
position, which states that the effect of a set of forces applied simultane- 
ously to a structure is equal to the sum of the effects of the forces applied 
separately. 

It is only when we attempt to evaluate the quantities 5 that we 
must have recourse to one of the several methods developed in Chapter 
I. The form of the equation illustrates very clearly the fact that the 
problem of determining the redundants in a statically indeterminate 
structure is essentially but a problem in deflections. 

(6) A different philosophical aspect of the problem is brought out 
by the principle of least work, but for the problems treated in this book 
and for most structural problems, the practical difference is slight. We 


*See p. 110 for interpretation of the term “ point of application.” 
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set up an equation for the total internal work of deformation, and dif- 
ferentiate successively with respect to the redundants X, and, to 
determine the X’s so that the total work is a minimum, we must have 
these derivatives equal to zero. This gives as many independent 
equations as there are redundants. But, in order to set up the equation 
of internal work, it is necessary to treat the structure as a statically 
determined base system acted upon by the given loads and by the 
forces X.. Since, by Castigliano’s first theorem oe = 6, the operation 
of treating W for a minimum is essentially the same procedure as that 
followed in (a) above, and we have seen (Section IV) that the resulting 
equations are identical. 

(c) Either the Maxwell-Mohr principle of the dummy unit loading 
or Castigliano’s principle of least work results in a perfectly general 
method of attack directly applicable to any statically indeterminate 
problem, in so far as the structure can be regarded as assemblage of bars 
(including the single beam as a special case), straight or slightly curved, 
and subjected to axial stress or flexure, or both: The advantage of a 
comprehensive general method for the treatment of such problems, for 
purposes of demonstration, of unification of the theory and as a check 
on special methods, requires no comment. But it is not to be expected 
that the method which has the widest application shall always or indeed 
usually prove the simplest. Numerous artifices may be used in par- 
ticular cases to simplify the detail work of application, and in many 
cases it will be found advantageous to proceed by special methods dif- 
ferent from those outlined in the present chapter. In the following 
chapter we shall consider the subject of special solutions in some detail. 
It may be well to remark that however markedly some of these modes 
of attack may vary from the general methods developed in this chapter, 
they are all fundamentally in harmony with and usually derivable from 
this method. 


CHAPTER III 
SPECIAL METHODS OF ATTACK 


46. Preliminary.—It has been noted in the preceding chapter that 
the general method there developed is directly applicable to any stati- 
cally indeterminate problem. No simpler method, possessing equal 
generality, is known. But for special types of problems, modifications 
of the general method or independent methods may be devised which 
are much shorter and readier of application. Sometimes these methods 
are applicable to very wide groups of problems and are of the highest 
practical importance. It is the purpose of this chapter to discuss some 
of the leading methods by which the analysis of statically indeterminate 
stresses may be simplified in special cases.* 

47. The general method of the last chapter presents two main 
difficulties. " First, the evaluation of the quantities 6 (Eqs. 29) by the 
work equations is likely to be quite laborious, and second, in case of 
multiply indeterminate cases, the solution of the group of simultaneous 
equations, equal in number to the statically undetermined quantities, 
is a tedious process and one from which it is difficult to eliminate numer- 
ical errors. We may say in general that the chief merit of most (though 
not all) special methods of attack lies in a simplification along one or 
both these lines. 

48. We shall consider briefly 


I. The use of the principle of moment areas and elastic weights 
to evaluate the deflections in beam problems. 

II. The choice of the base-system so as to reduce the number of 
terms entering the equations for the statically undetermined 
quantities. (Three moment theorem, etc.) 

III. The direct application of the moment area method. 

IV. The slope-deflection method. 


* The special methods of solution for indeterminate problems are so many and 
varied that no adequate account of the subject can be given here. This chapter 
will merely attempt to indicate the general lines along which the simplifications 
are usually made, and present in detail a few of the more important methods which 
have proved especially advantageous as practical working methods. 
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SECTION I._MOMENT AREAS AND ELASTIC WEIGHTS APPLIED TO 
EVALUATION OF DEFLECTIONS 


49. General.—It was stated in Chapter II that Eqs. 29 
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do not require the principle of work for their establishment. We are 
at liberty to determine the deflections in any manner we please. We 
have seen in Chapter I that the method of work appears to be the most 
comprehensive single method, but we have also learned that for beam 
problems the method of elastic weights and moment areas is usually 
much simpler and more expeditious. We shall now apply this method 
to some of the problems solved in Chapter IT by the method of work. 

50. Examples. 

1. If we take the beam of example (a), p. 95 (Fig. 71), we may 
write at once 


a 2, Pa? 
aie Se a Ea) a eee 
Dims 3 


2. Consider the beam of Fig. 56, p. 96, to find Ry (Fig. 72), using 
data of Table I, Chapter I on parabolic moment diagram, 


1 was 3 
8p gy (b-4+ 3a) __v/a\8a, 
a a a ~ 2 2A =F) =o): 
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3. Consider same beam as above, to find M, as the redundant 
(Fig. 73). 
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Fig. 71 
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4. If we wish to find the center reaction in a two-span continuous 
girder, load uniforrn and spans equal, we have (see Fig. 74), 


2wl* 2 wL* 37 
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48304 


SECTION II.—SPECIAL SELECTION OF BASIC STRUCTURE 


51. General.—For a multiply indeterminate structure the direct- 
ness and simplicity of the solution is importantly affected in many cases 
by the choice of the statically equivalent substitute structure which is 
used as a base-system. It is impossible to give general rules to cover 
all cases, but we may note that ordinarily it is advantageous to break 
up the structure, if possible, into more or less independent parts such 
that the effect of the loads and the redundant forces X do not extend 
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over the whole system. This means that fewer terms will appear in 
Eqs. 29. The following examples will make this point clear, and they 
will also show that the application of this principle leads to methods 
of attack possessing considerable generality. 

52. Application to a Continuous Girder with n Supports. —(Fig. 75a 
and 75b.) 

First type of base-system—We may select as the base structure the 
simple beam (1) — (n), Fig. 75b. The redundants here are the n — 1 
intermediate reactions. Then we must have (from Eqs. 29) e.g. 


62 = 0 = 6’2 + Xod02 + X3603... X60... Nig Orgies 


and n — 1 similar equations. 6’2 is the downward deflection of the 
support point (2) due to loads P acting on the simple span @) — @); the 
remaining terms in the right hand member of the equation represent, 
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collectively, the upward deflection of the same point due to the forces 
X (equivalent to true reactions) acting on the simple span @-©@), 
522 is the deflection at @) due to X2 = 1 no other forces acting; 52, is 
the deflection at @) due to X, = 1, no other force acting, etc. It is 
obvious that the calculations for each 6 will extend over the entire beam, 
and that each of the n — 1 equations will contain a full complement of 
terms. 

53. Second type of base-system. Let us consider next a differently 
selected base-system (Mig. 76). Here the structure is replaced by a 
series of simple beam spans. The redundants are the moments at the 
n — 1 intermediate supports. If these moment-pairs 
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as shown in the figure are of such magnitude as to maintain a common 
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Fig. Hi 


tangent at points @)——@) etc., then the structure of Fig. 76 is the 
statical equivalent of that shown in Fig. 75a. 
Eqs. 29 become 


dg = 0 = 62 + Xobe2 + X3 623, 
63 = 0 = 6’3 + X2532 + X3633 + X4634 ' | eB USB) 
= (= o', =F Sonat ale Gy. oe x el Ort) 


6’, is the relative angular displacement of the end tangents at r in the 
simple spans () —- (7-1) and @)- (#1), due to the loads P. 6,, is the 
relative angular displacement of the end tangents at 7 in the adjoining 
simple beams when the structure is loaded with X, = 1, all other 
loads removed; 6,~—1) is the relative angular displacement at r due to 
X,-1 = 1 acting alone on the structure. If ris any support point, it 
is evident that 6’, will be affected only by the loads in the immediately 
adjoining spans, and that none of the X’s other than X,-1, X,, and 
X41 can affect the angular displacement at ()—hence all the 6’s but 
three will in general vanish in each equation. 

54. Theorem of Three Moments.—To carry the application a 
little further, there is shown in Fig. 77 two consecutive spans of a sys- 
tem of continuous beams. If M, in general is the bending moment 
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over any support r, and 6, the relative angular change, at the support 
r, between the end tangents of the adjacent simple beams, then 
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If we assume the possibility of a relative displacement of supports, 


M 4: 
7 Dm eS 
EI diagram 


Diagram for 


(C) eee LLL Sportal 


‘ Diagram for 
Q LUA LT load 


UJ Ul 
6,=0;. Deflection line 


: a Deflection line for X-=1 
(9) 
ee 
0 Ln tno tee 


() Deflection line for Xr-1=1 
Nez 
ET diagram for Xrgyel 


; 9 ¢r-1) r= rar 
(i) me IA 
Deflection line for X-4;=1. 
(k) —— eR ee ; 


Pee eee a. es SO 
— | 


4 roy 


bya Lr 


then the total relative angular displacement between the end tangents 
at r of the two simple beams @-(G=1) and @ —G#1) will be: 

— Displacement due to yielding supports + displacement due to 
given loadings P and w + displacement due to the moment-pairs X at 
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the supports (which are introduced as external forces acting on the 
series of simple beams) = 0, or (from Fig. 77). 


= (# a oe 6 + 8% + Xp ber) 
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Here Q, = area of = diagram for the span L, and q;41 the arm of 


the centroid referred to r+ 1, q 1 = arm of centroid of Q,-1 
referred to r — 1. It will be recalled from Chapter I that the angular 
displacement 6 at the end of a simple beam due to any loading is the 


shear at that end for a load equal to the = diagram for the loading 


considered. All the 6’s of eq. 34 are evaluated by means of this simple 
principle. It is customary to split up the moment diagram Q into the 
portions due to uniform load and those due to concentrated loads. 
(See (c) and (d) of Fig. 77.) 

The simple beam deflection lines are shown in Fig. 77 (e), and (f) to 
(k) show the moment diagrams and deflection lines for the redundant 
“moments acting independently. (1) shows the effect of the relative end 
displacements. 

We find that the angular change @ at the end of a simple beam due 


3 
to a uniformly distributed load is Be and to a single concentrated 


24 ET 
load distant L(1—k) from the support, 6 = Ee - ke). Hle- 


mentary simplifications then give us eq. 34a in the following form 
(assuming more than one concentrated load) 


Mtr 1 does 7) List 
Mrailenl 4. ong M, 
pe 
ca Urea rk 3 Yr+1 Das ee 10; EP a a w,L,3 
a Le L, A 41, 
2 6p ae a PP HEPA Fp} 
- a) SPE. en) 


136 SPECIAL METHODS OF ATTACK 

(The subscripts are omitted from the P’s and k’s since no misunderstand- 
ing is likely to occur from this source). If the J’s are constant, we get 
M,—1L,=i at 2M (Lr-1 ws L,) ie Mil 41 


= Yr — Yr-1 = Yrt+l — Yr ded Weep | = w,L?, 
= 6BI( nen a ) 4 4 


— SPL?,-1(k2— k8) — =PL?,(k2 =k). . . . (340) 


The student will recognize (34c) as the ordinary “general’’ form of 
Clapeyron’s ‘‘Theorem of Three Moments” * derived in a somewhat 
different manner in Mechanics of Materials. Since no restriction was 
placed on r in the development, eqs. 34a, 34b, 34c will apply to any 
three consecutive supports in a continuous girder system, and the 
equations can be set up without direct reference to the general method 
expressed in eqs. 29. Itis evident that the equation is directly applicable 
to a very large class of problems. The form (846) can be readily ex- 
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Fig. 78 


tended to cover other types of loading, and recalling how the form (34a) 
was developed, it is evident that the case of variable moment of inertia 
may be provided for in a given case without difficulty. The student 
should note that the development does not require the supports to be 
originally level. The theorem applies to the system of Fig. 78a, as 
well as to 78b, so long as the supports fit the unstrained profile of the 
beam and there is complete continuity in the construction. 

The theorem of three moments can be derived without recourse 
to the principle of work or to the general method of analysis for inde- 
terminate stresses presented here. Asa matter of fact, it was discovered 
and widely used before the development of this latter method. But 
the discussion of the preceding paragraphs should aid in making clear 
the setting and significance of the three moment equations in the general 
theory. 

55. Rigid Frame with Columns Fixed.—A solution of this problem in 
_ one form was presented in Chapter II, page 112. We shall show here that 


* Comptes Rendus (1857). Some authorities attribute priority of discovery to 
Bertot (1853), but the principle has always borne Clapeyron’s name. 
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a fairly simple artifice in the arrangement of the statically determined 
base system leads to independent equations for the three redundants. 

We shall imagine the structure divided symmetrically and the redun- 
dant forces X applied to the ends of a rigid arm as shown in Fig. 79b. 


=) 


®- © 
Fig. 79 


The true moment, shear and thrust at the center of the horizontal 
member BC will then be 


M= X,—¢ Xs, V = Xa-H = Xo. 
The general equations may be written 


XG Xb Xe Constant 
Oaa bab Sac aa oa 
5ba 5bb 8be 0 Oh 
Sca bcb Sce = 5c 
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From Maxwell’s principle, 5a, = dsa, ete. 
If M’ = moment at any section of frame due to given loading, 
redundants removed, and 


Ma = moment at any section due to X, = unity, 
my and m, being similarly defined, we shall have 
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Now, from the symmetry of the unit loadings X, = 1, X. = 1 and 
the anti-symmetry of the unit loading X, = 1 it is clear from inspection 
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(see Fig. 80) that Sac = dca = dar = da = 0. (The student may also 
easily verify this fact by the general formula.) We have further 
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The length of the rigid arm “c” through which we have supposed 
the loads applied to the substitute structure of Fig. 79b is entirely 
arbitrary; by a proper variation in the forces X we can maintain the 
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desired condition with any length of arm.. We propose to choose a 
length which will render 6. = 0. Letting h = kl2 
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Moment diagrams and graphs showing distortions for the various 
cases are Shown in Fig. 80a... d. 

This method is applicable to any type of frame with fixed supports, 
including the case of the fixed arch (see Fig. 81b). Inthe unsymmetrical 
case (Fig. 81c) the length and direction of the auxiliary arm and the 

direction of one 

of the resolved 

forces, say X;, are 

GC a) tobe determined 

{ by the conditions 

that (1) the forces 

X, and X, will 

A B_ cause no angular 
change at O (from 
which it must fol- 

low that X, will 


cause no linear dis- 

G =) placement at O), 

{ . and (2) the direc- 

A tion of, say, force 
(b) X>, must be so de- 


termined that X, 
will cause no dis- 
placement along 
its line of action 
(whence X, will 
cause none in the 
direction X,). The 
location of the 
point O may al- 
ways be deter- 


Fic. 81 mined readily 
enough, since O 
lies at the center of gravity of the elastic weights, = oS, if the indi- 


vidual members have variable moments of inertia. This point is some- 
times called the “elastic center” of the framework. To satisfy condition 
(2) we must first determine the direction of the displacement of O due to 
X_=1. Thedirection of X, will obviously lie normal to this displace- ~ 
ment. The method will be further illustrated in Chapter on Arches. 
56. Statically Undetermined Base-System.—It will sometimes be 
advantageous to work with a statically undetermined base-system for 
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which a complete and simple solution is ready to hand. The frame- 
work of Fig. 82 is five-fold statically indeterminate, hence in the ordinary 
course of solution five equations each containing five unknowns would be 
involved. We may, however, use the framework of 82), i.e., a rigid 


Fig. 82 


rectangular frame and two simple beams, as a substitute structure. 
The equations will then be 

Xadca + Xda = — 6’ 

XaSea + Xodm = — 5. 
Where 6’, = the angular change between the tangent at B of simple 
beam AB and the tangent at B of the cross girder, BC, of the rigid frame 


EBCF, due to load P, and daa, da, etc., are correspondingly defined. 
This of course gives a vastly simpler solution provided we can readily 
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determine the angular rotation of the joints B and C in the frame 
EBCF due to a load P, and to an applied moment acting at B or C. 
We recall that since # and F are fixed, the angular rotation at B and C 
must equal the area of the moment diagram for HB and FC. The 6’’s 
and 6’s in the above equations are then very easily obtained so soon as 
we know the moments at base and top of columns. The preceding 
example has shown that complete general formulas are readily obtain- 
able for the statically unknown quantities in any fixed rectangular 
frame. Further, such formulas may be found ready to hand in a 
number of reference works.* This method of solution will therefore 
prove of great advantage in certain frame problems. 

In other problems it may be advantageous to use other types of 
statically undetermined base systems—the two-hinged arch or the 
rectangular frame with hinged bases. Speaking generally the method 
will have unique advantage when, and only when, the statically inde- 
terminate substitute structure possesses a reasonably simple general 
solution, either known in advance or readily available from tables. 


SECTION IIJ._THE DIRECT APPLICATION OF THE MOMENT 
AREA PRINCIPLE . 

57. General Relationships——-We have emphasized in the earlier 
chapters that the solution of a statically indeterminate structure may 
always be viewed as a problem in consistent distortions. The common 
method of applying the law of consistent distortions is to resolve the 
structure into a base system (usually determinate) to which, in addition 
to the given loading, the redundants are applied as external forces in 
such a manner as to secure the required consistency of distortions. This 
method has been illustrated in the immediately preceding pages and in 
Chapter II. But it is not always necessary to formally resolve the 
structure into a fundamental system and redundants in order to apply 
the law of consistent deflections. We may note the frame of Fig. 83 
for example. This is five-fold statically indeterminate. Jf we observe 
the sketch (Fig. 83b) showing qualitatively the distortion of the structure, 
it is at once evident (since there must be a common tangent at @ and 
since joints @, ® and © are fully fixed) that 
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* See for example, Wilson, Richart & Weiss, “Analysis of Statically Indeterminate 
Structures by Slope-Deflection Method,” Bulletin 108, University of Illinois Experi- 
ment Station, pages 60-64; or A. Kleinlogel, ‘““Rahmen Formeln,”’ pages 96 and 227. 


. 
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These relationships may be evaluated in terms of the moments at 
once by the principle of moment areas. 


Fia. 83 


58. Solution of Rigid Frame.—We have, noting that the moment of 


the ce diagram abecd is equal to the moment of the triangle bec minus 
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the moment of the trapezoid abcd, which latter may be resolved into 
the A bca and acd, 
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Mo2-3 = 2M3-2, 
and 


Me-4 = 2M 4-2. 
We have also the statical equation— 
DM about @ = 0 = Mo-1 + Mo-3 + Mo-a. 


From these six equations we may readily solve for the six end 
moments. 


Tika = rie ko= 2 and K3 = = and if we denote any moment 


as positive which tends to rotate the corresponding joint clockwise 
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We thus see that problem is completely solved very simply and 
expeditiously by expressing by means of the moment area method the 
relations arising from the geometry of distortion. 

59. Alternative Derivation of General Three Moment Theorem.— 
We may further illustrate the direct application of the moment area 
principle by the derivation of the general three moment equation. We 
shall take the case illustrated in Fig. 84, where the supports are “out of 
level,” i.e., the unstrained beam does not rest on the three supports, and 
where £ and J are different in adjacent spans. 
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With the notation of Fig. 84a we get from similar triangles 
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The values of D;. and Ds, respectively the deflection of the support 
points O and M from a tangent to the elastic curve of ONM at N, may 
be readily evaluated by the principle of moment areas. We have 


D; = Statical moment of a area 1-2-3-4-5-6-7 of Fig. 84g about 


point 2 
= Moment of trapezoid 1-2-6-7 minus een of 14-7 
= Moment of A 1-7-2 and 7-2-6 minus 7 ao 7, (mom. of ADC + mom. 
HIJ, Figs. c and d). 
The values of these area moments are 
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s a3) _ ML’ 
Eyxlh\ 2/3 6Ey1)’ 
Moment of area 7-2-6 


_ Me 2) 31) _ MeL? 
Teh NOUN Sra) OMe fae 
Moment of area ADC 


= BCD + ABD 


Prki(l — ba)E =i 
= Ag la la)Ia(in +4 yo) + blo | 


_ ALB 
~ 6h 


(kis in?) 


THE SLOPE-DEFLECTION METHOD 147 


Moment of area 
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In an entirely similar manner we get 
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Substituting in eq. (c) we get 
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This is the general form of Clapeyron’s three moment equation. 
In most practical cases Hi = Hz; assuming this and giving the negative 
sign to the moments:-over the supports, we have 
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This is the ordinary form of the generalized three moment theorem. 
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60. General Statement.—In dealing with isolated beam problems 
we commonly speak of the ends either as “freely supported” or as 
“fixed.” But the case of an intermediate condition, a partial fixity 
often arises, even in isolated beams, while in rigid frames it is the com- 
mon case. If we take any beam in which there is a degree of restraint 
at the ends (Fig. 85) it is clear that the flexure of the beam is fully 
determined so soon as the end moments, M4 and Mz are known. These 
moments will depend (1) upon the given loads, (2) upon the rotation of 
the end tangents, and (3) upon the relative displacement of the supports. 
In studying the flexure of a beam from this point of view it is advanta- 
geous to take the case of fixed-ends as the standard basic condition. For 
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this case the end moments are determined by well-known general for- 
mulas. If there is tangential rotation or relative change of level of 
supports, the moments will be modified accordingly. 

61. Development of Slope-Deflection Equations.—The analytical 
expression for the relation between the end moments and the end dis- 
placements may be derived as follows (see Fig. 86): 

Imagine the simple beam AB acted upon by moments, M4 and Mz 
inducing angular rotations of the end tangents a4 and ag. Further 


Fig. 85 
M, Ms 
A B 
ih. Ss Serie ee ES 
RS 2 Se oe ee a 


R=2 Og 


————-— > | LS 


Fig. 86 


assume that supports A and B are displaced to A’ and B’, thus inducing 
an angular shift in the axis of the beam = 2 = R. Then the total 


tangential change = 0=a-+R. The angular change a may be 
evaluated in terms of the moments either by the method of work as in 
Chapter I, or by the method of moment areas * or of elastic weights. 


* The slope-deflection equation is conveniently proved by the moment area 
principle, but, notwithstanding statements to the contrary that have appeared in 
the literature of the subject, there is no more necessary relation between the two 
than between the moment area principle and the three moment equation. 
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Recalling that the angular change at the ena of a simple beam is numer- 
ically equal to the corresponding end shear in the beam when loaded 


M_... eRe: : 
with the i diagram, we get at once (considering clockwise rotation 


positive, and the end moments positive when acting as shown) 


of = aM. — Ms); QB — Spi OMe — Ma), 
whence 
64 = 7M, — Mz) +h; 0= = OM» — Ma) + RB. 


Solving for M4 and Mz we get 


M,= ae 264 — 65 + 3R) 


(35a) 


tae 2H _ 9 205 — 04 +3R) 


We have here the end moments expressed as functions of the end 
distortions. That is to say, if the ends of a beam are forcibly displaced 
by amounts @ and R, these “applied” end distortions will awaken 
resisting moments as indicated by eqs. 35a (see Fig. 87). If when 
these end displacements occur the beam is also acted upon by any set 
of loads, the principle of super-position justifies the direct combination 
of the different effects, i.e., the end moment will equal the ordinary fixed 
beam moment increased or decreased by the moment due to the end 
displacements. Eqs. 35a then become 


NE Mee oi Ge esky. 


iG aoe 
. (35) 


Ms = Mrs +* 202 — 04+ 3R) 


L ae 

These relations are perfectly general and apply equally to an isolated 
beam and to any member of a framework acting asa beam. Since they 
state the final value of the end moments in any given case in terms of 
the known fixed beam moments and the changes in slope and the relative 
deflections at the points of support, Eqs. (35) are commonly known as the 
“ slope-deflection”’ equations. 

Where it is desired to compute the effect on a beam of any sort of 
settlement of foundations, the Eqs. (35a) apply directly; the observed 
or estimated numerical values of the displacements of the supports 
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are substituted for the 6’s and R in the right-hand member of the 
equation and the resulting moment follows at once. 

But by far the most important application of the slope-deflection 
method is in the analysis of stresses in multiply statically indeterminate 


Moment Diagram 
for Applied ‘'D' 


a Qa 
wy 
a a 


Moment Diagram 
____for Applied Oa" __ 


Shear Diagram for Applied ''6," 
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structures under any given load conditions, where the slopes and deflec- 
tions are taken as the unknowns for which a solution is sought. This use 
of the slope-deflection equations can best be explained through a few 
simple examples. 

62. Application to Continuous Girder with Fixed Ends.—(Fig. 88.) 
Consider the two-span continuous girder ABC with ends A and C fixed 
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and unyielding supports. The structure is triply statically indeter- 
minate. From the conditions just stated we have at once that 

64 — 6, — R = 0, 


and the equations for the four end moments are given below the figure. 


; Fig. 88 
2EI Pia 
Maz = Mr + ——{— 204 — 08 + 3R] = — + 2EKi[- 6s). . . (1) 
1 1 “3 
T — Pra? 
Moa = Mr +7 205 = 64 + 3R] = ORK 207 |e (a) 
1 ‘1 
P2ar’b 
Moo = Mr + ~"— 265 — 0c + 88] = 7" + 2BKal- 262). . (8) 
2 
T = Prasbe? 
Mos = Mr+" (= 205 +02 -- 3h) = rare 1 OB Kab= bale . 0) 
2 
M Gee eae [-S 7 
Peace Mac Oya ae Gee male EA ra 
_M na Pay*bi 1 Ky a a ad 
sid eae Li? De aay De Lz? 
M <= Paz?b2 Ko [eee re | yy 
Bees be hee he Easels ; 


Equilibrium about joint B requires that M4 = Mac, whence the value 
of 6, is easily determined, and this value substituted in eqs. © to @ gives 
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the value foreach end moment. Thus the solution of three simultaneous 
equations for the statically undetermined moments which would be 
required by the general method of Chapter II, and also by the three- 
moment theorem and by the direct application of the moment area 
method, is entirely avoided. Two points should be noted: (1) the slight 
modification in notation and (2) the significance of the sign convention. 

(1) Where several members enter the same joint, say M, it is neces- 
sary in order to avoid ambiguity to specify the end moments in the 
different members by a double subscript, thus, 


2EI un 


Luw 


Mrun = Muy + [— 20% — Ov + 3Runl, 


2H Inu 


Mrnu =z My ap Dee 


[— 20y — O04 + 3Rwml, 


where Myy = moment at M in beam MN, etc. 


64 = 02 = R = 0; Loads applied 
to beam; M4 = +; Mp = -. 


P=0; 6g = R =0; Negative 64 
induced in beam; Ma =+; 
Mp=++. 


P=0; @64=R=0; Negative 
value of 6g induced in beam; 
Ma =+;Mp=+. 


Se Ona Oe = 0; Negative 
value of R induced in beam; 
Ma= —;Meg=-. 


Fie. 89 


For most cases we may omit the subscripts for My and for R without 
loss of clearness. 
(2) The sign convention (see Fig. 89) is most important in the 


application of the slope-deflection method. 6 and R( = 7) are angles 
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measured in radians; they are to be taken as positive when the angular 
movement is clockwise. The end moments M are taken as positive 
when they tend to rotate the joint on which they act (not the member) * 
in a clockwise direction. Fig. 90 shows the beams of the preceding 
problem cut away and the moments acting on the joints (the end 
support is also treated as a “‘joint’’). The signs are indicated accord- 
ing to the rule 7 ' 

just stated. It ty > we Moo 
should be noted 7; ER Ge 
carefully that the elas a 
ordinary sign con- 

vention in which a moment is treated as positive or negative according 
to whether the stress in the top fiber is compression or tension has no 
application here. 

Since beginners in the use of the slope-deflection method frequently 
find especial difficulty “keeping the signs straight,” the student is 
advised to study carefully the simple rules stated above, applying them 
to easy examples until thorough mastery is obtained. Their applica- 
tion is invariable, and once they are mastered all difficulty with signs 
in slope-deflection analysis disappears. 

63. Application to Rectangular Frame (a).—(See Fig. 91.) If we 
assume that axial deformation in the three-legged bent with fixed bases 
may be neglected, we have Rep = 0, Rca = Roz, and with load applied 
as shown, My = 0 for all members. The remainder of the solution is 
indicated in full on the figure. PH is taken as positive when it cor- 
responds to a positive &. Since we take the moments Mac, Men, etc., 
as the moments acting on the joint, the minus sign must be used in the 
equation which sums up the moments acting on the members 
AC and BD. Since the shear across the bent = P, we must have the 
summation of the four end moments equal to the moments of the end 
shears (Fig. 91c). 

64. Application to Rectangular Frame (b).—It will be interesting to 
compare the solution by the slope-deflection method of the frame of 
Fig. 83, pp. 142-4, with that previously worked out by the direct applica- 
tion of the moment-area principle. Noting that 


Fic. 90 


6, = 6, = 04= Rk =0, 


*A different sign convention might equally well be used—see for example, 
Wilson, Richart and Weiss, “Solution of Statically Indeterminate Structures by the 
Slope-Deflection Method”—University of Illinois, Engineering Experiment Station 
Bulletin No. 108. The convention adopted here has appeared to the authors to have 
some advantage in simplicity. 
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Fig. 91 


04 =60n=0; Do=Dp. ~. Roa = Rpg = R. 
if 
If rue K, we have: 


Mac = — 2EK 4-cl9c ae 3K]; Map = — 2EK p_plOp aa 3]. 
Mca = — 2EKa-cl29¢ — 3R]; Mog = — 2EKp_p[20p — 3R] 
Men = — 2EKe-p[28¢ + 90]; Moc = — 2EKcp[20p + Oc] 


— Mac — Mca — Map — Mpg + PH = 0; 


“. — 2EKac[30c + 36p — 12R] = PH, Gf Kac = Kgp), 


and 
ve 6¢+ OD 12Jal 


“ 4 24 EKac : 


Also, 


< 2(K Kep)8@, Kepé 
ieee Oe caus Ce (Kac + Kep)@¢ + cpop 


3Kac 
Likewise, 
: 2(K Kep)0 Kevd 
Mee es gs Re ieee ge (Kev + Kep)0p + Keo c 
Kegp 
From (2) and (3) we have 0¢. = Op 
whence, 


2K 3Kep$ 
R= ac + OS = (0 + 980 (ER = C). 
3K ac AC 


*. Substituting (5) in (1) and recalling (4) we have 


PH 1 


0. = 
eB eos 


Substituting values from, (5) and (6) we get, 


1eJelye “XO 
Mca = — Mcp = — Mpc = M ->(-3) 
CA CD DC DB 2 \6c +1)? 
PH 1+ 30C : 
Mac =—: : 


7 XG! 


(1a) 


(1) 


(2) 


(3) 
(4) 


.(5) 


(6) 
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the equations for the six moments become (denoting 62 simply as @ and 


as K) 
Pp. 
My-2 = + 4 _ ony M3-2 = — 2HK20 
M2-; = — <a — 4HK,0 Mo-3 = — 4HKo0 
Mo-4 = — 4EK30 M,4-2 = — 2HK3 0. 
Since 
Me2_-1 + M23 + Mo_4 = 0, 
we have 


ae Py 1 
328 Ky Ke eK, 


whence by direct substitution, 


p= 


Pat PLy Ki 
Maa 16 (Q+z Thee) 
u - 2 ( Ke ) 

mas 16 \Ki + Ke + Ke3/’ 
M = - Ke + Kz ) 
5 8 \Ai + Ke + Ks/’ 
PPTs Ke 
Me 8g = + Ke rei 
at 8 Kg A Ka ay 
ahiete al KE ) 
oe GN ike Kay 


The signs given are in accord with the sign convention stated on 
page 153, 1.e., the moment at a joint is positive if the moment applied 
alone would tend to rotate the joint clockwise. 

65. Summary.—Of all the special methods for simplifying the solution 
of certain types of indeterminate structures which we have discussed in 
this chapter, the slope-deflection method has by far the widest practical 
application and will be used more frequently in the following chapters 
than any other. The unique feature of the method is that it breaks up 
the structure, however complex, into a set of relatively simple partially 
restrained beams, stating the end moments in terms of the known fixed 
beam moments and the effects due to slope changes and deflections, 
and then derives a set of equations using these slopes and deflections as 
the unknowns instead of the statically undetermined end moments, 
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The advantage of the method lies in the fact that in very many cases 
the unknown slopes and deflections are markedly fewer than the 
unknown moments and therefore the number of equations to be solved 
simultaneously is proportionately reduced. In example 1 we had a 
triply indeterminate structure but only one unknown slope; in example 
3 we had but one unknown slope for a five-fold indeterminate frame. 
The greater the number of fixed supports and the number of members 
entering a single joint, the greater the advantage of the slope-deflection 
method over other methods of solution. It is applicable to any rigid- 
joint framework (so far as bending of the members is concerned), and 
for most such problems, with the exception of continuous girders, where 
the three-moment theorem is the favored method, it is believed that it 
will furnish the simplest solution. For analyzing frames of the type 
of Fig. 83 and Fig. 92, the slope-deflection method is incomparably 


Fig. 92 


superior to any other. For a case such as the frame of Fig. 91, where 
no reduction in the number of unknowns to be solved for results, the 
ease and directness, indeed, the nearly mechanical character of the 
application of the equations is noteworthy. It must not be supposed 
that the method will always show to such marked advantage. In the 
frame of Fig. 91, if the column bases are hinged, the structure is singly 
indeterminate, and the general method gives a rapid and easy solution. 
On the contrary the slopes and deflections are increased from three to 
five and thus the method is at a clear disadvantage. 

Many examples of the application of the slope-deflection method to 
the numerical solution of actual structures will be found in Chapter V. 

Historical Note. The use of distortions instead of moments, stresses 
or reactions as the unknowns to work for in a statically indeterminate 
analysis is at least as old as Manderla’s original solution of the secondary 
stress problem proposed in 1878. Manderla, however, used the angle 
between the end tangent and the axis of the strained member as the 
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unknown rather than the angle which the tangent itself turns through 
(see H. Manderla ... Allgemeine Bauzeitung, 1880). The use of the 
slope-deflection equation dates from Mohr’s publication of his solution 
for secondary stresses in 1892-3 (see O. Mohr, Zivilinginieur, Dec. 1892- 
Jan. 1893). This application is limited to the case where the member 
carries no load between the end points. The first presentation of the 
slope-deflection method (as here defined) as a-general method of attack 
on rigid joint problems is due to George A. Maney. (See Engineering 
Studies ¥ 1, University of Minnesota, 1915.) 

Recently Professor Ostenfeld of Copenhagen has presented a still 
more general aspect of the method under the title of the “Method of 
Deformations,” applying to all cases where the anlaysis sets out to 
obtain distortions rather than moments, stresses or reactions. (See 
A. Ostenfeld, ‘‘Die Deformationsmethode,”’ Der Bauingenieur, (Berlin) 
Jan. 31, 1923.) 


CHAPTER IV 
CONTINUOUS GIRDERS 


66. Preliminary.—In the broadest sense the continuous girder 
includes all girders, solid or framed, which rest on more than two 
supports. A single beam with fixed ends may be regarded as a three- 
span continuous beam with the end spans indefinitely shortened. 

The types commonly met with in American practice are: 


(A) Restrained Beams. An isolated girder with fully fixed ends is 
not a common type of structure, but partially restrained beams 
both as independent girders and as members of a composite 
framework are encountered very frequently. In many cases 
the end conditions cannot be determined with certainty, and the 
fixed-end moments are desired as a limiting case. Further, we 
have seen that the method of analysis by slope-deflections uses 
the fully restrained beam as the basic condition of every mem- 
ber. On account of these facts, the theory of the restrained 
beam is perhaps the most important section, practically, of the 
continuous-girder theory. 

(B) Floor Systems in Building Construction. In both steel frame 
and reinforced concrete buildings continuity of construction is 
the general practice, and an accurate analysis of such structures 
requires them to be treated as rigid frames. When, however, 
the restraining effect of the columns is slight, or when only 
roughly approximate results are desired, the floor girders may be 
treated as multi-span continuous beams. 

(C) Continuous Steel Bridges: 

1. Turntables. 
2. Swing Bridges: 

(a) Two-span center bearing bridge (solid girder or 
truss). 

(6) Three-span rim bearing bridge (solid girder or 
truss—usually latter and partially continuous over 
center span). 

3. Long span continuous trusses. 
158 
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(D) In some cases the continuous girder theory may be applied to 
advantage to a portion of a structure not primarily designed 
as such. Thus the bending stresses in the riveted top chord 
of a bridge truss, arising from the elastic deflection of the truss 
under loads (secondary stresses), may be obtained approxi- 
mately by treating the chord as a continuous girder under no 
loads, but in which a displacement of each joint is forcibly 
imposed on the girder. 


The present chapter will be devoted to a consideration of: 

I. The fully restrained beam under various types of loading, with 
several numerical examples. 

II. The general treatment of the multi-span continuous girder, 
illustrating the application of the three-moment theorem in its various 
forms, the construction of influence lines and numerical examples. 

III. Continuous and swing bridges, including two- and three-span 
swing bridges, the partially continuous girder, and influence lines. A 
complete numerical example of the stress analysis for a swing bridge is 
appended. 


SECTION I.—THE FULLY RESTRAINED BEAM 


67. Equation for End Moments.—Concentrated Load.—The end 
moments in a fixed beam are easily deduced from the moment area 
principle (see Fig. 93). Since the deflection of A from a tangent at B 
and the deflection of B from a tangent at A each equal zero, we have 


3 
Ms + Maye aq (2k _ 32 +B), 


and 


L* (oM, + Mz) = ks), 


a = sar 


whence 
Vice SP Cac 2) sie ese GeO) 


In Fig. 93 kL is measured from B; evidently if k’ = 1 — k we shall 
have . 
Mp PL, Kh) 0 on! (360) 


where k’ is measured from A. If P = 1, equation (36a) is the influence 


line for M4 (see Fig. 94a). 
68. Uniform Load.—If we wish to get the effect of a broken load w 


uniformly distributed from x = kel to x = kL (see Fig. 94b), we may 
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sum up the load per unit times the corresponding area under the influence 
line thus 


: 


Pe Sj wakL) .L(k2 — k3) 


RL 
ult f (k2 — k3)dk 
koL 


L? kt ky 

=U) E Te =|. we ie (37) 
If kg = 0, that is if the load w extends from B to a distance kL, equa- 

tion (37) may be viewed as the influence line for M4 where a load w per 

linear foot is substituted for a concentrated load of unity. Fig. 94b 

shows this influence line. To get the value of M4 for a broken load (from 

keL to kL) we simply take the difference between corresponding values 


aks 
of (F — *) and multiply by wL?. 


“7 —- 


Irie 


The area moment of 2-3-4 about (A) equals: 


k 
~(h — k?) [= x 21 — DL +5 es arte ann], taking 2-3-3’ 


and 4-3-3’ separately. 


. ak — k*)[30 — kb)? + kV — 2k)] = ~~ (h — k?)(2 —k) 
= ek — 3k? + ke), 
~ Likewise the area moment of 2-3-4 about (B) equals: 
(1 — k) 2k 
ai ~ *) [A (e+ OS *) geal 
= cy — MA+h = Hay, 


The moment area of 1-2-4-5 about (A) equals: 


2 L? 

spree +4Ma] or guy os + Ma). 

Likewise the moment area of 1-2-4-5 about (B) equals: OL At Ms). 
Fig. 93. 
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TABLE II 
COEFFICIENTS OF 
PL wl? wL? wL? 
Decimal Fra. 

"k3 kA KA Be ke = 2h eee 

Bek ps ER} | SeN eee es eee eae sie 

Kee Seated @. 5 Die 
.000 a5 .0000 . 00000 . 00000 .00000 
.050 ea. .0024 ~ 00004 .00000 . 00004 
.100 ue .0090 .00031 .00002 . 00030 
alia + .0109 .00042 .00003 .00038 
nL25 5 .0137 .00059 .00005 .00054. 
.143 7 .0175 .00087 .00009 .00078 
.167 = .0232 .00136 .00017 .00120 
200 $ .0320 .00227 .00034 .00193 
ope 2 0384 .00304 .00050 .00254 
-250 4 0469 00423 .00078 .00350 
286 4 0584 .00612 .00129 .00483 
.300 A ea .0630 .00698 .00154 .00544. 
SE = .0740 .00923 . 00226 . 00697 
.3850 eae .0796 .01054 .00270 .00784 
pow = .0879 01264 .00346 .00918 
.400 2 .0960 =, .01493 .00435 .01058 
428 2 .1048 .01774 .00551 .01223 
.444 4 . 1096 .01946 .00625 .01320 
.450 aA .1114 .02012 .00656 .01356 
.500 z . 1250 02604: .00938 .01667 
.556 g hail .03343 .01324 .02019 
BT 2 4 .1401 .03562 .01452 .02110 
.600 3 .1440 .03960 .01684 .02276 
.625 i .1465 - 04324 .01904 .02420 
.650 w. . 1479 .04691 .02140 .02551 
.667 3 . 1482 .04943 .02308 .02635 
. 700 Sef .1470 .05431 .02640 .02791 
(il & .1457 .05651 .02797 .02854 
.750 2 .1406 .06152 - .03170 .02982 
.778 + . 1344 .06536 .03460 .03076 
. 800 4 . 1280 .06827 .03686 .03141 
.833 & .1159 .07230 .04017 .03213 
. 850 ae . 1084 .07420 .04170 . 03250 
.857 4 . 1050 .07497 04243 .03254 
.875 4 .0957 .07677 .04403 .03274 
.889 = .0878 .07805 .04514 .03291 
. 900 Aa .0810 .07898 .04582 .03316 
. 950 nue .0451 .08217 .04883 .03334 

1.000 ate .0000 ay wy oe 


By a similar procedure we find that for a uniformly increasing 
(triangular) distributed load having a value of 0 at B and w at A, the 
equation for M4 is 


Keone 
M, — wla(S — zy, BY Nate Mate Paes ohio Feu. Lats (38) 


(See Fig. 94c.) 
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This is equivalent to taking P = k in equation (36a) and integrating 
from zero to k. Obviously if we have a broken load which extends 
from k2L to kL varying directly with k, we shall get 


kt Ko |e 
a 2 [esa ea 
Ms, wh E 5 ke (38a) 
Likewise for a loading of the type shown in Fig. 94d 
Re ah ke 
BOVEY pr (ley se ge BL 
My = wlA(5 r+), af desnens mia (OOO) 
and if such a loading extends from keL to kL 
kB Okt | RST 
Bek erg nes 
M, = wh E 4 5. (38c) 


The functions of k in these four cases, shown graphically in Figs. 
94a to 94d, are given numerically in Table II. They are of great aid 
in solving numerical problems, particularly special and more or less 
irregular cases, as the following examples will illustrate. 

69. Example 1.—(See Fig. 95.) We have here the simultaneous 
application of three different types of loading, (a) unequal concentrations 


EXAMPLE 1 


TABLE A 
Value of Value of Moment in Shear in 
Due K C Foot-Pounds Pounds 
to ¥ ; 
Load 
A A B A B A B 
1 z 2 1.148 | .074 | 40,000 20,000 6,670 3,330 
2 1 2 |.074 | .148| 60,000 | 120,000 10,000 20,000 
3 |4to2|4to2}.0402 |.0402 | 29,300 29,300 4,500 4,500 
4 a 3 to 1 |.00226/.0070 9,900 30,600 2,000 7,000 
Pterto diulfsin*end moments... aces seissusus Ml aes gates —2,250 +2,250 
SR GtALS eeRSttS Gea elon ee earls 139,200 199,900 20,920 37,080 
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at the } point, (b) uniform load over middle third and (c) a uniformly 
varying load over the outer third on one side. 

Entering Table II with proper values of k for the ends A and B 
(note that for A, k is measured from B; for B it is measured from A) 
for each loading, we get directly (or by a simple subtraction) the values 
C of the coefficients which multiplied by PL or wL? give the moments 
M,and Mz. Table A gives all the results. 

For the shear calculation we note that the final shear may be obtained 
by combining the simple beam shear with that due to the end moments 
Mz, and M;z. If the moments are taken positive when causing com- 
pression on upper fiber and the end shear positive when acting upward 
on the portion of beam outside of the section, we must have that the 
shear due to combined end moments is 


Ms —.Ma, yu Mas —Mp 
1S aS ier Lae 


The simple beam shears are 
V's = 23170; V's = 34880. 
The shears due to end moments are 
— 199900 — (— 139200) is 


Vee 


Ves — 27 — 2250, 
Vp¥ = —139200 — (= 199900) _ 4. 2950, 
27 
EXAMPLE 2 
Y —F 


Case Il Case I 


LL aL, UM TD. DER aN 


Ys W = Total load B Y 


L Ve 
CASE I 


Ma due to load on right half = .00938 wL?. 
M 4 due to load on left half = .01667 wL?. 


Ma due to total load W = ,02605 wL?. 
But W = ue or— w = ay 
4 L 
roi — el OAD Wales 
CASE II 
M = .0624 WL 


Fig. 96 
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The final shears therefore are 
Va = 23170 — 2250 = 20920, 
Veg = 34830 + 2250 = 37080. 


70a. Example 2.—(Fig. 96.) This treats of two cases of special 
symmetrical loading, worked out very simply by means of Table II. 


EXAMPLE 3 


Ma = PL|ie — e+ (+7) — (e+2)'] So ew 
dMa 


is the tangent to the moment influence line as the loads P, P move across 

dM notte 
the span from B to A. When tangent passes through zero, ore = 0. This gives 
the value of k for the position of the loads to produce a maximum moment at A. 


DETERMINATION oF K ror Maximum Moment At A 


Wa _ 9 = pu[ 2k — 3k + 2(k +7) ~3(k+2) | 


dk 
A 47 ad 
= 2 —— Bho k — —k — -—— —=(Q0 
3k? — 8k? + 2k + 2k — + en 
42, 147 14 
2(— la a ='0 
PO) (4 a TieE, 
oes (Apts: 
See yale ae 
6E 6L? 
2L— 21 (_ a 20) ar 147 
=— 2 
i 6L x 6L 6L? (2) 


(b) 
k by (2) = .589 k by (2) = .338 
Ma by (1) = 708800 ft.-lbs. Ma by (1) = 76,300 ft.-lbs. 


Fie.—97. 
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Case I is a triangular loading with a maximum unit value at the center; 
M, = Mz = .1042 WL if W = total load. Case II is the same total 
load distributed oppositely, i.e., w varies symmetrically from zero at 
center to a maximum at the ends. Evidently the sum of the loadings 
I and II is a uniformly distributed total load of 2W, for which the end 
moment is §WL. For Case II then 

WL 


EXAMPLE 4 
H 


S 
S 
om 
Ss 
o 


kL — 10\ 2 kL — 10,3 
Ma = 30,000L(k? — ks) + 10,000 ( = ) = (——) |. eae 


The maximum value of M 4 is to be determined as in Ex. 3. 


DETERMINATION OF k ror Maximum Moment at A 
a Exar eta aed 
—— = 2) = 32k — 3k? 2(k ——) — _-— 
dk y ( aor IG, ete L 

20 60k 300 
k — 9k? + 2k — — — 3k? + — —- — = 
6 + ae, 3k? + L iz 0 
6kL2 — 9k?L2+ 2kL? — 20L—3k?L2+ 60kL—300 = 0 
122k? — (8L2 + 60L)k + 20L+ 300 = 0 
LL? Li 
Ke é + 60. ) ir (= 4 ~) i 


1212 121? 
Of 4-15 [EL 15\3 ee) 
ees Sree Se ity tie 
: 6L ( 6L ) ( 3L2 @) 
WR 
Yy 10‘! : YY 
— 818 Yy, 
(6) 
k by (2) = .757 k by (2) = .6667 
Ma by (1) = 275,300 ft.-Ibs. Ma by (1) = 66,600 ft-lbs. 


Fig. 98 
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70b. Example 3.—(Fig. 97.) We have here a conventional railway 
bridge loading, two heavy moving loads P on axles 7’ 0” apart. Equa- 
tion @ (on the figure) gives the criterion for the position causing a 
maximum end moment. Two numerical cases are appended; P = 
50,000 in each case, and LZ = 50’ in one and 15’ in the other. 

70c. Example 4.—(Fig. 98.) This is similar to Example 3, except 
that the loading is the conventional 20-ton tractor highway bridge 
loading. The criterion for maximum moment (for the loading shown) 
is developed on the figure, and the numerical results for the same 
two spans as in Example 3 are shown. Both these problems are 
very quickly solved by Table II as soon as the critical value of k is 
determined. 

70d. Example 5.—(Fig. 99.) The loading indicated in this problem 
is a conventional railway bridge loading sometimes used as an alternate 
to Cooper’s E-40. To locate the position for a maximum, moments for 
three trial locations were plotted as ordinates against k as abscissae, 
and the maximum determined as shown in Fig. 99(6). This method is 
readily applied to any type of loading whatsoever, and should be used 
where it is inconvenient to derive an algebraic criterion as was done in 
Examples 3 and 4. 


SECTION II.—THEORY OF MULTI-SPAN CONTINUOUS GIRDER 


71. General Considerations.—It is obvious that the analysis of any 
continuous girder is reduced to a simple beam problem so soon as the 
moments at the support are known. The true moment diagram for any 
system of loads will be the ordinary simple beam moment diagram com- 
bined with the moment diagram due to a set of external moments equal 
to the support moments acting as applied loads on the series of spans 
treated as simple beams. Fig. 100 shows the two sets of moment dia- 
grams and their combination. The shears are obtained from the formula 


Mz — M 
Vy V+ ee 


The problem is thus completely solved when the support moments 
are determined. 

Either the three-moment theorem or the slope-deflection equations 
will serve as a general method by which any continuous-girder problem 
may be solved. If the end supports are fully fixed slope-deflections 
may be applied to advantage, but otherwise the three-moment method 
is the most expeditious. We will illustrate the application of this 
method by the following problems. 
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EXAMPLE 5 


kL ; 
kL-7 
Sti 
1 PA 


W Ibs. per lineal foot 


L=60- 
(a) 
w = 4000 lbs. per lineal foot. 
P; = P= 50,000 lbs. 
Pi.L = 50 X 60 = 3000 (Moment in 1000 ft.-lbs.). 
wL? = 4 X 3600 = 14,400 (Moment in 1000 ft.-lbs.). 

To determine maximum moment at A due to conventional train loading coming 
on from end B. 

Method: Try first load (P1) at distances (KL) from the end B equal to .8L, 9L, 
.95L, respectively and plot a smooth curve through the moments and determine 
maximum location of P: by trial. 

Example:—L = 60 ft. loading as shown. 


Load Moment in 1000 Ft.-Lbs. Based on Constant 
from Table II 
1. kL =8-10L Bi 0.1280 P, L=384 
P2 0.1475 x Pol = 443 
w 0.0396 XwL? =570 
Total = 1397 
2. kL=9-10L Py 0.0810 X PiL = 243 
P2 0.1330 P2L =399 
Ww .0.0548 X wL? = 782 
Total = 1424 
3. kL=95-100L P, 0.0451 XP,L=135 - 
P2 0.1159 X P2L =348 
w 0.06152 xX wL? =886 
Total = 1369 
ES 
Sa 
g 
§& 
2 
: 
3 
0 
1.00 0.90 0.80 0.70 0.60 
Values of k 
@ Maximum=1430 
(b) 
Fig. 99, 
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Fia. 100 

72. Examples. 

Problem Ia shows the solution by means of the three moment equa- 
tion for a six-span continuous girder with a single concentrated load in 
any span. The solution is carried through separately for the loading in 
each span and from these data the influence line for the moment at any 
section of the girder may be drawn. Such influence lines for a support 
point and an intermediate point are shown in Fig. 100a. 


PROBLEM Ia 


Moment Influence Lines for Girder of 6 Equal Spans 


Case IJJ- Unit load on 3d Span only 
Case II-Unit load on 2d Span only 
Case I- Unitjload on 1st Spa only 


1 2 3 ¢C 4 5 6 7 


For equal spans the typical 3-monent equation becomes — 

Mn-1 + 4Mn + Mn4i — =Pal(kn — kn?) — EPnyil(2kn41 — 8h'ngs + k3n41)- 
If we call (k — k) = Ci and (2k — 3k? + k*) = C, the 5 simultaneous equations for 
the moments M, to M, inclusive, may be tabulated as shown in Table A, where the 
resulting values are to be interpreted as coefficients of PL for the loading cases indi- 
cated. Influence lines for M, and M,; are shown in Fig. 100a. The complete detail 
of the solution is indicated in the following tables. C, and C, are evaluated by means 
of Table III, 
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TABLE A 
iis M,|M;|M,|Ms| M.| Case I Case II Case III 
1 4 i Neat Lea —C, —C, 0 
2 1 Zale a has Pee 0 — Ci — C3 
3 1) 4 ielk 0 0 —C, 
4 1 4 1 0 0 0 
5 1 4 0 0 0 
a 4 | 16 4 0) 0 0 
b seed (lo 0 0 0 
c 15; 60 | 15 0 0 — 15 
d 15) 56 0 0 —15C, 
e HON e224 056 Hen lee oe 0 — 56C, — 56C, 
f DOe ZOO As yc aene 0 — 56C, + 15C;, — 56C, 
g 56 VAs ilicc a lencs lee aCe —14C, 0 
h 195. Ses a lo. cE M4Cy 146s = 6G; + 15C, — 56C, 
cole sick 1j....]....|....] +.072C; | + .072C, —.287C, | +.077C, —' .287C, 
k 1]... J... cf... .]....] —.268C2 | —.268C2. + .072C, | —.019C, +.072C, 
l 1 |....)....| —.019C1 | —.019C, +.077C, | —.288¢C, + .077C, 
TABLE B—Values of M, 
k Case I Case II Case III 
mab — .00190 + .00433 — .0149 
.2 — .00369 + .00923 — 0325 
3 — .00525 + .01413 — .0503 
A — .00646 + .01846 — .0663 
5 — .00721 .  -+.02163 — .0783 
.6 — .00738 + .02308 — .0831 
ali — .00687 + .02221 j — .0812 
8 — .00554 + .01846 — .0678 
9 — .003829 + .01122 — .0414 


TABLE C—YValues of M, 
SS 


i Case I Case II Case III 
Left | Right Left Right Left Right 

a +.0026 | —.0007/ —.0059 | +.0016] +.0216 | —.0055 
"9 +.0050 | —.0014} —.0126 | +.0033] +.0494 | —.o120 
3 +.0072 | —.0019| =.0193 | +.0052] +.0836 | —.o186 
4 +.0088 | —.0024| —.0252 | +.0068| +.1241 | — 0245 
5 +.0099 | —.0026| —.0296 | +.0079| +.1709| — 0288 
6 \+ +.0101 | —.0027]| —.0315 | +.0085| +.1241 | —-9309 
7 +.0094 | —.0025} -—.0303 | +.0081 | +.0835 | —.o999- 
8 +.0076 | —.0020] —.0252 | +.0068] +.0494] —_o249 
9 +.0045 | —.0012| —.0154 | +.0041| +.0215| — 152 
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Led 


Coefficient of Pl. 


Influence Lines for Mc and M. 
Fig. 100a 


Problem Ib (Fig. 100b) shows typical moment diagrams for concen- 
trated loads at the center of each successive span. 


PROBLEM I6 


Moment Diagrams for Concentrated Loads—Girder with 6 Equal Spans. 
Data from Tables of Problem Ia. 


kof’ | 


: ra 
y > 
LIEZILEL AP WL 
. ae ie Petar. 
iS ran ras p ras LS ra’ ‘a’ E 
LEZEN ULLire 


Fic. 1006 


Coefficient of Pl, 
o 
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Problem II develops general formulae for a girder of 3 equal spans 
load in any manner. Tables III to VI will aid greatly in handling 
numerical cases. 

PROBLEM II 


Girder of 3 equal spans; any arrangement of concentrated or uniformly dis- 
tributed loading in any span. 


kb 


Span I @ Span II ® Span III oO) 
= ho 


Fic. 100c 


Case I.—Span I loaded (concentrated load). 
CasE II.—Span II loaded (concentrated load). 


Equation Case I Case II 
(a)4M2+M3= —PL(ky—k,*) —PL(2ky —3ky? +ky') 
(b)M2+4M3= —PL(ky—kn*) 
(b'!)4M2+16M3= —4PL (ky —kn*) 
(b’) —(a)15M3= PL(k,—k;,?) —PL(2ky+3ky? —5ky?) 
M;= asPL(k,—k,) —sPL (2hyt3ky? —5ky’) 
Mo= —fePL (ky, —k;?) 


For uniform loads let P = w:d(kL) = wLdk. Then, for load extending from 
k’L to k’’L, we have 


opm oe i) Eno ke ie 
Lb 15 be I rel Baik (2k? — ee . . Case I 
— wl? en wl? Ry 
= @ka + 3h? = 5ky3)dk od —— (4h + 4k,,3 = 5k;') ) Case II 
15 Bry 60 By 
k” 
wl? yi 
M, = — —(2k;? — k, 
2 15 ( I ky ) iy 


Tables III to VI give the values of the functions (k — ks) and (2k — 3k? + k’), 
(2k? — k4), (2k + 3k? — 5k3) and (4k? + 4k3 — 5k‘). 


Note on use of tables: 


For span III, use coefficients for span I, measuring kL from 4. For M, with load- 
ing in span II, use coefficients for M3, measuring kL from 3. 
k”’ 


Such expressions as (2k? — k*)| are to be evaluated as the difference in the values 
. ' k’ 


of the function (2k? — k*) fork = k’ andk = k”, 
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Values of k — k? and 2k — 3k? + k? 


TABLE III 


k — k? (read down) 
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LOOM a Ol 202%) |) .03 4-04, 3) .05)- 1.06) 707-208. 09 
.0 | .0000} .0100) .0200, .0300} .0399| .0499) .0598) .0697| .0795) .0893) .0990 29 
alk 0990} .1087} .1183) .1278| .1373) .1466} .1559).1651).1742).1831}.1920| .8 
2 1920) .2007| .2094) .2178) .2262| .2344) .2424) 2503) .2580}.2656).2730| .7 
.3 | .2730) .2802) .2872| .2941) .3007} .3071) .3134).3193/ .3251).3307|.3360) .6 
.4| .3360) .3411] .3459) .3505) .3548) .3589) .3627|.3662] .3694) .3724).3750| .5 
.5 | .8750) .3773| .38794| .3811| .3825) .3836] .3844| .3848] .3849] 3846) .3840| .4 
.6 | .8840] .3830) .3817| .3800| .3779| .3754| .3725] .3692) .3656) .3615).3570) .3 
.7 | .8570) .3521) .3468} .3410| .3348) .3281} .3210|.3135} .3054|.2970).2880} .2 
.8 | .2880] .2786] .2686} .2582) .2473| .2359| .2239).2115|.1985|.1850).1710| .1 
.9 | .1710) .1564) .1413] .1256} .1094) .0926| .0753} .0573) .0388).0197|..... 0 
.09 .08 Ou .06 | .05 .04 1.03 -|.02 |.01 0 
2k — 3k? + k3 (read up) 
TABLE IV 
Values of 2k? — k4 
.00 | .O1 102) | 503) |, 204 .05 .06 07 .08 .09 
0 0} .0002} .0008} .0018) .0032 | .0050 | .0072 | .0098 | .0128 | .0161 
.1 | .0199} .0241} .0286} .0335| .0388 | .0445 | .0505 | .0570 | .0638 | .0709 
.2| .0784] .0863] .0945] .1030) .1119 | .1211 | .1306 | .1405 | .1506 | .1611 
.3 | .1719} .1830) .1943] .2059| .2178 | .2300 | .2424 | .2551 | .2679 | .2811 
.4| .2944| .3079] .3217} .3356| .3497 | .3640 | .3784 | .3930 | .4077 | .4226 
.5 | .4375| .4525| .4677| .4829| .4982 | .5135 | .5289 | .5442 | .5596 | .5750 
.6 | .5904| .6057| .6210| .6363] .6514 | .6665 | .6815 | .6963 | .7110 | .7255 
.7 | .7399| .7541| .7681| .7818] .7953 | .8086 | .8216 | .8343 | .8466 | .8587 
.8 | .8704| .8817| .8927| .9032} .9133 | .9230 | .9322 | .9409 | .9491 | .9568 
.9 | .9639| .9705| .9764| .9817} .9865 | .9905 | .9939 | .9965 | .9984 | .9996 
TABLE V 
Values of 2k + 3k? — 5k 
LOOM Ol wh 0265/5203 04 .05 06 .07 08 .09 
aie 0000} .0203] .0412) .0672) .0843} .1070} .1298) .1532) .1767| .2008 
1 | .2250| .2498) .2747| .2997) .3253] .3505) .3763) .4022) .4282 4538 
2| .4800] .5058| .5322) .5577| .5838| .6095| .6348/ .6602) .6852) .7103 
3 | .7350| .7593| .7832} .8072| .8303} .8539| .8757| .8972| .9187) .9398 
4 |0.9600/0.9798/0.9987|1.0172| 1.0348} 1.0520} 1.0683) 1.0837) 1.0982} 1.1123 
"5 |1.1250/1. 1368]1. 1482|1.1582| 1.1673) 1.1755} 1.1828} 1.1887) 1.1937) 1.1973 
6 |1. 2000/1 .2013/1.2017|/1.2007| 1.1982) 1.1945} 1.1893) 1.1827} 1.1752) 1.1658 
7 |11.1550/1.1428/1.1292|/1.1137| 1.0968] 1.0780) 1.0578) 1.0362} 1.0122) 0.9873 
8 | .9600] .9313} .9002| .8677| .8333} .7970| .7583} .7182| .6757| .6313 
9 | .5850| .5363| .4857| .4327] .3778| .3207| .2613) .1992) .1352) .0688 


es ee eee ee 


174 CONTINUOUS GIRDERS 
TABLE VI 
Values of 4k? + 4k3 — 5k4 
02) Jon .\..02 | 081-044-0541) 06 ih 07 erence mee 
0 0) '.0004} .0016] .0037/ .0066] .0105| .0152 0209 .0274| .0350 
1 | .0435) .0530} .0635) .0750} .0875) .1010) .1155) .13811} .1477| .1653 
2 | .1840) .2037| .2245) .2463} .2691} .2930] .3179| .3438 3707| .3986 
3 | .4275) .4572) .4882) .5201/ .5528) .5865} .6210) .6565 6928) .7300 
-4 |0.7680/0. 8068/0. 8464/0. 8867} 0.9251) 0.9695} 1.0119) 1.0549) 1.0985} 1.1428 
5 |1.1875)1. 2327/1.2785}1 .3246) 1.3711] 1.4180} 1.4651] 1.5126) 1.5602) 1.6080 
6 |1.6560/1.7040)1.7521)1.8001) 1.8481} 1.8960) 1.9436) 1.9911) 2.0383} 2.0851 
7 |2.13815)2.1775|2. 2229/2. 2678) 2.3120) 2.3555) 2.3982] 2.4401) 2.4811) 2.5211 
8 |2.5600|2.5978/2.6345/2.6698| 2.7039) 2.7365} 2.7676) 2.7971) 2.8250) 2.8511 
9 |2.8755/2.8979)2.9184/2.9368) 2.9530} 2.9670) 2.9786) 2.9878] 2.9945} 2.9986 
Numerical Example:— 
10,000* 
Loading I @ Loading II = Ores ee 7 
pen shee ae 3 equal spans of 25 eo ea 
Fig. 100d 
From preceding formulae and tables: 
M2 M3 
Loading I — 75 PL (ky — ky?) (k = .4) +3)5PL (ky — ky?) = + 5600’ ¥ 
= — 745 X 10,000 X 25 X.3360 = — 22,400/ ¥ 
ey 2 k" = .76 = G7. (ras 
Loading II oF (4ky? + 3ky13 — 5kyz4) Lazare Bk? — 5kyr4)| a 
60 k= .32 60 wee = oe 
500 X625 500 X625 : 
= — 3)" 2.898 — .4882) = - 995078 |= — a (2.038— 269) 
Nore:—k is measured from (3). = — 9220’ ¥ 
L2 kk” =1.0 2 kh’ = 
Loading IIT] + Go ohn — kur*) reas = = (2h oS tnt) = ihe 
1 Lan , 
=+ <a 72 < (1 =:.4376) = 4 san # | 35,400 
Loading IV | +7¢PL(krr — kun) (k = .24) = + 4520'% — isPL(kin — ku’) = — 18,000 
Total — 22,000’ ¥ 


| — 45,000’ ¥ 


The general procedure is identical with that shown in the preceding 
problems regardless of the number and lengths of spans involved: 
however, it is rarely necessary to attempt a complete solution of a os 
tinuous girder of more than four spans. Particular attention should be 
called to the rapid ‘‘dying-out” in the effect of any single load. Thus 
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the influence lines for M4 and M, in problem Ia show that the effect 
of a load more than two spans removed is quite negligible. 

Problem III (Fig. 100e) is a two-span continuous girder with fixed 
ends for which the slope-deflection method offers a ready solution shown 
in full in the figure. 


PROBLEM III 


3 W=5000 * per lin, ft. 
O 


>< 
Z >| Ke =-209 
a J == .542 —> Moments in 1000* Units 


Fig. 100e 


CALCULATION OF FixeD Bram AND MoMENTS 
Mrap = 60,000 X 30(.0879 + .1340) + 5000 X 30°(.0026) = + 411,200’ * 
Mrzga = 60,000 X 30(.1137 +.1465) + 5000 X 30°(.0833 — .0670) = — 541,300’ * 
Mregc = Mrce = 7x(5000) (50)? = + 1,042,000’ * : ; 
(See Table II for coefficients used above.) : 


Moment EQuaTIONS CatcuLation or Moment Vauuzs (1000’*) 
Map = Mraz + K(— 862) = + 411.2 +1.0[—1 — 31.8] = + 279.4 
Mea = Mrpa + K(— 263) = — 541.3 + 1.0[—2(131.8)] = — 804.9 Check 
Mosc = Mrec + Ki(— 202) = + 1042.04 .9[- 2(131.8)] = + 804.9 
Mcs = Mrcs + Ki(— 42) = — 1042.0 + 9[-— 131.8] = — 1160.6 


2EI ' 
K and K, are relative values of (=) for AB and BC respectively. 


Let K — 1.0, Ky — 0.9 
Mrga+Mrsc 
= = aOR ae ere 
Mpa + Mac = 0 or (K + Ki)(+ 263) = Mrea + Mrac ie 2(K + Ki) 
— 541.3 + 1042.0 
eae? ae = + 131.38 
Substituting Op 2(1.0 + 0.9) a 


Moment values from preceding solution are shown in figure as AA1, BB, and CCi. 
Plot moment values for simply supported case from base lines AiBi and B,C; in a 
vertical direction to obtain finished diagram. M’, = 800 M’:= 790 M’s = 489 
M',=1173 M’; = 1568. 
For true shear, correct shear values for simply supported beam as follows: 
A — Mas — 804.9 — (— 279.4) 


mM 
Vaz =Vap t+ — = BAS = = 40.9 


(V'4p = simple beam reaction at A in AB.) 
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73. Special Applications.—It may be of interest to note briefly 
some of the simpler applications of the three-moment theorem as com- 


pared with that involved in the preceding examples. 
Case (a).—For two equal spans, only one span loaded, J constant and 


supports unyielding, the general equation simplifies into 
— M, — 4Me — M3 ==PL(k — #), 


PROBLEM—Case (a) 


Shear Diagram 


Reaction 


Fia. 101 
— M, — 4M, — M; = P\1(K.— K3) 
M:=M:=0 K=#3 and F. 
(See Table III) — 4M = 50,000 x 35(.349 + .385) 


- Msg = — 50,000 X 35 X .734 + 4 = — 321,000 ft.-lb. 
321 
Va = Ra = 50,000 — a = 40,840 * 
Ve = Rc = — 9160*. 


Simple beam moment = 15 X 50,000 = 750,000 ft.-lb. 
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and since 
M, = Mz = 0, 


M2 


a cle = 3 


Values for (k — k3) are given in Table III. Fig. 101 shows the shear 
and moment diagrams for numerical case. 

Case (b).—For the case of a two-span girder under uniformly dis- 
tributed load, L, I and w different in each span, we get 


Ty Tn Le Le = w1Ly42 Ty Wolo” Le 
= Ma(7) pee Gs 5 2 ee (7) 4 (2) ce ee (FZ): 


It will be observed from the form of this equation that it is only the 


relative value of ; which is significant. Fig. 102 illustrates a numerical 


case. 
PROBLEM—Case (b) 


W, = 1500* 


W1=5008 r 
poorer I 
a ee oe | 
L\ L\ 
= 15- L=25- 
Gime e =1 


Fie. 102 
Ly es ss) (2) _ wile? (2) wel? (2) 
-m.(=) sae AAT aren AUR aera get Janka 
M, = M3 = 0 
500 (15)2 1500 (25)? 
ite = 2M(2 +1) = | se (2) ee ar re sh (1) 
5p ed 98 7,000 yh =e ae 400 Tit 


4 


Case (c).—Fig. 103a illustrates a girder of three equal spans, rigid 
supports and the loading and stiffness uniform throughout. 
Here the general equations reduce to 


iY — 
— My — 4Mz — Ms =, 
2 
— Mz — 4M, — My = 
Since M, = M4, = 0, and the structure is symmetrical, the value 


for Mz = M3 may be written at once as — ae 
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Case (d).—Fig. 103b shows the same problem with a different I for 
the center span. The form of the equation here is 


IgE de ys wh? I, + Ie 


Ty. eae 


The solution for any numerical case follows readily as may be seen 
from the figure, and we note there that increasing the stiffness of the 
center span to five times the others increases the moments at the ends 
of this span about 15 per cent. 


In general we have (i fi k) 


Iz 
wl? 1+k 
Let Miata eplee UO TeT 
If k = 1, we have the case of uniform stiffness, and 
wL? 
marries ran Toe 


PROBLEM—Case (c) 


a 


w-=1000* per ft. over all spans Constant I (2) 
1 2 3 A 
2(1000) (20)? 
— M, = 4M, — My = “OO (1) 
. — M,—4M;—M,=do. (AlsoM; =Ms,=0). . (2) 
Solving (1) and (2), 
M, = M3; = — 40,000 ft.-lb. 


Fig. 103a 
PROBLEM—Case (d) 


20° | 20° 20° 
ipa aa SR SE I,=1 (b) 


W=1000* per ft. over all spans 
1 2 3 4 


My, l y 
Sou, ce SF a a Ms: = 1000 (20)? (= =F ~~) (1) 


50,000 500 4 50,000 
and since M; = M, = 

( 1200 ) M3 
es 2 


600 
Sa) eee 100,000 ( ) 
50,000 500 50,000 


From symmetry, M, = M; = — 46,200 ft.-lb. as compared with — 40,000 ft.-Ib. 
for the condition of uniform stiffness. ti 


Fig. 103) 
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as indicated in (c) above. If k = 0, the middle beam is infinitely stiff 
compared to the others, and 


Mz = M3 = — eae 
8 
the end moment in a beam fully restrained at one end and free at the 
other. 

(e) It is frequently of practical importance to estimate the effect 
of a slight settlement of the support on the stresses in a continuous beam. 
We will take the case of a 15 in. I @ 42 lbs., supported freely at the ends 
of a 20 ft. span, and on which we imagine a center deflection of + in. 
to be forcibly imposed. The three moment equation applicable is 


T 
MR OANT, oe ee Beja. 


Since 
Mi = M3; = Hi = Hz = 0, 


we have (calling Mz = M) 


_ 6 X 30,000,000 X 442, 5g. 
—- AM = cies pee ( 2 x £ in.) 


= 686,000 lb.-ins. 


To produce this moment in a 20 ft. simple span would require a load 
P determined by 


fe 
= ae 1.e:, tees 686,000 Ib.-ins. 
ey 4 A 
whence 
P = 11,500 Ibs. 
The unit stress is 
Mc _ 686,000 _ 
S = op Pore ge 11,700 lbs. per sq. in. 
We may check the result from 
PL? 11,500 « (240)3 


525%: 


~ 48EI 48 X 30,000,000 X 442 — 
This problem illustrates the fact that for short-span continuous beams 
-a very high stress may result from a comparatively slight displacement 
of supports. 


SECTION II.—CONTINUOUS AND SWING BRIDGES 


74. General.—One of the most common cases of continuous girder 
action to be met with in bridge engineering practice is the swing bridge. 
This is a type of movable bridge which opens to admit the passage 
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of boats and barges by revolving in a horizontal plane on a central 
supporting pier. Such bridges are usually classed as center bearing 
and rim bearing. In the former the center reaction is carried entirely 
by a central pivot or its equivalent. (This may be a roller or disk 
bearing, but the statical effect is identical.) In the rim-bearing swing 
bridge the central support is a large circular girder upon which the main 
trusses or girders directly or indirectly rest. This circular girder or 
drum revolves with the bridge upon a set of conical rollers turning on a 
circular track. The diameter of this circular girder or drum varies 
with the span of the bridge; it may be as much as 25 ft. to 30 ft. In any 
case the main trusses or girders rest on two supports a considerable 
distance apart at the central pier, and we get in effect a continuous 


ZNUANVASV VAN 


WEEE 
Al 1.1.=4000# per ft, D2 


150+ —— 150 
M,=—Y%o (4000) (150)|= —5,630,000'# 
a) 


ama AM 


SU 


girder of three spans. Figs. 104 and 105 show in outline a center 
bearing swing span and a rim-bearing span. 

The center-bearing swing bridge is the simpler as to construction 

and operation and where feasible it will generally have the preference, 
though there is not complete unanimity of professional opinion on this 
point. The center-bearing type has been built for single and double 
track crossings up to a total length of 400 ft. and width c. to c. trusses of 
40 ft. For spans up to 150 ft. the plate girder type is commonly used. 

For extremely wide bridges the rim-bearing type is doubtless better 
suited, though it is also used frequently for single-track spans. 

Swing bridge design is of itself a highly developed specialty in 
bridge engineering, and it is not proposed here to enter into any detailed 
discussion of the subject, other than that necessary to make clear the 
statical problem involved. 


In contrast to most other bridges, the swing bridge is subjected to 
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loads under several different conditions. Thus when swinging it acts 
(under dead load alone) as a double cantilever; when closed the end 
supports are lifted (usually by means of wedges) an amount sufficient 
to prevent them from raising off the support under partial live load. 
This ordinarily means that we have a degree of continuous girder 
action for dead load with the span closed, and full continuous girder 
action for live load. But contingencies may arise when the wedges 
cannot be driven, in which case the end of the unloaded span will lift 


43 (4000) (150)”_ __ tg eed = if 
Mag 880.0008 Mo — agra Ma 692,000 


aaa Pall 


ee a | ae 
TM 


Fig. 105 


entirely off the support under partial live loading, and the loaded span 
will act as a simple beam or truss. 

The various combinations of stresses used in practical design will be 
indicated in the problem of Art. 76. 

We are interested here primarily in the case where the bridge is 
closed and the ends raised so that full continuity of action may be 
assumed. We shall discuss the stress calculation for the center-bearing 
bridge and the rim-bearing bridge separately. 


A. CENTER-BEARING SWING BRIDGE 


75. Method of Analysis—A beam of uniform stiffness simply 
supported at three points on the same level is, as we have seen, one of 
the simplest of statically indeterminate problems. Calculations for a 
wide variety of cases show that practically any center-bearing swing 
bridge can be satisfactorily calculated on this basis, even though the 
span be a truss with considerable variation in depth. Two errors are 
involved in the process: (a) neglect of the varying moment of inertia, 
and (b) the omission of the effect of shear distortion. For trusses, both 
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these errors may be of considerable magnitude in themselves, but 
ordinarily they appear to be compensatory; in any case their effect on 
the final values of the redundant reaction (or moment) is slight.* A 
strictly accurate computation of the redundant reaction would involve 
the method of truss deflections as explained in Chapter II, problems ( f) 
and (g), pages 105 and 106. There is general agreement among engineers 
that this is an unwarranted refinement, except in some very special 
cases. 

Upon the foregoing assumption the analysis of the center-bearing 
swing bridge is fully illustrated in the problems of Figs. 104 and 106 


F P 
The equation for the center moment is — ZC — k®) (see page 177). 


If P = 1 this is the equation of the influence line for the center moment, 
and it may be easily constructed by the use of Table III, page 173. 
If we have a distributed load extended from k = ki to k = ke we 
shall have 
wl? (® wL? 


= =f de = — “le? — bn) — Hest — Ie), 


or we may use the tables of problem II, page 173. 

Ordinarily broken loads are not considered in the design calculation 
for a center-bearing swing span, but the above equation is very useful 
in the special cases where broken loads need consideration. 

These will only occur when the bridge is so located (for example 
near a large switch yard) that it carries a great deal of mixed traffic. 
Even in such cases it is hardly reasonable to assume broken loads and 
full impact effect, since such broken up traffic would never occur at 
high speeds. If a reduced impact factor is used, broken loads, even if 
‘assumed as permissible, will rarely govern the design of a member. 

If ki = 0, ke = 1, wehave M = — yYewL?; if ki = 0, ke = & (left half 
of left span loaded), we get M = y3,wL?. For right half of same span 
loaded we must have M = 52,wL?. The accompanying problem will 
illustrate fully the detail of the construction of influence lines for any 
particular member of the truss. 

76. Example of Center-bearing Swing Bridge.—Fig. 106 is a stress 
sheet for a double track railway swing span.t The complete tabulation 


*See for example a comparative study of a typicai case in Johnson, Bryan and 
Turneaure, ‘‘ Modern Framed Structures,” Part II, pp. 66-70. The maximum error 
in the bending moments at the joints was 1.5 per cent. 

} This problem is one of a large collection of practical examples contained in the 
supplementary plates to F. C. Kunz’s treatise on “Bridge Design.” The solution 
presented there is considerably different from the above. 
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of stresses will be found at the right-hand side of the drawing, with the 
various legitimate combinations shown below. The following check 
calculations for three typical members, LoU1, U3L4 and U3Us will indi- 
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cate the method of analyzing the statically indeterminate cases (IV and 


V in the figure) for such a truss. 
77. Influence Lines (Fig. 107). From case (a), Art. 73, we have for 


P = unity and span = nL 


M = — "H(k — B), 
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whence 
Ri =1-—k— i(k — k), 
Ro=k+4(k — k8) = 3k — 1k, 
R3 = — i(k — k°). 
Shear at left of center support = — 4(5k — k?). 
Shear at right of center support = — 4+(k — k’) = R3. 


The influence line for Ri is shown in Fig. 107b. From this the 
influence line for LoUi is obtained by multiplying each ordinate by 
sec. 6 = 1.31 (Fig. 107c). 

The influence line for U3Us is also readily obtained by the aid of 
the influence line for Ri. The dotted line AHF in Fig. 1076 indicates 
relatively the negative moment of the load unity when the latter is in 
the segment [oL4. For example the moment at L4 due to unity at 
Ig = hi X 4X 27—1X 2X 27 = 108 (.598 — .50) = 108 XK GG! 
(Fig. 1076). Therefore if we take the difference of the ordinates between 
the diagrams ABC and AEFC (as GG’ at Le) and multiply these by 
108 
44.8 
line for U3Us5 (Fig. 107d). 

For UzL4 the effect of the upper chord slope is to reduce the vertical 
component of UsL4 by the vertical component of U3U5(= -U3Us) for 
all positions of the load to the right of Z4 and to increase it by a like 
amount for positions to the left of Z4. It is clear then that if we con- 
struct by means of the diagram for R the shear influence line for the 
panel L3L4 and add algebraically to corresponding ordinates 2; of the 
influence ordinates for U3Us, we shall obtain the graph for the vertical 


, we shall get the corresponding ordinates to the stress influence 


component of U3L4, and by multiplying by a we get the final stress 


influence line for U3L4 as shown in Fig. 107e. 
The calculations can best be carried out by a tabular scheme as 
follows: 


Ty 2 3 4 5 “i 8 9 10 il 

(1) 9-55 X 

U3Us5 .0177| + .0366 0618 .0947 -0405|— .0251]— .0265]— .0368]— .0291!— .0160 
(2) Shear — .207 |— .407 |— .594 .2410 . 1030) — .0637|— .0927|— .0937|— .0740]— .0405 
Subtract (1) 

from (2) |— .2247|— .4436]— .6558 . 1463 -0625| — .0386) — .0562)— .0569]— .0449|— .0245 
Times 

48.7 +41.0)— .267 |— .526 |— .778 .174 -074 |— .0458]— .0667|— .0675|— .0533]— .0292 


The influence line for any member of the truss. may be drawn simi- 
larly to one of the above. 
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78. Live Load Stresses —It will be observed that the influence lines 
for the preceding cases in general change slope at each panel point. It 
is not feasible in such cases to develop useful algebraic criteria for the 
position of a train of wheel concentrations giving maximum stresses, 
as is done for the case of simple trusses. The maximum values are best 
obtained by repeated trial, guided by the general principle that the 
heavier loads should be placed in the region of large ordinates. Figs. 
107 (c), (d), and (e) show the correct positions for maximum loadings 
for the various cases obtained in this way. The results are perhaps 
most rapidly obtained if the influence line is drawn to a fairly large 
scale and the ordinates corresponding to the loads scaled from this, 
grouping the loads and taking the ordinate through the center of gravity 
where possible. The work may be carried out readily enough arith- 
metically, however, as illustrated in the following calculation of the 
stress in Lo — Uj for position (J). 

25 XH (1.08) Sy 

55 _X 32 (1.04) 46.9 
3 X 55 x (778 + 3h 7X 164.0 | 
4X 32.5 X .778 = 101.1 
25 &X (.553 + #4 X .245) = 15.8 
4X55 X (.316+ 22 X .217) = 108.7 
2 X 
x 


262) 


4X 32.5 X (.135 + 25 X <181) = 39.7 
5X 12.5 X (.135 + X 181) 
5 X 27.0 X .0675 


10.9 
9.2 


510.0 


This gives the maximum stress in LoU; due to both tracks loaded, 
on left arm only, as indicated in Fig. 107 (c) — ©. 

If we assume the near track loaded as in @) but with the uniform 
load extending over the right arm, and the far track loaded with the 
uniform train load in both arms, we have: 

(a) Stress in LoU; from load on near track 


= “—* (— 510 + 5.0 & influence area for right arm) 


21.5 i eites 
= (— 510+ 5.0 X 13.0) X je = — 445 X SQ- = — 318.5. 


(b) Stress in LoU:1 due to load on far track 
= = (5.0 X difference in influence areas for right and left spans), 
= ee [5.0 (— 75.7 + 13.0)] = — 88.5, 


whence final stress in LoU, for this case = — 407, 
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The maximum stresses for U3Us and U3L4 (shown in table of Fig. 
106) are similarly obtained. 

79. Approximate Criteria for Maximum Wheel Loading—It is 
worth noting that while the influence lines are irregular figures to which 
simple algebraic criteria cannot be applied, nevertheless, in the regions 
where the loads have the greatest effect (the left-hand segments in 
Figs. 107 (c), (d) and (e), the form of the influence line approaches more 
or less roughly that of a triangle. This fact may aid the computor in 
determining the character of the trial loadings. Applying the ordinary 
criterion for the triangular influence line 


h > Wi 
b= Wis PF: 


where W = total load, 

W, = load on short segment of influence line, 
= total span covered by influence line, 
l, = length of short segment of influence line, 
P, = critical wheel, 


we find that loadings (I), (V), (VII), and (VIID) satisfy this criterion, 
while loadings (III) and (VI) vary by only one wheel space from the 
position indicated, and almost the same numerical result would have 
been obtained by using the position indicated by a triangular influence 
line. 

80. Equivalent Uniform Loads.—The above result suggesis the 
possibility of using an equivalent uniform load * to obtain the live load 
stresses. The specified loading is of a special type approximating 
Cooper’s H-50, differing only in the driver axle loads, which are 10 per 
cent heavier. For loaded lengths used in the left span of the truss the 
total excess of the given load over H-50 is about 5 per cent. For an 
influence line such as U3L,4 the predominant effect of the heavy drivers 
would justify selecting an equivalent load of perhaps 7 or 8 per cent in 
excess of H-50. i 

Making these tentative and rather crude approximations, we get 


~S 


* It is presumed that the student is familiar with the general subject of equivalent 
uniform live loadings from his previous study of bridge analysis. Those who are 
not familiar with the subject and those who wish to study it further are referred to 
“Live Load Stresses in Railway Bridges,’ by George E. Beggs; “Modern Framed 
Structures,” Part I, by Johnson, Bryan and Turneaure, and “Live Loads for Rail- 
way Bridges,” by D. B. Stemman, Transactions of American Society of Civil 
Engineers, Vol. LXXXVI. Professor Beggs’ treatise contains elaborate tables, and 
Professor Turneaure’s book and Dr. Steinman’s article contain convenient charts of 
equivalent live loads. The chart shown in Fig. 107f is practically identical with 
that given in “‘ Modern Framed Structures.” : 
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the following typical results for the equivalent live load check on the 


previous figures. 


For LoU1 ... Equivalent uniform load for E-50 (see Fig. 107f) = 


4 point in 162 ft. span = 6440 
6440 * 1.05 = 6750; 
area of influence line = 75.7 


75.7 X 6750 = 512, 


as against 510 by wheel load calculation. 
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For U3Us, Equivalent uniform load for £-50 (4 point in 162-ft. span 


= 6160 
6160 X 1.05 = 6470, 


area of influence line = 41.4 
; 6470 X 41.4 = 268.0, 


as against 266 by wheel load calculation. 


For UsLs, Equivalent uniform load for £-50 (2, point in 103-ft. 


span) = 6800. 


Here the effect of the heavy drivers might be expected to have a 
larger influence on the result than would be indicated by the ratio of 


the total weight of loading to total £-50 loading of same length. 


It 
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seems fair to assume the added equivalent load per foot to be 8 per cent 
rather than 5 per cent as previously used on the longer spans. 
Area of influence line = 40.6. 


6800 X 1.08 X 40.6 = 299, 


against 302 by wheel load calculation. 

Using an increase of 5 per cent as in the other cases gives 290, or an 
error of less than 4 per cent. 

These calculations tend to show that for all ordinary cases, calcu- 
lation by the equivalent uniform load method gives results which are 
quite as accurate as the data justify, and where tables or graphs of 
equivalents are available, it is the method recommended. 

For such an influence line as that of Fig. 107d, slightly closer results 
in selecting the equivalent load may be obtained by using the triangular 
influence line of equal area... A’BC’. This correction is unnecessary 
except for such cases as deviate considerably from the triangular form.* 
Where the influence line does not even approximate a triangular form 
(as in right-hand portion of Fig. 107c) the above method can be regarded 
only as a very rough approximation, if applicable at all. 


B. RimM-BEARING Swine BripGE 


81. General Considerations.—We have just seen that the ordinary 
continuous girder theory applies with sufficient accuracy to the center- 
bearing swing bridge. We shall find on the contrary that important. 
modifications in the analysis must be made before it can be applied 
to the rim-bearing swing bridge. In the 3-span girder with the center 
span very much shorter than the others, the shearing distortion cannot 
be ignored without introducing serious error; the deflection in this short 
panel due to shear is, as a matter of fact, of the same order of magni- 
tude as the moment deflection. No practical bracing is possible, even 
if desirable, which is stiff enough to minimize the shearing deflection to 
such extent that the usual flexural theory may be applied. But it is 
generally conceded that the use of such bracing is undesirable; the 
high shearing stress and large negative reaction at the intermediate 
support adjacent to the unloaded span introduce serious practical dif- 
ficulties. It may be shown that if we calculate the reactions on the basis 
of the continuous girder theory, and proportion the web members of 
the center span to carry the large shear indicated by this theory, and 


* For further discussion on this general subject, see Johnson, Bryan and Tur- 
neaure’s “Modern Framed Structures,’ Part II, page 65, and Charles A. Ellis, 
“Essentials of Structures,” page 309 et seq. 
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then make an exact calculation by the truss-deflection method, we shall 
find that no such large shear in the center span is actually realized. 
That is to say, though the bracing is strong enough to carry the large 
shear, it is not stiff enough to cause it to develop. Indeed, within 


w =5000* lin. ft. 


Moment Diagram 
M,=—5,250,000'# 


Mo=+ 437,000 


Moment Diagram 
M =2,400,000 * 


Shear Diagram 
R,=226,000'* 
S R,=274,000' # 


Fia. 108 


reasonable limits, the size of the bracing appears to have little effect 


on the unit stress. * 
These facts have led to the general adoption of very light center panel 


bracing, just large enough to stiffen the structure properly but assumed 


* See Johnson, Bryan and Turneaure, “ Modern Framed Structures,” Part II, 
p. 79. 
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not to transmit any shear. Such a truss is said to be partially 
continuous. 

Figs. 108a and 1086 illustrate the essential features of the two 
types of action. 

82. Equations for Shear and Moment<Full Continuity—To de- 
velop in a more convenient form the expressions for shear and moment, 
we may write the three-moment equation, assuming M; = M, =0,L= 
center span; nL = outer spans, load P in left span, 


2M2(nL+ L) — MsL= Pn?L?(k — k°), 


and 
= Me2L— 2M3(nL+ L) = 0, 
whence 
2n? + 2n 
= — 3 a 
Me Pnl-(k Oe ea 
= ee 3 ee ea w 
M3 = + Pnl(k —k Vpn I ROE 
Shear in center panel 
Fi ils igs S eS 2n3 + 3n? 
if or 16 = EMG Ce) poe rer 


For uniform load over left span, 


wn?L? 2n?2 + 2n 
4 4n?4+8n4+3 


Mz = 


Tables III, VII and VIIb may be used ta UN terms involving the 
2n? + 2n 
4n? + 8n +3 

Fig. 105 shows a numerical case worked out for uniform load. — 

It will be noted that the shear in the center panel is 401,000% and 
the negative reaction at R3 = 405,600%. It would be very difficult 
if not impossible to provide satisfactorily for the uplift that would 
occur at this point under combined dead and partial live loading, and 
as previously noted, both experience and a more exact analysis indicate 
that even with bracing heavy enough to carry it safely, no such shear 
is actually developed, nor anything approaching it, and the ordinary 
continuous girder theory thus appears quite inapplicable to the rim- 
bearing swing bridge. 

83. Theory of Partially Continuous Truss.—The assumption of 
partial continuity—i. e., that the shear in the center panel is zero, gives 
results which are in fair agreement with the more exact analysis even 


constants k — k® and 
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when the center span is heavily braced, and for light bracing the agree- 
ment is quite satisfactory. 


The corresponding formulae for the moments over the center sup- 
ports (if the shear in the panel is zero, these moments must be equal) 


TABLE VII 
Riw-BEARING Swing Bripce SHEAR IN CENTER PANEL 


From equations in Art. 82: 


— 2M,(1, + L) — M2L = ate — k?) 
— 2M2(Ii + L) — ML 


s 


Let Ty = nl. 
Then 
— 2M (1 + n) = = nk = k*) PLy 
— M, — 2M(1-+7n) = 0: 
Solving 


se 2n(n + 1) (Pros 
M, = [- (A + 8n + 3) (Sox ) |Pta. 


Values of [ (ee?) (k — | 


4n? + 8n + 3 


n=20\n=10|\n=8\in=6\/n=5|n=4|n=8)n=2|n=1 


00) 0.0000; 0.0000) 0.0000} 0.0000) 0.0000) 0.0000} 0.0000) 0.0000; 0.0000 
05| .0238| .0227} .0223) .0215) .0210) .0202| .0191) .0172) .0134 
10} .0471| .0450} .0441] .0426) .0416) .0400) .0377) .0339| .0264 
-15| .0700} .0669| .0655| .0632| .0617) .0594| .0561) .0504) .0393 
-20| .0914| .0873] .0853} .0825} .0806} .0776) .0732) .0658) .0513 
25] .1112} .1064| .1041) .1008) .0982) .0945) .0892| .0803} .0625 
-30| .1298| .1242} .1214) .1174) .1145) .1103} .1038) .0936] .0729 
35) .1458| .1398| .1364| .1320) .1290) ,1240) .1171| .1053} .0826 
‘40; .1598| .1528] .1493} .1445) .1411) .1357) .1280) .1152) .0897 
45} .1708} .1633| .1596} .1545] .1510) .1450) .1370) .1232) .0958 
'50| .1783| .1708| .1670| .1612| .1575) .1514)> .1430) .1286) ,1002 
; -1825| .1745| ..1709] .1650) .1613)  .1550} .1464/ .1318] .1026 
'60| .1825| .1745| .1709) .1650} .1613} .1550) .1464) .1318) .1026 
65| .1783|. .1708| .1670| .1612| -1575)  .1514)' .14380) .1286) .1002 
“70| + .1698| .1625| .1589| .1534} .1498) .1441) .1859| .1225) = .0953 
"751 °.1560| .1492| .1460| .1409} .1377| .1325) .1250} .1124) .0876 
'g0| .1370| .1310| .1282| .1237| .1208) .1165| .1097| .0988) .0768 
95} .1124| .1073| .1050} .1016) .0992) .0954) .0900) .0809} .0630 
‘90/ .0814| .0777} .0762| .0737| .0718| .0691) .0654) .0586) .0456 
“95! 0442] .0423} .0414/ .0400} .0391) .087E) .0354) .0319) 0248 
1.00} 0.0000; 0.0000). 0000 0.0000} 0.0000} .0000} 0.0000; 0.0000; 0.0000 


Values of k 
Or 
Or 
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may be developed conveniently by the principle of moment areas. We 
may consider the two center supports coinciding and the action the same 
as in a two-span girder except that there will be a break in continuity 
over this center support equal to the angle between the two verticals 
at the inner ends of the two spans. This angle will evidently be 
measured by the sum of the top and bottom chord deformations divided 
by the height of the truss, that is 


AL sL MEL ML 


© > S.Anh BAR ~ HT’ 
and 
Ele= ML Oe eS a eee 


Fic. 109 


We have from Fig. 109 


Moment of area A-1-2 about A = EC — k§), 


Moment of area A-2-B about A = ee 
[2 | 
Ay Gl PL(k — k3) —2n?M]- ww. C8) 
neL?M 


Moment of area 3-C-D about D = ee BIT AD. iy ach he oe 


3 
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Now it is clear from the figure that 


Ag Ai 
AER Crea 


and if we multiply through by EI and substitute the wes from (a), 
(b), and (c), we have 


1] =u sn = ae ae M(t 4 5); 


whence 


M = — PnlLtk — k3)—" (39) 


4n 2a 6 

Fig. 108b shows the large reduction in the moment at the center sup- 
port as compared with the continuous girder calculation. 

For calculation of moments and shears or of influence lines, it will 
generally be convenient to use the reactions Rj and Ry. For a load on 
the left span these may be written 
= Pil — 2k + )—_— 


ae Pli-k-@- Be (40) 


An + wl 
Ra 


in $8 


— Pk — k3) (41) 


in 


Tables III and VIIa will aid in evaluating these expressions 
numerically. 


TABLE VIIa 

Values ote Le 
n tle ah 3s sf of 7 10 | 15 aio | as | 2 
ee . 100} . 143) . 167]. 182} . 192] .200 Be 206}. 211} .214) .218}.227).232 

TABLE VIIb 
Values of eee 

n jee on ie On| Onlmnaleron iO te LOR el oa 20 
ee ee eae lees 


. 267] .343] .381|.404| .420] .430) .438) .445].451].455). 469]. 476 


4n? + 8n +3 
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84. Example of Rim-bearing Swing Bridge.—To illustrate the analy- 
sis of the partially continuous rim-bearing swing span we shall show the 
influence lines for a rim-bearing span identical with the center-bearing 
span of Fig. 107, except for the addition of a small center panel of 16’ 
(see Fig. 110). 

The equations of the preceding article enable us to compute all 
influence ordinates in a manner similar to the example for the center- 
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Fig. 110 


bearing bridge. The results are shown in the figure. A comparison 
with the influence lines of Fig. 107 shows that while some of the smaller 
ordinates differ by as much as 15 to 20 per cent, the larger ordinates 
rarely differ by more than 4 or 5 per cent. On this account it is not 
uncommon to analyze the rim-bearing swing bridge as a center-bearing 
bridge with spans equal to the two outside spans. The variations in 
the actual sections for the two cases will VUE ee be of no practical 
importance. 
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C. PRESENT Status or Swine BRIDGE 


84a. As recently as thirty years ago the swing bridge was the pre- 
vailing type of movable bridge in America. Swing spans have been 
built ranging from 100-ft. plate girders to trusses more than 500 ft. in 
length. Their relative popularity has greatly decreased of recent years, 
due to the remarkable developments in the design of the bascule and 
vertical lift types. These latter are ordinarily statically determinate 
types and hence are not treated in this book, nor would it be in place 
here to enter into a discussion of the relative merits of the various types 
of movable bridges. It may be noted that both the bascule and vertical 
lift types have the advantage that they may be opened more quickly 
than swing spans and afford an unobstructed waterway. Double leaf 
bascule bridges have been built up to 350-ft. spans and vertical lift 
bridges up to 450 ft. In spite of the increasing frequency of such types, 
however, the swing bridge still appears to have a very definite and 
important place in movable bridge design, particularly for longer 
spans, and hence it is felt that the space given to it in this chapter is 
justified. 


D. TuRNTABLES 


84b. The locomotive turntable is a structure of common occurence 
which is built sometimes as a simple girder and sometimes as a con- 
tinuous girder. The latter type presents a problem statically identical 
with the center-bearing swing bridge, and from the standpoint of analysis 
no separate treatment is required. 


EK. Continuous BripGEs 


84c. Until very recently the Lachine bridge of the C. P. R. Ry. 
over the St. Lawrence river was practically the only continuous truss 
span (aside from swing bridges) in America. With the completion of 
the Sciotoville bridge in 1917, however, the interest in this type of 
bridge has greatly increased, and there are now several other large con- 
tinuous structures completed or projected. 

It has always been recognized that the continuous truss possesses, 
in some respects, marked advantages over a corresponding construc- 
tion involving two or more simple spans. In general for the same load- 
ing the stresses are lower, the structure is more rigid, construction 
details are to some extent simplified, and where cantilever erection is 
necessary or desirable, the continuous truss is far better adapted to it. 
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Two objections have been largely responsible for the infrequency of 
its use: 

(a) Where the live load is large there will be marked reversals of 
stress in the chord members, requiring, according to most standard 
specifications, much lower unit stresses, which tends largely to offset 
the economy otherwise secured, and 

(b) Small relative changes in the levels of the supports were believed 
to seriously disturb the normal stress conditions. Experience and 
more thoroughgoing investigation have shown that the second objection 
has little weight in the case of large structures * (to which the con- 
tinuous type is especially adapted), while the matter of stress reversal 
is of diminishing importance the longer the span and hence the greater 
relative importance of the dead load. Further, there is an apparently 
growing opinion among structural engineers that the severe penalties 
placed upon alternating stresses in the past are without justification 
in fact. These are among the considerations which have led to the 
present increase in favor of the continuous bridge; this favorable 
opinion seems to be rapidly growing and this type of construction will 
doubtless be widely used in the future for long-span bridges. 

Like the turntable, the two-span continuous bridge is statically 
identical with the center-bearing swing span when the latter is closed 
and the end supports in full action. The three-span continuous truss, 
on the other hand, unlike the three-span (rim-bearing) swing bridge, may 
be analyzed to a close approximation by the ordinary continuous girder 
theory. The three spans are usually of somewhere near equal length 
and hence we do not have the exaggerated importance of the shearing 
deflections which arise from the relatively very short center span of the 
rim-bearing swing bridge. It will be clear from this that no new prin- 
ciples, and practically no change in method of application are required 
for the analysis of two- and three-span continuous bridges (the only 
common types). However, the following example will be of interest in 
showing a comparative design of a continuous truss with two simple 
spans in a “border line” case, i.e. about the minimum span limit for 
which continuous construction would be expected to compete with simpl 
trusses. 

84d. Example.—In Fig. 110a is shown a stress sheet together with 
the makeup of all members for a 330-ft. Pratt type simple truss span. 
It is a single track pin-connected bridge designed according to the 1910 
A.R.E.A. specifications. This particular crossing consisted of two con- 
secutive 330-ft. spans, which gave the opportunity of figuring an alter- 


* See Chapter VIII for further discussion of this point. 
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nate in which the two consecutive simple spans were made con- 
tinuous. 

Certain limitations imposed by the A.R.E.A. specifications made it 
impossible to use the same depth for the continuous bridge as for the 
two simple spans. The ‘‘thickness to supported width” ratios of 
a for web plates and 75 for cover plates of compression members 
together with the requirement of clearance for J-bar heads, and also 
the requirement of riveter clearance between the inturned flanges of the 
vertical posts, were the most important of these limitations. 

The problem of obtaining a section for the top chords and end posts 
which would satisfy these limitations, required that a shallower depth 
be used for the continuous bridge. Also the effect of a curved topchord 
in reducing web-stresses was missing at one end of each of the two 
continuous spans. 

The stress sheet together with the makeup of members for the con- 
tinuous bridge is shown in Fig. 1106. 

The weight of the continuous bridge (assuming the same floor 
system and bracing for each type) was almost exactly the same as that 
for the two simple spans. It is believed that if requirements for com- 
pression members were less rigid so that a deeper truss could have been 
used for the continuous bridge, a small percentage of saving would 
have resulted. This fact has of course already been established for 
bridges of longer spans and heavier loads. 

In Fig. 110c is shown the method of calculating live-load stresses 
for the continuous bridge. Dead-load stresses were calculated inde- 
pendently of the live-load stresses. The dead panel load equals (2600) 
(36.67) = 95,400% and the reaction at the non-continuous end is 
obtained from the equation for Ri in Art. 77, 


nro -C4)} 


where k = + for Lu, 3 for Lz, ete. The product of 


95400 x2|( —k)— C 7 =I, 


k — k 


for the other span gave 


for the span considered, minus 95400 X 2 


a reaction at Lo of 275,000* . 

The calculation of all live-load stresses was based entirely upon the 
influence line for the reaction at Lo. These values are shown in Fig. 
113 as the ordinates to the line 1-15-18-30 measured from the base line 


CONTINUOUS GIRDERS 


198 


(°) O1L “PM 


Wh ovr = 90-42 


2 0g=ueds 19y4}0 
doy 
weary eul'y sousnyuy 


doatd styj/12A0 
snonuljuoo sueds (gg-Z 
6 ‘ 
5 


we 


YoeAL, [Burs 


SANTT GAONANIANT 40 GOHLYY] AHL AX SNVdG 


0-088 =8,98 © 6 


nm 

a ® ° a | 

os co S a 

I {I nN ll pezeoipuy 

a ox “<— oes SqUlOd gu Aju) peory 
g oS 2 SB roy 97 78 UODBEy 


Loo 


syjsue7T jourg 9° 


s}USWOJ] JO 103099 


34% pues 24" pq s0g 


/Sh 
gg 


OI6t “Va v = "seeds 
03-q S1edoog =peoTy eary 


0&2 10 SSAUT, SQOANILNOD V NI SUSSHULG advoT AAT 


199 


CONTINUOUS AND SWING BRIDGES 


ztt— } {or+ {%e— | { ett+ (re era eee 06+ 9G Wiuase { 29+ BOSE fifa mae cee Ge aaa ali 
pre— | | ete+ |\| ¢9— | | sre+ BOGS oh eee are+ ormr— sf ggit jo oot fo PTs eee 
oe) | pat dee lone wie a oo Qt etomesl ggg | ee loans Nee eink SA 
fey ( 260-F ag f eat f 26—- 99+ (ae ee o0t+ je 1gI+ ie $= he o¢I+ 
Foc— | \ geet | \e1z— | \ssz+ \eat— ZoI+ | \ est+ 06— Zot+ |\ sor+ | sret+ | lop+ | oet— | \ 18+ Beet 
000g | ocog \| ooT1g | oor Ogee ores | O8ze ose ozte | osee | ooog | osse | oore | o2re 0008 
OT ei OT re! OT Gar rat OT Gu oT Gall cae seg" | 8e9° = ZIs'= 
=%/o9 *8/g+¢ |O 8 /q-e)XC¥/eq) 
0°86 | 0°86 | €'69 | €°69 OL 0°93 | O'LF 9°9% 9ne | 9°93 | 3°89 | F6 T99 | 998° ¢° 6 ; 
ZE-0Z-I | Ze-0Z-T | Sg-2T-T | €8-L2I-T ¥S-FI-1 0¢-61-Fe| FE-FI-1| SE-II-I |0e-9T-Gg] ¢g-IT-I |Oe-eI-2e] 2E-8-T |0S-eT-9E| 9&-L-T 0-01-88 
apy Ne OIE ENOL ool S72 n EGA eel hea wan yen | ¥ae7 | ®q%n | &a*7 e7—eN) CTE 


SEAS ace asto exoge 
JO} SSaq}S JoRdUI] 
“sueds yj0oq uo "y"T 

0} onp ssei}8 "TT 
-ueds Jayyo U0 “TT 

00¢% = "T'T UN “nb 
ee er ssoijs youduly 
"+7" *§89148 PO] OAVT 
yy Ug quajeanbyy 


eee sess goqoey 
votes way 
“aul aouUENgUy 


“TTT WAOFUN JU[VAINba SeuLT} JOJORF SouTT} Boe JO yonposd sjenba ssaqg “TT 
“(BuIpeo] owes) 9qUIEUT UT SSI}S 0} (DauD deS) IeaYs SeONper 40700 


SULTANA TAM 


(qooy xeouy] Jod peo] qin 0} oNp) ja[ferVd ore spsoyo jt JoquIour ur sseq}s jo yroucd 
W109 ]ed1qJ0A 10 youd UT rays Jo JUSUOdUIOD [vOI}I0A s[eNba SeqUEUL Gas IO} Do1y 


00¢+ 
or9+ 
0796 
oo=08E 
F OF 
0&-8I-ST-T 


6n8n 


OFI— 
F66— 
0816 
GG EE £66 
& 06 
0&-8I-SI-T 


67 —LT 


Stl 001= oso— 061+ L61— Coo — 
9St= e+ osg— 00%+ yIr— CLb— 
022 0922 0822 OLLE OLLE 0062 
Go+19° 992 GS+19 962 GS+19 OFT gc ge el 8° So+Ee' EL o'8Z+19 98 
z 08 1¥ OT LP TL 1801 1° SOT L¥ 981 
0&-8I-ST-T 0-2-1 08-9I-1 0g-O1-T 0g-OI-T 0g-9-T 
89—4n 49-97 |8a—4a 41-97) 2a-*A ESI Tn IQ —-°T 


Cr+ 
860+ 
0066 
G7= 19 9E 
LF 9G 
0&-9-T 


oq —0T 


Sie) Vie toa ssoujs yovduly 
BEE $891] PROT SAT 
peo] oar UL) JUSTBAIND| 
Sores gone 
-"RaIy 

“+255 + - guy] souenguy 


‘TET VAIOFIUN yUoTVAMMbe sour} roxy Sout} vore Jo yonposd spenbe sags “TT 


“paoyo Jo We yUaUIOUL Aq peplAIp (nau JopUn peuyep) eoue}sIp sjenbe 1opng 


SUTANAY, CUOHD 


“jutod yey} 48 4ueMIOUL ay} 393 04 yuTod joued Aue 03 07 wos aoueysip Aq pard 


-1}[NUr St (300; svauT Jad Peo] FUN I0J) YOIYM JunourE sjenba SiequIeUT Pxoyd Joy M17 


200 CONTINUOUS GIRDERS 


2-30: All influence lines are shown in Fig. 113 and areas may be scaled, 
but it is more accurate to calculate them. If the area under the influ- 
ence line for the reaction is accurately calculated most other areas may 
be easily found by additions to or deductions from this area. 

The method of influence lines and equivalent uniform live loads is 
to be recommended for the expeditious solution of any problem of this 
character. 


CHAPTER V 
THE RIGID FRAME 


85. Preliminary.—A frame with rigid joints is a structure in which 
the member intersections are so constructed that the original angle 
between the members is maintained under any loading. Figs. 
1ila and 1116 illustrate the difference between the ordinary hinge 
joint (for a steel frame) and the solid joint. 

The very important practical question arises whether or not a 
truly rigid joint is realizable in practice. This point is discussed briefly 
in Chapter VIII. It is noted there that results of tests indicate that for 
a steel-frame joint with a heavy gusset plate and ample riveting, the 
assumption of complete rigidity is justifiable. For monolithic rein- 
forced concrete construction the assumption is usually made without 
question. 

By far the most important case of the rigid joint frame is to be 
found in the column and girder combination in building construction. 
The rapidly expanding use of monolithic reinforced concrete construc- 
tion, however, gives an increasing number and variety of such problems— 
culverts, tunnel linings, A-frames for viaduct towers and many similar 
cases. It has been the custom in the past and is still so to a great 
extent, to analyze a building frame as independent beams and columns 
without due regard to its essentially monolithic character. It is grad- 
ually becoming recognized, however, that such a method is inadequate 
and often leads to serious errors, and that such a structure can only 
be safely and economically designed by treating it as a multiple rigid 
frame. 

We have already, in Chapters II and III, solved a number of frame 
problems to illustrate the general method of attack on statically inde- 
terminate structures, and the theory there developed will suffice for the 
solution of all rigid frame problems treated in this book. The present 
chapter will be largely devoted to the study of a number of more or 
less simple numerical problems in frame analysis, to certain cases of 
especial importance in building designs, and to a few special problems 
of a rather more complex character. 

The slope-deflection method will prove by far the most effective 

201 


202 THE RIGID FRAME 


analytical instrument in the investigation of these problems, and will 
be used almost exclusively in this chapter. Some space will be devoted 
to restatement and amplification of the method. 

86. Review and Restatement of Slope-Deflection Equations.— 
Special Forms for the Case Where no Linear Displacement of the Joints 
Occurs. We recall briefly the following salient points in the slope-deflec- 
tion theory: 

(1) The moments are expressed (separately for each member, 
regardless of the magnitude of the framework) as functions of the 
fixed beam end moments and certain elastic distortions—the tangential 
rotations, 8, at the member-ends, and the rotation of the entire 


Fig. 111 


member, R. The latter is equal to the relative linear displacement of 
the member-ends (normal to the axis) divided by the length (D + L). 
The relation takes the general form 


Linn 


(See Chapter III, page 149.) 


(2) For a very large group of problems it will be found that the 
number of unknown © and & values is smaller (in many cases much 
smaller) than the unknown (statically undetermined) moments; there- 
fore by means of such equations as (42) we reduce proportionately the 
number of unknowns to be obtained by a solution of simultaneous 
equations. Herein lies the great advantage of the slope-deflection method. 

(3) When each unknown moment has been expressed in terms of 
Rk and © by means of such equations as (42), the relations between the 
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latter which are needed to effect a solution are obtained from statical con- 
siderations. ‘The equations expressing these relations have been noted 
in Chapter III. They are, of course, identical in the fact that each 
expresses a necessary requirement for static equilibrium. In other 
respects they (for most cases) fall conveniently into two different groups: 
(a) one expressing the fact that the moments (at the member-ends) 
acting about any joint must sum up to zero, and (b) the other expressing 
the fact that in case a shear is transmitted from one level to another 
through a group of members, the summation of the end moments for 
each member divided by its length, must equal the shear transmitted. 
(If any member should have transverse loads acting at intermediate 
points, this effect must be provided for by an obvious modification.) 

In a great many frame problems the loading is so applied that the 
relative linear displacements of the joints are negligible. For such 
cases R vanishes and, since the unknown @’s cannot exceed the number 
of joints, equations of type (a) suffice for the complete solution. If 
translation occurs, we must have, in addition to the above set of equa- 
tions, as many more as there are independent values of the relative end 
deflection, D. It will be convenient to designate type (a) as the 

“joint” equation, and type (b) as the “bent” equation. In most 
cases of practical importance the value of D is constant over the full 
width of a frame-bent for all members of a given story or panel, and 
hence in, say, a building frame we shall have one “bent” equation for 
each story of the bent, or for the case of an open-webbed girder, one 
equation for each panel. 

The more general case where translation as well as rotation of the 
joints occurs will be treated further in Article 96. We shall here discuss 
the simpler case where the joints are subjected to rotation only, which 
case, as we have noted, governs a great variety of practical problems. 
We shall first note a convenient form for the expression for @—the 
simplified joint equation. 

If we take a joint A (see Fig. 112) with members AB, AC,... AN 
framing into it, we must have 


2M at a) = Mas+ Mac t+ Bit is Man = 0, 
and since 


if 
Map = Mrap —- 2EK aa|204 + Oal, (x = 7); 


and similarly for other moments, we must have 


AB AB B AB 
0==2Mr— 28 | 20. >K + 3(6) -(K) i 
AN AN N AN 
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whence 


AB B AB 

7 2 My — 2(0) -(K) 
E@4 = aN AB “ = (43) 
22K 

AN 
Since it is more convenient to deal with the HO product than with © 
itself, we shall in the remainder of this chapter use the symbol 0 to 
represent H XO and R=ER. With this modification the slope- 

deflection equation will read 


Mian — Mermn + 2hGanolvae a 207 = 0]. . . . (42a) 


It may be well to note again the sign convention. 


Fig. 112 


(a) Mr is treated as positive whenever it tends to rotate the joint 
at which it acts in a clockwise direction. 

(6) ©, the angular displacement of any joint, is considered positive 
when clockwise. 

(c) The final end moments, since they are expressed in terms of 
M, and ©, must correspond to the above sign convention; ice., if any 
end moment works out positive, it is to be interpreted as tending to give 
the corresponding joint a clockwise rotation. 


It will be clear upon a little reflection that the actual K ( = 7) values 


are unnecessary; if relatively correct values are used the final moments 
will be correct. That is to say, if 


KS GR — 22.5 Kae => 45 Kan = 60 
it will suffice to use 


Kan = 1 Kea = 2 Kan = & = 2.66. 


3 


87. Example.—In Fig. 113 we have a frame of four members of 
varying lengths and stiffnesses. All joints except A are assumed com- 
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pletely fixed; A is free to rotate, but is assumed to have no linear dis- 
placement. Since all © values except 4 vanish, equation (43) becomes 


aM rap Z PLaplks? — kz?) 
23 (K) 4[Kap =e Kac ate Kap an Kaz] 
AE 


@4* = 


If we assume numerical data as follows: 


P = 10,000%3— [= 12-0" k= 4, 


and 
an = 1: Kac = 3; Kap = 2} Ko = A. 
Then 
Mraz = 10,000 X 144(.75? — .75%) = 202,000’’* 
ees 202,000’ « = 4 5050, 


414+3+244) 
Mas = + 202,000”"*-—2 (2 5050) = + 181,900 


Wome — 2X 3(2 x 5050) = — 60,700 
Maas — 2 x 2(2 x 5050) = — 40400 | = pa 
Mas= —~ 2X 4(2 X 5050) = — 80,800 | 


The fact that the clockwise rotating tendency of Maz is just 
equal to the sum 
of the counter- 
clockwise rotating 
tendencies of the 
other three moments, 
checks up the con- 
dition for equilib- 
rium of moments at 
A, upon which the 
solution is based. 


We may then 
write the values of moments at the fixed ends B, C, D, and E 


Moa = — 10,000 X 144(.252 — .253) — 2(5050) = 
— 1,440,000(.0469) — 10,100 = — 77,600’* 

Mea = — 2 X 3(5050) = — 30,300’ 

Mpa = — 2 X 2(5050) = — 20,200# 

Mea = — 2 X 4(5050) = — 40,400’*. 


* Actually HO, but see page 204. 


Fie. 113 


ll 
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It is seen from the foregoing calculations that in such a problem, 
although there are eight different moments to be found, their values 
may be written out with very little calculation, and no solving of simul- 
taneous equations is necessary.* 

88. Shear.—It is frequently of importance to construct the shear 
diagram as well as the moment diagram. We shall for this purpose 


Fig. 114 


use the ordinary sign convention rather than the special convention 
of the slope-deflection equations. The subject was discussed briefly in 
Chapter IV, pp. 164-5. We may illustrate the method by reference to 
Fig. 114. Fig. 114a shows AB as a simple beam, and 114b and 114c 
show corresponding moment and shear diagrams. Fig. 114d illustrates 


* Compare with similar problem in Chapter III, pages 143-4. 
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the case where continuity exists at A and B and (e) and (f) show the 
corresponding moment and shear diagrams. It is clear that the final 
shear diagram (f) is equal to the simple beam shear diagram (c) modified 
by the shear induced by the end moments. Calling this latter AV, and 
calling all moments positive or negative according as they correspond 
to compression or tension on the top fiber, and shears positive or 
negative according as the resultant force acts upward or downward to 
the left of the section, we shall have 


Vas = V'an t+ AV az, if V’48 = simple beam shear 


Mea — Map 
Lap ; 


and 
AV ap = 


Likewise 


, , M ae 
Vea = V'pa t+ AV ga = Vioq + te Mea 


This method of writing the shear equation is quite general; we have 
used a horizontal member and corresponding terms (‘“‘upward,”’ “top,” 
etc.) for illustration, but it is clear that we may, for purposes of analysis, 
treat any member as horizontal without loss of generality. The point 
to be noted particularly is that if the moments have been obtained by 
- the slope-deflection method, their signs must be modified to conform 
to the ordinary rules before they are introduced into the preceding 
equations. 

For member AB of the preceding problem we have 


V'an = +7500 Maz = — 151,830 
V’sa = — 2500 Mesa = — 64,730 
Vee 37500). ess as (-— 151,830) _ 4 8095 
Fe SP PD ea ie 
Check: 
Vas — Vea =P 8225 — ( — 1775) = 10,000. 


89. The Frame Building Bent under Vertical Loads.—Exzample 1. 
We may get an approximate solution to this problem, showing in a 
general way the effect of an isolated uniform loading on an interior beam 
in producing secondary bending in the column and beam ends framing 
into this beam, by assuming all joints as fixed except those at the ends 


208 THE RIGID FRAME 


of the member considered, which are assumed free to rotate (see Fig. 


115). We have, from symmetry, 92 = — Oa and 
i AB AB B 
4 Mraz — 2(K) -(8) 
Ou = a AB = = ° e Py ° (44) 
2S) 
AN 


Moment Diagram 


eel ke 


= 19.640 +9820 iS 
Oe Baia 


=8200* 


le 

ee 

Bal 

bal 

bal 

le_| 

+4910 ial 

9820 -r49. 

Vie ee = 
Le 
i) 


| Az Vea 8270 


Shear Diagram 
Fic. 115 
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Since 
Mr = +, X 2000 X 18? = 54,000’ 
oe 3 X 54,000 — 1.0-0, Ns 27,000 — ( — 04) 
21 241+ 2) 12 
Whence 
O64 = + 2455 = — Oz. 
The end moments then are 
Maz = 54,000 — 2 & 2455 = + 49,090 ) 
Mar = — 2X 2(2x 2455) = — 19,640 | 
Mar = — 2 X (2 X 2455) = — 9,820 | 
Mag = —2*%2x< (2x 2455) = — 19,640 
Mra = — 2 X 2(2455) = — 9,820 
Mes = —2X 2 X 2455 =— 9,820 


The extraordinary simplicity of the slope-deflection solution for 
such cases is apparent from this example. 

There is of course some error involved in the assumption of complete 
restraint at all joints except A and B. For an approximate solution, 
however, the assumption gives satisfactory results. 

90. Hxample 2.—Figs. 115d and 115e illustrate a problem ana- 
lytically very similar to the preceding. A heavy side wall and 
heavy footings are assumed to practically fix the outer ends of the 
beams, F and F’, and the column bases. 

The problem is very simply solved by slope-deflections and also has 
a fairly simple solution by moment areas which will be given also for 
sake of comparison. 

(a) Solution by Slope-Deflection Method. 

Since from symmetry 


Oz oa 03’ =) 
we have 
Mz = — 2K;(20) 
Me = — 2K2(20) 
Be 
Mz = — 2K(0) + 55 
Also 


Mr+Mc+ Mz =0, 
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whence 
wl? 
ye 12 
~ 2[Ki + 2Ke + Ky] 
i; To 
uM wee oe ie 
rede Tana 8) (ao § Pee: 
2 toe +E 
qi 
are wL? aT 
Wee ee 
eee Lea, 
Sy, fe aie + ie 
To 
ee 
wl? L 
Wesker 07 


hs ea eee 
2p bee 

(b) Solutcon by Moment Areas. 

As sketched in Fig. 115d there are six unknown bending moments, 
Ma, Mz, Mc, Mp, Mz, and My. Between these six unknowns, we can 
only set up two equations from the conditions of statics. These are 


Ms = Mz+ Me. ca e e . . . (a) 
2 
Wat Mp a 


The remaining four equations can be written with the aid of the 


M 
moment area principle. The distribution of the EI values is indicated 


by the curves of the diagram Fig. 115e. 

The condition of rigidity of the joint at B requires that the two 
tangents at this point shall always be perpendicular to each other. 
From this condition we get two independent equations: 


Here Q, Qi, and Qe are the deflections of the points B’ , D and F. 
The deflection Q is measured by the statical moment of the area 
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1-5-3-4-2, Fig. 115e about B’, or the moment of the area 1-5-3 minus 
the moment of the area 1-2-4-3. 
Therefore 


we 2 1 1 


EI 


Deflections 
greatly 
exaggerated 


Fig. 115¢ 


The deflection Q2 is measured by the statical moment of the area 
12-2-10-11 about the point F’, equal to the moment of the area 11-13-10 
minus the moment of the area 12-11-13-2. 


Therefore 
IG 2, L 
(Me + M;)— X abe — My X lo X = 
Q 2 3 2 
p) = Eee ae aE: ST, Sn eon ee 


Kole 
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2 


Q Qe 
And knowing that L equals iv" get 


wl Me,L (Me + My) Le ce M,Le2 


Se. alae 3 2 
EI 7 Eels : 
whence, if H is constant, 
2 
we 3s ROM, =e ee) 
if a 
eS Fad) 
ee = IK Ie 
wt Qe 
Also since in equals iz we get 
(Mce+ Mp)In Mol, (Mz+My)I2 — Mele 
3 oes 3 2 
Eyl, ie EzTo : 
whence, if # is constant 
2Mc — Mp = K’2(2Mz— My), ..... @) 
if 
Lely 
Lanne ea 
Ko = TER 


The deflection of the point B from the tangent to the elastic curve 
at D is zero since the point B remains unchanged and the tangent at D 
is fixed by the conditions of the problem. ‘Therefore, the statical 
moment of the area 8-2-6-9 about the point B is zero, or, what is the 
same, the moment of the area 6-9-7 about the point B minus the 
moment of the area 2-7-9-8 about the point B is equal to zero. From 


this we get 
Ty\ (L 
(e+ Mo) (3!) ~ Mall) 
=0 
Ay, ; 
or 
Me = 2M p. a ; a ; . * A a ‘ (e) 


The same being true with regard to the tangent at the point F we 
may immediately write 


Mn a 2M p. 5 “. . . . . . . . 5 (f) 
Substituting (e) and (f) in (d) we get, 
Me = KoM no See eee 


FRAME BUILDING BENT. UNDER VERTICAL LOADS 213 


Substituting (a’) in (a) we get 


Ms (AGM pine ayers Bot ae 
Substituting (b’) and (f) in (c) we get, 
12 , 
a — 3(1 + K’2)Mz = aM. 
Therefore 
wL? 2 
ELD = oe TES) 
Bok a 2L1yI2 ) 
InLel + 2LLe1, + 2LLyI2 
wL? 
=? 
where 
Eee OA emetic freee 
~ [yLel + 2LLe1; + 2LIyIg”  ~K’; + 2K’. +2 
From (a’) 
M = OKs wL? wl? 2L Lely ) 
a sual SINE eb ieeorns 
From (f) 
uM, - o(02 
Ae ae 
From (e) 
M = CK’. wL? ae wL? LLol, ) 
D2 12 ~ 12 \In Del + 2LL2h, + 2L1ile 
wl? 
=e 
if 
C= LLely 
~ [yLel + 2LLeI, + 2L1; 12° 
From (a) 
; wl? 
Mzp=C(+ Ke) 45 
vie wl? 2L 1,12 + QL Lol: 1 ) 
a [yLel + 2LLel, + 2LIyI2)° 
From (6) : 
2 


It will be seen that the preceding moment values readily reduce to 
the same form as those of solution (a). 
It is an easy matter to test some of these values for the limiting 
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cases. Take for instance the value for Ms. There are four condi- 
tions of the members BD and BF which would produce a condition of 
fixed ends for the central span BB’. If J; or [2 becomes very large in 
comparison with the remaining values of I, or if Li or Lz becomes very 
short in comparison with the remaining values of L, we would get a 
condition approaching fixed ends for the central span. In all four of 


ar Le es 
these cases it is seen that the value of Mz approaches oe which is the 


value of the end moment for a fixed span with a uniform load. When 
the values of I and L approach the other extreme we have a condi- 
tion of a freely supported simple span, where Mz approaches zero, 
as a substitution will show. 

When J; equals zero, J equals Iz, and L equals Lz, we have the con- 


Fig. 116 


dition of a beam of uniform section with three equal spans, fixed at the 
two end supports and supported freely on the two intermediate supports. 


Here again the values of Mg and Mz check themselves by becoming 
wir a, wL? 
73 while My becomes 36" 
91. Maximum Moments in Interior Columns and Beams of Mono- 
lithic Frames.—(a) To obtain the maximum positive moments, or 
moments at the span center causing maximum tension on the bottom 
beam fibers, we find the case treated in Fig. 115 giving results too low. 
It will appear that when the loading is applied as indicated in Fig. 116 
we have the condition most conducive to the maximum positive moment 
at c—c. In this case every 9 value will be of such sign that each one 
will contribute its increment to the moment considered. 

Let us take the case of uniform live loading on the span in question 
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and the same live loadings on alternate spans of the same floor and 
adjacent spans of the floors above and below (see Fig. 116). 

The expression for © may be written as in the preceding case, knowing 
that all © values will be of approximately the same numerical value, 
although differing in sign. 

(b) For maximum negative moments in the continuous beams of a 


Ine : 
TTT HN 
2Ms(2L)=— “= — We 
Me=—5 


oie alley 


framed bent of a building it is evident that full live load on two adja- 
cent spans only will give these maximums in beams at the joint which 
is common to these spans. The actual distribution is between that 
for the condition indicated in Fig. 117 and that of Fig. 118. The value 
in general would be much closer to {;WL than to }WL. Only in such 
a case as that of the two-span building bent, Fig. 119, where the exterior 
ends merely rest on bearing walls, instead of being monolithic with the 


Assuming M4 = Mg = Mp 


wo wh wh 
ML + 2M (2h) + ME = — ~~ — or Ms 
Fig. 118 


columns as shown in figure, would the value be WL. This case some- 
times arises, but it is not the usual case. 

For skeleton steel or monolithic construction the condition indicated 
in Fig. 119 would give a value of {WL—a value only 11 per cent smaller 
than the preceding. For more than two continuous spans in monolithic 
construction, cases where the stiffness of columns increases relatively to 
that of beams, or where live loads become relatively smaller in comparison 
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with dead loads, we may expect values of the maximum negative moment 


which are much closer to ~7;WL. 
92. Moments in Exterior Columns and Beams of Monolithic Frames. 


—A condition which gives rise to large bending moments in exterior 


W per ft, B 


Mpa — pswL? — 2(1.0) (7gwL?) =— ZL? 


Fie. 119 
columns is indicated in Fig. 120. The particular moments referred 


to are Mac and Mag. 
One of the assumptions which gives a short solution for these exterior 


NTT IT ITT TI TTT TT 


@) @ ® ® 
Fie. 120 


column moments is illustrated in Fig. 121 where the joints C, D, E, F, 
and G are assumed to be fixed against rotation. 
The unknown moment values will depend in large degree upon 
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the relative stiffness (K =: 7) values of the columns and beams: We 


shall here assume a case where the columns are relatively quite stiff— 
Keotumn = 2-a8 compared with Kgean = 1. 


In this problem ©4 and 0, are the only values necessary to the 


Fia. 121 


writing of all the end moments, and to obtain these values we have the 
two conditions that 


We S 0 SS WY Le 


Let W = total load on AB, 
then 
WL 

Map M ras = 2K gm(204 ae Oz) = oF abs aa 2(204 = Oz) 
Mac => 2K cor(20.4) a 4(20 4) => M ac 
DM, SS 0 — eo 200 4 and 203, 

also 

WL 

Mea a ae Mrea a 2K pm(20z + 64) a {2 a 2(202+80,) 
M BD 2K (cu20z) a rd A(20z) 
Mor fe homes 2K pm(20z) Ca aed 2(20z) 
Mor = 2K co(20z) at Re 4(20z) 
Ms = 0 St ay Lis 2403 — 204. 


12 
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Solving simultaneously 


WL 
200 4 ta 208 — = apie 
204 + 2407, Se ues 
WL 
04 + .100, = 40’ 
O04 + 12.002 = — i 
Os = — .00385WL, 
6, = + .00416WL — .10( — .00885WL) 
= + .00454WL. 


Using 04 we find the moment coefficient of Mc and M ag as follows: 


1 
Mag = Mac = — 804 = .03868WL = — a7 pL: 
As a check on the coefficients we know that for equilibrium at the 
joint A, 
1 


Mae t+ Mac + Maz = 0, or Maz = + pB.75V» 
L 
Mas= + ue — 2[2(+ .00454)WL + ( — .00385WL)] 
1 
=. 0/29 L-= 3. 7VL- 


This gives a convenient check on the numerical work. 


Values of maximum positive moments will approach Wee where the 


stiffness of the columns vanishes and the live load is large compared 
to the dead load. We then have the case of a two-span continuous 
beam resting on exterior supports with only one span loaded. (See © 
Fig. 122.) 

The conditions illustrated in Fig. 123 more nearly approach the 
actual conditions in a multiple-story bent, and would tend to increase 
the exterior column moments to a value somewhat greater than ae 5 
We shall now analyze this more exact case for exterior column moments 
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and also investigate the effect of reducing the column stiffness to one-half 
(instead of twice) the beam stiffness. 


w # per £¢. 


ais WL 


\(ie 


WL 
By the 3-moment eq.,...2Ma(L+ L) = — aie or Mzg= — 76° 
Fig. 122 


Fig. 123 


For this problem we may assume 


Ou = Oc = Og, 


and 
Op = Or = Op = = Oz. 
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Then 
WL 
Mas = + Mrap— 2K pm(204 + Oz) = 2 Fd 2(204 a Oz), 
Mac = — 2K coi(20 4 a Qc) an 1(304), 
M ac Se 2K coi(20.4 12 Og) eae 1(30.), 
=M, = 0 = ae aad 100, oes 203, 
and 
: WL 
Moa = — Mrsa — 2K m(20z + Os) = — > — 2208 + Ou), 
Mean oe 2K coi(208 + Op) a ae 1(303), 
Moar — 2K pm(208 a5 Oz) Tak 2(Oz), 
Mor Sap ETA 2K coi(20z =e Or) aarcaaes 1(30z3), 
WG, = O= _ — 1203 — 20,. 


Solving simultaneously 


106, + 20, = ue 
204-+ 120, = — _ 
O64 + .2002 = .00833WL , 
O64 + 5.802 = — .0416WL, 
5.80z = — .0499WL, 
Oz = — .0086WL. 
O4 = .008383WL — .20(— .0086)WL = + .01WL, 
whence 
Mag = — .08WL = AWL. 


Basing the argument upon the two preceding examples, which cover 
a considerable range of stiffness conditions, we might generalize and say 
that for usual conditions we should expect an exterior column moment 
(at an intermediate floor) of about 4;WL where W and L are the total 
load and span respectively, for the adjacent beam. 
The negative end moment value (where the beam frames into the 
side column) can naturally be expected to be about twice that of the 
WL, WL 


exterior column moment or about —— to — 


3 7 (since in this case one beam 
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moment must hold the column moments developed both above and 
below the joint in equilibrium). 

In the above as in the several preceding cases, more accurate results 
may be obtained by assuming a greater number of joints surrounding 
the one under investigation as free to rotate. Thus in Fig. 120, we 
might assume each of the nine joints A, B,...H,...J as free to turn. 
The procedure is in principle identical with that illustrated in the given 
problems, except of course that it is much more tedious and lengthy 
since a much larger set of simultaneous equations must be solved. In 
some cases the added accuracy may be of decided practical importance. 
Usually, however, the approximate solutions previously presented will 
suffice for the designer’s needs. 

The above conclusions also give an idea of what to expect in the 
exterior columns of flat-slab construction. Westergaard and Slater 
in their notable paper * on flat-slab analysis and tests conclude that the 
flat slab-panel framing into columns may be analyzed in the same 
fashion and about as accurately as the ordinary beam-column bent. 
This being so we have a right to expect a moment of something less 
than =,wL? in the exterior columns of a flat-slab structure. As a matter 
of fact more attention has been paid by investigators to the problem of 
exterior columns in the flat slab-and-column bent than in the beam- 
column bent. 

93. A Study of the Reinforced Concrete Frame for Design Moment 
Coefficients.—In ordinary buildings of reinforced concrete where the 
construction is monolithic and the joint is rigid, each isolated beam or 
column is a frame member. This continuity of construction makes 
economies in reinforcing steel possible and this steel is universally 
detailed so as to provide such continuity. 

The design of beams and girders in ordinary structures (where 
all spans and loading are usually symmetrical) is generally simplified 
by certain assumptions. For example, in the average interior span 
one would first calculate the ordinary simple beam moment. A 
correction factor would then be applied to provide for the reducing 
effect of the continuity on this value. For full live loading of adjacent 
spans it would be assumed that the negative end moment of the 
interior beam would approach 2 of the M; (simple beam) value. 
When the live load is removed from adjacent spans only, then the 
positive center moments of the span would increase and would 
approach the same value of 3Ms. 


* “Moments and Stresses in Slabs,” by H. M. Westergaard and W. A. Slater; 
Proceedings of American Concrete Institute, Vol. XVII, pp. 430, et seq. 
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Similarly in exterior spans a value of $M, might be approached 
either at the center section or at the interior end section. 

Several problems will now be worked out to indicate the possible 
distribution of beam moments between center and end sections for 
various assumptions as to loading and stiffness. It will be interesting 
to compare these results with the recommendations of the “Joint Com- 
mittee,” 1921: 


The following moments at critical sections of freely supported beams and 
slabs of equal spans carrying uniformly distributed loads will be used: 


(a) Maximum positive moment in beams and slabs in one span, 


2 
M=*2.., 
A 3 (12) 
(b) Center of slabs and beams continuous for two spans only 
d 
(1) Positive moment at the center, 
L2 
M==.. 
| 0 (13) 
(2) Maximum negative moment, 
j pace se (14) 
8 
(c) Slabs and beams continuous for more than two spans, 
(1) Center and supports of interior spans, 
wL? 
misUK et ee ae, 
(2) Center and interior support of end spans, 
_ wl? . 
argue tok 


(d) Negative moment at the supports of slab or beam built into brick or 
masonry walls in a manner that develops partial end restraint, 


M = not less than = sia te ie aa 
The following moments at the critical sections of beams or slabs of equal 


spans cast monolithic with columns or similar supports and carrying uniformly 
distributed loads shall be used: 


(a) Supports of intermediate spans, 


wL? 
— ips . . . . . . . . . . (18) 
(b) Center of intermediate spans, 
2 
Mink oi) a oe Ro Ta 


— 
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(c) Beams in which : is less than twice the sum of the values of ; for the 


exterior columns above and below which are built into the beam. 
(1) Center and first interior support, 


2 
Mase. (20) 
(2) Exterior supports, 
D2 
yaw 
2 (21) 
(d) Beams in which is equal to, or greater than, twice the sum of the 
values of : for the exterior columns above and below which are built into the 
beam. 
(1) Center of span and at first interior support of end span. 
M = ae (22) 
(2) Exterior support, 
L2 
Miata. 
1 (23) 


Continuous beams with unequal spans, whether freely supported or cast 
monolithic with columns, shall be analyzed to determine the actual moments 
under the given conditions of loading and restraint. Provision shall be made 
for negative moment occurring in short spans adjacent to longer spans when the 
latter only are loaded. 


94. Variation of Moment of Inertia.—There is a particular difficulty 
encountered in reinforced concrete frame analysis in the matter of 


estimating the value of a The moment of inertia of a reinforced 


concrete member subjected to direct stress and bending, even when the 
dimensions and reinforcing are constant, will exhibit marked discon- 
tinuous changes, due to the cracking of the concrete in tension where 
the bending stress is predominant, and any exact mathematical repre- 
sentation of the variation seems out of the question. Other factors 
difficult to estimate precisely, such as variations in the placing of the 
steel areas, add to the difficulty of exactly determining the J-value at 
any section. However, for the purpose of determining the moment 
distribution, there has been proposed * the empirical formula 


I varies as bd”? 
where b and d have their usual significance in reinforced concrete design. 


* So far as the authors know this formula was first proposed and used by 
W. A. Slater and F. E. Richart in their analytical and experimental study of rein- 
forced concrete frames for the U. S. Shipping Board. 


224 THE RIGID FRAME 


This formula was derived from a fairly comprehensive set of experi- 
ments, and it fitted the results very satisfactorily. It may be shown 
that it requires a very considerable percentage variation of the relative 


values of the members of a frame to effect an appreciable percentage 
variation in the final moments, which is an additional justification for 
the use of an approximate empirical formula. 

95. Maximum Positive Moment Calculations—Interior Spans.— 
In the average multi-story building we have a wide range in the ratio of 


column to beam stiffness... . — We shall consider two possible 
Bm 


points in this range, one where the column : equals twice the beam : 


and another where the column a equals one-half of the beam a In 


L 
both cases let W = 20,000% and L = 20’, (Fig. 116). 
In the first case let 


Kum = ily 
then 
Keo ra 2, 
WL 

Mas == 412° or 2K 29, 
Mac = ae 2K gnP, 

M ap yer 2K co, 
Mar = — 2Kea0. 


In all the above moment expressions the 0’s at the opposite ends 
of the member have same numerical value and opposite signs,—therefore 


2K(20,4 + Oz) simplifies to 2K0, 


and since 
Mas+ Mact+ Man+ Maz = 0, 

we have 

WL 

7p = O(AK am + AK co), 
and 

WL 400,000 
o= #a5a a) 
12(4K pm + 4Ken)  12(4 + 8) aie 

Therefore 


400,000 
Mas = Chet 2(2780) = 33,330 — 5560 =27,770#’ 
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and 
WL 
Me = age Maz = 50,000 — 27,770 = 22,230%’ 
(22/28 WL. 
00. 18, = is 
When 
Kea = 3 and Kam = Ve 
WL 
Or 1244+) == O00) 
Mas = + oo — 2(5560) = 33,330 — 11,120 = 22,210 %’, 
iV epe ye Mz = 50,000 — 22,210 = 27,790#’. 


Therefore in this case where the column stiffness is much less than 
in the preceding case 
1.27.79 


Me = 35009 VE= i WA (about). 


It should be noted that in the two preceding cases if the dead load 


on the two adjacent spans is considered the moment coefficients of = 


and respectively, will become considerably smaller. Let us con- 


“ea the latter case to determine the change effected in the coefficient 


of —— i z aed by making the dead load equal to one-third of the total load or 


Di 2 Lz 


M ac will then change to — a (Fe — 2K p90, 
and 
WL WL 
ioe TSG) WL _ 400,000 
SR Kaa) 5 Tb) e108, ee 
Mig WL top ore 400,000 _ 2 x 3700 = 25,900 *’, 
a 12 | 
Mo = ie — Man = 50,000 — 25,900 = 24,100%’, 
and the positive moment coefficient for this case becomes 


1 2Ae eal 
850.0 16.6 
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When Keo = 2 instead of } and D.L. = }L.L. is on adjacent 


; it 
spans, the coefficient of 78 changes to 


1/20 4a! 
8\ 507 19.6 


Let us finally consider the case where the stiffness of the column 
disappears and we get the bearing wall case with little or no restraint 
to the beam as it passes over supports. In this case the three-moment 
equation has the most direct application. We will use the form 


Wily We2L2 


— Mi — 4M2 — M3 = 4 =+ 4 


since all beams are assumed to have same I and L. 

M, = Mz = Msz,... practically, if we assume the interior condition 
indefinite in extent; this corresponds to the previous assumption that 
O04=0c=9. Also assuming D.L. = $L.L. and W = D.L.+ LL. 


as before 
ee ELIS 
OM eal 
WL 
aA Ge eee 
Metis ys orgie 


For the case just discussed, of no column restraint, if the live load is 
very large compared with the dead load, we get the extreme value for 
positive moment at the center of an interior span. For live load only 
on the span in question with no load on adjacent spans (to which this 
case approaches) we have again 


and 
WL 
Nee ease 
whence 
WL 
Me SS “jo 


It should be noted that in reinforced concrete construction the con- 
dition which produces a positive center moment of ~;,WL very seldom 
occurs and the recommendation of Joint Committee for a #5 coefficient 
is really on the safe side for all the cases to which it applies at all. 
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12'4" 


Loading 
Fig. 124 
Moment Equations 
Map = Moc | = — Kai(26a + 62) + Mrap 
Mpa = Mcp | — Kai(20p + 64) — Mrpa 
Mor = Mce | — Ke(26B + 6p) 
Msc = Mcp | — Ka2(20B + 0c) + Mrac 
=Mz — (2Kpi + Ke + 2K2)0p — Kp6c — Mrpa + Mrac 
Mrz = Merc — Kc(267 + 68) 
Joint 04 = Op | Op = 06 Or = On Fixed Beam Moments 
B=C 0 — 2Km—Ke 0 — Mrsa + Mrac 
— 3Kp. 
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Wil 
Mras = Mrga = 3 * = + 7280’ x 
WoL 
Mrsc = Mres = Saar = + 963’ % 
I 
Ke = a = 1.00 
Ip 
Km = Ke X — = 3.77 


I 
Km = Kex— = 3.05. 
Le 


SuspstirutiInc NuMERICAL VALUES 


Is G — 17.69 — 6327 
Oz + 338 


Moment VALUES 


Map 3.77 (338) + 7280 
Mpa 3.77 (676) — 7280 
Mer 

Mezco 3.05 (676 + 953 
Mrz 


+ 8555 
— 4730 
+ 676 
+ 4054 
+ 388 


Many of the leading architects and engineers are getting away from 
the customary conservative value of WL for positive moments in 
concrete frame construction and are following the lead of the Joint 


Committee recommendations. 


The results of the procedure discussed are summarized in Table 


VIII. 
TABLE VIII 
Coefficients of WL for Max. Positive Moments 
Condition ens Non-restraining 
of Loading Kea = 2am | ken = 2heu Supports 
1 1 1 
.L. onl = swat Sait 
aie T 48 aaa 12 
L.L. + D.L. es 1 A, 1 1 
(D.L. =31L.L.) 19.6 16.6 14.4 
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Problems illustrated in Figs. 124 and 125 taken from conditions in 
a certain large building recently erected will afford the student examples 
of how column restraint affects the distribution of bending moments in 
beams, and will serve to illustrate how in many cases the standard 
approximate coefficients are of little use. 


Loading 
Fie. 125 
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MomENnT EQUATIONS 


Mac at oa Kc(26a ae 9c) 

Mas — Kp(204 + 08) + Mras 

DM, — (2Kc + 2Kz)0a + Mrap 

Mea wa Kc(26¢ a 64) 

Mea — Kp(20p + 04) — Mra 

Joint 04 63 6c Fixed Beam Moments 
ela om 2K) 0 0 + Merde 


MraB = 218,100’ x 
Mrpa = 207,300’ % 


I 
Kee = Oo: 


Iz 
Kp = Ke X 7 = 4°97. 


SupstitutTiInNc NUMERICAL VALUES 


A — 11.94 + 218,100 
04 — 18,250 


Moment VALUES 


Mac — 36,500 
Maps 4.97 X — 36,500 + 218,100 + 36,500 
Mca — 18,250 
Mpa 4.97 X — 36,500 — 207,300 — 298,350 


96. Case of Combined Translation and Rotation of the Joints of a 
Framed Bent.—We have thus far treated only cases of frames where no 
relative translation of the joints occurs. We shall now investigate 
the case where the forces are so applied that we do have a relative 
displacement of the joints. We may illustrate the relation of the two 
cases by the simple problems illustrated in Figs. 126 and 127. 
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A frame loaded as in Fig. 126, will show a slight transverse swing 
of the columns unless the load P is at the center, or unless the top of the 
frame is restrained from horizontal movement (as would many times be 
the case). If this condition holds, the problem is completely solved as 
soon as we know Oz and Q¢ (see Table A), but otherwise we have the 


additional unknown angular rotation R( = Z) of the line joining of the 


ends of the columns. * 
If we assume (as is almost always permissible) that the axial defor- 
mation of BC is negligible, we shall have Ds = Dc and Raa = Rep and 
the solution will consist in obtaining the three unknowns from three 
equations—the equilibrium equations for the joints B and C, which we 


Fie. 126 Fia. 127 
TABLE A 
Equation OB | 6c Right-hand Member 
Jp 4(Kpa + Kzc) 2K pc = + PL(k?— k') 
Jo 2K Bc 4(Kcep + Kzc) = — PL(k — 2k? +k’) 


have designated as the “joint equations,” and a third statical equation 
expressing the fact that the sum of the resisting moments at the tops 
and bottoms of the columns must equal the shear X the column height 
( = Hh), which we call the “bent equation.” A convenient general 
form for this equation may be written as follows: 

Let H = shear transferred by bending at tops and bottoms of 
bent-columns members, then 


a Mrc + Moc 
Ene ee 
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where Mrc = moment at top of bent column = 2K¢(3R — 20rc — Ozc) ; 


Msc = moment at bottom of bent column 
= 2K¢(3R — 20zc — Orc); 


Le = length of bent column; 


Pal : : 
K = relative — value for column in question ; 


L 


R = rotation of line between ends to translation of one end 
(plus (+) if clockwise) ; 


Orc = joint rotation at top of column; 


Osc = joint rotation at bottom of column. 


se Se — O7c = Oxc) 


(46) 


It is well, again, to emphasize the sign convention as given in Chapter 
III. All signs of M are (+) when they act on the joint in such a man- 
ner as to turn it clockwise, and (--) if counter-clockwise. Also both 
R and © are (+) or (—) according as the sense of the rotation is clock- 
wise or counter-clockwise from the original position. 

In order to bring out clearly the differences between the two cases 
we will note the solution for the case of Fig. 126, where it is assumed 
that there is sufficient horizontal restraint at the top of the frame to 
maintain the lines BA and CD vertical. We then have R = 0 and all 
the moments may be obtained from Og and Oc. The detail is very 
simple; we have: 


Mea + Mec =0; Meo + Mes = 0, 
Mpa = — 2Kpa(20z), 
Mac = — 2K gc(20z + Oc) + Mac, 
Mcp = — 2K xc(20c + Oz) + MFcs, 
Mcp = — 2Kcn(28c), 


Mrezc = PL(k? a k?) 
and 
Mrce = — PL(k — 2k? + k). 


Then using Kza, Kac and Kcp as relative values for the stiffness of 
the members, and obtaining numerical values for the constant terms 
(end moments for BC considered as a fully restrained beam) we may 
solve for values of Oz and Oc which when substituted back in the original 
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expression for M, will give the correct moment values. Table A shows 
the tabulation of the equations. 


96a. Illustrative Numerical Problem: 

Let Kepa = Kep ele 

Then if the member BC has the same cross section as the vertical 
members, but is only two-thirds as long, Kac (which represents and 


A value relative to Kza or unity) will be y Or le): 
z° 
Let Lie = TOs Lap = 15! 
P = 1000# 


k = 1 (measured from C) 
Kac es 15 and Kap = Kep 23. 1 


Therefore 
Mroc = 1000(10)(" — #) = a = 4698" 
Myron = — 1000(10)[t — 2(? + #1] = at ey 


Substituting in the general equations (see table A) and solving we 
get: 


10023 a 30c¢ = + 469, 


Ba bes — — 1408; 
Gree 17028, 
Oc — + 98.0, 
Mos = — 2(2 X 98.0) = — 392 
AE es 1 52 08 B= 17038) za ©, 
ee ‘ ‘ check 
EeAGO = 80? 
_ 1498 = — 680 | * =e = 9, 
check 
Mey = — 212(= 1703) = + 681 
Maz = — 2(98.0) = — 196, 
Mee —20— 17023) = St 


96b. Horizontal Load at C Causing Translation of. Joints B and C 
Relative to A and D.—We shall now solve the same frame when loaded 
with a horizontal load at C in addition to the vertical load P. We 
then have the additional distortion R, and the additional statical equa- 
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tion (bent equation) previously indicated, i.e., that 2V at top or 
bottom of columns equals the sum of the moments at the column ends. 
We shall take the horizontal load = 200* as indicated in Fig. 128. 

We have: 


_ 2M _ 2K(12R — 305 — 36c) 


=V h h = 200, 
or 
4KR — K(Oz)K(Oc) = a 
2M = > moments top and bottom of vertical members, 
h = height of vertical member, 
Ko = 4 for vertical members. 
As before 
~M,=0 and ~Mc = 0, 
whence 
Mpa + Mac = 0, 
and 


Mcp = Mes ie 0, 


but the new unknown # becomes a factor in the expression for moments 
in the columns, and we now have 
M ps = a 2K 4a(8R me 202), 
Mac = — 2Kxgc(202 + Oc) + Mraz, 
Mes = — 2Kxc(20c + Oz) + M ron, 
Mep i 2Ken(3R amt 28). 
Expressing the bent equation and the two joint equations in form 


for solution we have the results shown in Table A, page 226. 
Substituting back in the moment equations, 


Moa = 2[3(139.0) — 2 X 162] = 186.0, 
Mao = — 2X 1.5(2 X 162 + (— 106.2)] + 469 = — 184.4. 
. 2Mz = 0, check. 
Mce = — 2 X 1.5[2(— 106-2) + 162.0] — 1408 = — 1256.8, 
Mep = + 2[3(139.0) — 2(— 106.2)] = ~~ if 1258 38, 
; *, 2Mc = 0, check. 
Mas = + 2[8(139.0) — 162.0] = 510, 


Myc = + 2[3(139.0) — (— 106.2)] = 1046.4. 
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Fig. 128 


TABLE B 


Solution of Equations and Moment Calculations for Bent with Unsymmetrical 
Vertical Load Only and no Horizontal Restraint (Fig. 126) 


Equation| 2 6B Oc 
Bent |+24 |— 6 |— 6 
Joint B|— 6 10 3 
Joint C!— 6 3 10 
@ 1.00)— .25}— .25 
©) —1.00)+1.67/+ .50 
® —1.00/+ .50)+1.67 
@ee@ |. at: +. 42) + 225 
OE MO’ Ares + .25)+1.42 
eA Sos ai +1.00} .176 
yo eee +1.00) 5.680 
(On S21 O'e eas eee 5.504 
58S SR eae er areneer 0c = 
ORM eins heal ae 0'ti- Op = 
Iikayeae (@D) Sarees oa Rk = 


Constant erat 
Term 
0 Mpa = 2[3( — 23.4) — 2( + 86.9)] 
= — 488 
+ 469/* 
—1408’* | Mpc = — 2 X 1.5[2( + 86.9) 
+ ( — 180.5)] = + 489 
0 
+ 78.2 | Mcp = —2 X1.5[2( — 180.5) 
+ 86.9] = — 586 
—234.7 
+ 78.2 | Men = 2[8( — 23.4) — 2( — 180.5)] 
= + 582 
— 234.7 
+ 55.1 | Mag = 2[3(— 23.4) — ( + 86.9)] 
i = — 314 
—938.8 
—993.9 | Mpc = 2[3( — 23.4) — ( — 180.5)] 
= + 220 
—180.5 ‘ 
+ 86.9 
— 23.4 
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TABLE A 
Solution of Equations for Bent with Horizontal and Vertical Loads (Fig. 128) 


Unknowns 
Equation Constant Term 
Op Oc R 
JB 4(Kpa + Kec) 2K Bc — 6K4azp| + PL(k? — k’) 
Jo 2K zc 4(Kep + Kzc) == 6Kep = PL(k — 2k? + k3) 
Bent a Kas — Kap + 4K 4B Hh/6 
Jz 1.0 3 —6 + 469 
Jo 3 10 —6 — 1408 
Bent —1 -—1 +4 + 500. 
@ 1.0 .300 — .600}-+ 469 
® 1.0 Snoo8 — 2.000} — 469.3 
® 1.0 1.000 — 4.006} — 500.0 
— 3.033 +1.40 |} + 516.2 
+ 2.333 +2.00 | + 30.7 
1 — ,462) — 170.5 
1 + .858| + 13.2 
— 1.320) — 183.7 
R =| + 139.0 
6¢ =| — 106.2 
6p =| + 162.0 
Further 
M M M M 
=< + a pte - as n= Vea ae Veo 
186 + 510 1258 + 1046 — 9200 
15 15 ti yl 


the applied shear, therefore bent equation is also satisfied. 

In Fig. 129 the moments as found in the preceding example are 
plotted and resulting transverse shears in the members are shown 
together with a distortion sketch indicating © and F values. 

It may be interesting to note the solution for the frame when only 
the load P is applied, but with no horizontal restraint at the top. This 
case will also involve a transverse swing as noted previously. The 
complete solution is shown in Table B, page 235. 

97. The Framed Bent with Inclined Legs.—One of the simpler cases 
of the framed bent with inclined side members is that of the so-called 
“A” frame. To illustrate the method of attack for such a problem, 
we will take the case of a frame similar in dimensions and loading to 
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that used as an example in the preceding article but with inclined 
instead of vertical side members. (See Fig. 130.) 


The horizontal movement of B and C = Rh as before, 
The vertical drop of B = RI, 
The vertical ft of C = RI. 


1257+ 184 
10 


1000 __ 
4 


Me 
s 
Vagt Vop=200* 7 


1259-+1046 
15 


Voo= 


Fie. 129 


Therefore the member BC undergoes a rotation of ce which in this. 


case equals R (since 2Z; = L) and which is (—) or counter-clockwise 
with the load P acting from the left. 
We shall have for simultaneous solution the same two joint equa- 
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tions and the same bent equation as before. The expressions for the 
moments are: 

Mas = 2K.5(3R4z — 9s), 

Mea = 2K an(3Rap ae 20s), 

Mec = 2K po(— 3Rsc — 208 — Oc) + MPrsc; 

Mcp = 2Kac(— 3Rac — 20c — On) + M rcs, 

Mep = 2Ken(8Rep — 28c). 


h=15- 


Fia. 130 


Also: 
@) Mpa Ss Msc =0 


@) Men + Men = 0 


©) Map + Mpa + Mep “e Moc = Hh... Bent Equation, 
Ras = Rep = — Rac (from preceding paragraph), 


| ... Joint Equations, 


therefore we have the three equations indicated for solution for the three 


unknowns, Ff, Oz, Qc. 
Substituting numerical values for My and K, 


Kas = Kep = 1.0; Kao = 1.5, 
Mrac = 469%’; Mrcs = — 1408¥’, 
equations @, @) and ©) become, 
— 3R — 100, — 30¢ + 469 = 0 ©. 
— 38R — 100¢ — 30, — 1408 = 0 @). 
2(6R — 303 + 6R — 30c) = — Hh, 
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or 
4R — Op — Oc = 4" = 500 ©. 
Solving these three simultaneous equations in tabular form we have 


the following: 


TABLE A 
c Right-hand 
Equation OB 06 R Te 
Jp 10 3 3 469 
Jo 3 10 3 —1408 
Bent —l —l 4 +500 
Jp LO .30 .30 +46.9 
Jo 1.0 3.33 1.00 —469 
Bent 1.0 1.0 —4.00 —500 
3.03 .70 —515.9 
2°33 5.00 +31.0 
1.0 231 —170.2 
1.0 2.145 +13.3 
1.914 +183.5 
R= +95.8 
Ico= —192.3 
Os= +75.8 
Min = 2[3(95.8).— 75.8] = 423.2. 
Ms, = 2[8(95.8) — 2(75.8) >=. ~..+ 271.6, 
Mac = 3[— 3(95..8) — 2(75.8) — (— 192.3)] + 469 = — 271.1, 
check. 
Mcp = 3[— 3(95.8) — 2(— 192.8) — 75.8] — 1408 = — 1343.8, 
Mep = 2/3(95.8) = 2(— 192.3)] =... 1344.0, . 
check. 


Moc = 2[8(95.8) — (— 192.3] = 959.4. 


It will be seen from the preceding that the two joint equations are 
satisfied and that for the bent equation 


Mea + Map + Mep + Moc = ADs) 9 + 20146 + 1344 + 959.4, 
= 2998.2 


check. 
Hh = 3000 
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When compared with a similar problem where the posts are vertical 
it will be seen that the inclination of the posts gives the effect of a 
slightly greater stiffening tendency from the transverse member. The 
horizontal deflection of the top for a given applied horizontal load will 
be less where the posts are inclined and the calculations show that the 
inclination of post throws larger moments into the ends of the hori- 
zontal member and into the tops of 
the posts, which would necessarily 
accompany a greater stiffening 
effect of the horizontal member. 

A comparison of the moment 
diagram here given for the present 
case with that of the preceding ex- 
ample will serve to illustrate these 
statements. 

The same methods here used 
for the one-story bent with inclined 
side members will apply to bents of 
two or more stories. It should be 

Fic. 131 noted that the R value for the hori- 

zontal member introduces no new 

unknown and can always be shown to be a definite function of the R 

value for the side members,—the latter being determined by the bent 
equation. 

98. The Rectangular Bent with Transverse Loading and Columns 
of Different Lengths.—(Fig. 132). This is the typical problem of the 
reinforced concrete bridge bent or special 2-span culvert bridge. The 
problem is complicated by the fact that the vertical supporting members 
have varying lengths. As regards simplicity of solution and number of 
unknowns the problem is the same as if all columns were of the same 


length. If we substitute for R its value, os D being the horizontal 


deflection of the tops of the columns (assumed the same for all points), 
the unknowns to solve for become O04, Oz, Oc and D. 

Assuming D, E, and F fixed we have the three joint equations and 
one bent equation necessary to solve for the ten bending moments (all 
different) at each end of the five different members which compose the 
bent. The moments are 


D 
Map — 2K av(3q7— ae 20.) aa ote + 4(43,D = 204), 


2 
Mas = MF 43 — 2Kap(204 + On) = ee — 4(204 + Oz), 
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Maa = or Mrpa — 2K 4n(202 ++ O04) ag 66,700 roe 4(20, ob O42); 
95)2 
Mac = Mrzo — 2K gc(20p os Qc) = + ee 2) bar 4(20z =f 84), 
D 
Mae = 2K ne(8 77 — i 200) = DBCED= S05), 
Hoar 
Mes = Mrcp ss 2K pc(20c¢ a Gs) = =F 104,000 a 4(20¢ ob Oz), 
Mer = 2Ker( 377 = 20c) Sane ar) 2(.2;D — 20c), 
Hor 
D 
Mya = 2K ap 3 aoa 04) Beas 6 4(3,D — Oa), 
Hap 
D 
Mrz = 2K ne (877 _ 0x) =...2.8(43D— 0s), 
Her 
Bye) 
Myre SS 2Ker(87-~ = 00) == Goole 2(.8;D —— Oc). 
Her 


From these we set up the equations for the @’s and D 


@2z2M, = 0 = — 1604 — 40, + 1.20D + 66,700 
@zMz, = 0 = — 40,4 — 21.602 — 40¢ + .56D + 37,300 
©zMc = 0 = — 40g — 120¢ + .30D — 104,000 

@Ms + Moa, Mee + Mee , Mer + Mero 


Joint 
| Equations. 


10 cis 15 ate 0 = — 18,000, 
or, substituting and combining, 
— 1.20, —.560, — .300c +.345D = — 400... Bent Equation. 


The minus sign is given to 400, the shearing force on the bent, 
because its tendency is to cause all columns to rotate in a counter- 
clockwise direction. 

In Table A we have a solution of these equations, a substitution in 
the original moment equations and a check of the three joint equation 
and the bent equation. 

Fig. 132 gives the moment diagram, shear diagram, and also a 
distortion sketch. 

99. The Framed Bridge Span or Open Webbed Girder with the 
Loading Applied between Joints.—The method of attack for such a 
problem can best be illustrated by the carrying through of the numerical 


242 THE RIGID FRAME 


solution of a specific case. Where the problem involves the solution of 
a number of simultaneous equations, the attempt to carry through a 
general case (without assigning numerical values) is exceedingly labori- 


—-6, 


Kyo=Kas=K c= 2.0 
Koe= 1.4 
Ker=1.0 


(a) 


Uniform load on both spans = 2000* per ft. F 
Thrust (tractive force) T=18,000* 


zi M EB 
Vao=10 x 2000 + [-81840-+ 05620] Vac=12.5 x 20004 F25480-+120160]] 
= 20000—785=19215 


25 : 
=25000+4150=29150 Mec 


Fig. 132 


ous and results in expressions so complicated as to be of little practical 


use. Further, the fundamental principles are often lost sight of in such 
a solution. 
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TABLE A 


RECTANGULAR BENT wiTH CoLumNs or Dirrerent Lenerus (Fig. 132) 
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\ 


Unknowns to Be Solved for 


— 69,760 — 65,600 , — 41,100 — 47,600 


25,480 + 3500 


+ > 


10 15 


20 


. iConstant Term 
Equation of Equation 
04 OB | Oc D 
JA +16 ct Sy Bet By kl al — 1.2 + 66,700 
JB + 4 +21.6 + 4 — .56 + 37,300 
TIE a ON ieee Dear oe + 4 +12 — .30 — 104,000 
Bent — 12 — 56 — .30 + 345 — 18,000 
Ja + 1.0 rhe 1, OOL tone asad tie —  .075 + 4170 
Jp + 1.0 + 5.400 + 1.00 — .140 + 9320 
Bent + 1.0 + .466 + .25 — .287 + 15,000 
Ac) Bea) eel earn ae er ae — 5.150 — 1.00 + .065 — 5150 
ipe——Bentiten 0 8. + 4.934 + .75 + 147 — 5680 
1b BES aa aR cee 1.00 + .194 — ,0126; + 1000 
en aya ene ators 1.00 + .152 + .0298) — 1152 
ol Hig Me" eee a eer 1.00 + 3.00 — .075 — 26,000 
fey 2 Meier ince teeny oe ol nereln , + .042 — 0424 + 2152 
Lig =O |e eae Re eee ee + 2.848 — .1048} — 24,848 
Sa Naas alle ee es + 1.00 — 1.0100) + 51,200 
BAA TINE, cele Sol ee fee + 1.00 — .0367; — 8730 
By ce AY foal RAE ee Se ROD ge Ce cee, — .9733} + 59,930 
| D = — 61600 
Oc = — 8730 +.0367( — 61600) 
= — 10990 
Oz = + 1000 —.194( — 10990) + .0126( — 61600) 
= + 2350 
04 = +4170 — .25(+ 2350) +.075( — 616000) = — 1040 
~ Map = 4[.3(— 61,600) — 2(— 1040)] = — 65,600 
Map = + 66,700 — 4[2(— 1040) + (+ 2350)] = + 65,620 
cD ua = 0 
Meza = — 66,700 — 4[2(+ 2350) + (— 1040)] = — 81,340 
Mac = + 104,000 — 4[2(+ 2350) + (— 10,990)] = + 129,160 
Maz = 2.8[.2(— 61,600) — 2(+ 2350)] = — 47,600 
SDs = 10) 
Mcp = — 104,000 — 4[2(— 10,990) + (+ 2350)] = — 25,480 
Mer = 2.0[.15(— 61,600) — 2(— 10,990)} = + 25,480 
ees Vicon) 
Moa = 4[.3(— 61,600) — (— 1040)] = — 69,760 
Map = 2.8[.2(— 61,600) — (+ 2350)] = — 41,100 
Mvrc = 2.0[.15(— 61,600) — (— 10,990)] = + 3500 
Map = ; = — 65,600 
Mcr = = + 25,480 


= — 18,000. 


.. Bent equation is satisfied and a shear = 18,000 is developed in columns. 
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In the problem here indicated, where the loading, stiffnesses and mem- 
ber lengths are symmetrical about the center line of the truss, we have 
four unknown © values and one unknown R value. To determine 


15,000* 15,000* 


40 =1000* per foot 


AU 


WY N 


@ K=2 


Fig. 133 


these values we have four joint equations and one bent equation. The 
ten moment equations are as follows: 


(Noting that 92 = — 02, and ©O4 = — 064,; Reaction = 30,000), 


My-2 = 2Ki-2(8R — 201 — 62) + = 4(8R — 20; — 02) + 8330, 


Mo2-1 = 2Ki-2(8R — 202 — 01) + we = 4(8R — 01 — 202) — 8330, 


Mo», = 2Ko-2,(— 202 — O2,) + = 4(—@2) + 8330, 
Mj. a = OKp 3 (= 26r 160), ede On, 
Mair = 2Kys(-" 26s 70) GS = eG), 
Mo_4 = 2K2a(— 262 — ©)... = 2(— 262 — 04), 
Mid = 2K a(— 26, — 10s) hn 05), 
Mgsu = 2Rs_ aGR.— 203 = Oi) =n coer 


Mala = 2K as ORs 00. Gh =e aera eae 
M44, = 2K4_-4,(— 204 — O4,) = 2(— Oa). 
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The five equations of equilibrium are then expressed as follows: 
@® Mi-2+ Mi-3 =0, ©. 12R — 160; — 402 — 403 + 83,330 = 0, 
@ Mo) + Mo_o, +/Mo_s'= 0, ». 6R — 802 — 20: — 0, = 0, 
@® M3_1 + M3_4 = 0, «. 3R — 603 — 20; — O04 = 0, 
® M4_3 + Ma-2 + Ma_4,=0, -. 3R — 504 — Oc — O3 = DO, 
® My_2 + Me-1 + M3_4+ M4_s = 30,000 x 10 — 10,000 x 5, 

. 18R — 601 — 602 — 303 — 304 = 125,000. . . Bent Equation. 


Joint Equations 


The bent equation is obtained by cutting out a section between two 
vertical lines just to the left of 2-4 and just to the right of 1-3 and 
taking the moment of the shear on 1-3 minus moment of loads between 
1-3 and 2-4 equal to resisting moments on all four member ends cut. 

Solving these equations in the convenient tabular form shown in 
Table A, we find values of the unknowns 01, Q2, 03, 04 and R. 

Substituting these values back into the originai moment expressions 
we obtain the following: 


‘M,_2 = 4[3(+ 13,620) — 2(+ 8100) — 7450] + 8330 = + 77,170, 


M,_3 = 4[— 2(8100) — 3120] =... — 77,280 
2M = 0, check. 
Mo_1 = 4[3(+ 13,620) — (+ 8100) — 2(+7450)] — 8330 = 63,110, 
Mo_2, = 4[— (+ 7450)] + 8330 = ... — 21,470, 
Mo_4 = 2[— 2(+ 7450) — 6060] = ... — 41,920, 
=M = 0, check. 
Ms3_1 = 4[— (+ 8100) — 2(+ 3120)] = ... — 57,360, 
M3_4 = 2([3(+ 13,620) — 2(+ 3120) — (+ 6060)]. . . + 57,120, 
=M = 0, check. 
Miz_2 = 2[— (+ 7450) — 2(+ 6060)] =... — 39,140, 
M4_3 = 2[3(+ 13,620) — (+ 3120) — 2(+ 6060)] : . . + 51,240, 
Ma_4, = 2[— (+ 6060)] =... — 12,120, 
=M = 0, check. 


It will be seen upon examination of these results that all the joint 
equations check up very closely to zero while the bent equation is also 
satisfied,—in other words 


My-2 + Mo-1 + M3-4 + Ma-3 = 248,640—against 250,000 


which is an error of less than 1 per cent. | 
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TABLE A 
Oren WeBBED GIRDER (Fig. 133) 


Unknowns 
Equations Knoene 
01 @2 6; 04 R 
Ji 16 4 rani |e Oe aha —12 + 8330 
J» 2 | 8 YP Rane eet ay 1 — 6 
J; y, [) See oe 6 1 — 3 
lage A hoster scee ait 1 il 5 — 3 
Bent 6 — 6 — 3 — 3 +18 + 125,000 
Ji a0 250 IZO0 Wee rane — .750 + 521 
J» 1.0 A000) Weer 500} — 3.00 
J; TO: p)|eeererces 3.00 500! — 1.50 
Bent — 1.0 — 1.0 — .50 — .50 + 3.00 20,800 
det MUN tears ee 3.75 — 25 50 — 2.25 — 521 
dhe URS Wooo aon 4.00 ens te 00 ell ae eee ee — 1.50 
J aE oso hoe oe — 1.00 ae OUI E kee see: + 1.50 + 20,800 
(CO ea pte i600) — .067 .133)--— .600 — 139 
(OP liecinceies: 1.0 oe UDO! ice yc jee — .375 
(3) ae lien ta ees 1.0 =i aD OS Nee enced le — 1.50 — 20,800 
oh gaa nd |neoetey kes I 1.00 5.0 — 3.00 
(OL SOW ies eee ean | loekane ges .683 133] — 225 — 139 
Ov (OV aig coe ice aoem s Me ASO NE ede, in 1-125 + 20,800 
@®— J, [ dee bee en |i eeeee ees — 3.50 — 5.00 + 1.50 — 20,800 
if 
@ie colleen censuses 1.0 195} — .329 —204 
©)e al Se ee Lee ees 10 tale Sees 643 + 11,880 
(Gye ss Neem ee fs cae aa ee 1.0 1.428) — 428 + 5,940 
Qe Gn Wace hea Gale ae ee Pa eee .195) — .972 — 12,084 
(Oy Ole sa eeicincnael Sen eee merce — 1.428 1.071 + 5,940 
(yal ol err een ene) ea SRe St Sursottl lk Moe are oat 1.0 — 4.990 — 61,900 
Megs ite rates terete Pr lA a RS 2? 1h — .750 — 4,160 
— 4.24 — 57,740 
R = + 13,620 
@, = +.75(31,620) — 4160 
= + 6060 


6; = + 11,880 — .643(18,620) = 
@2 = .75(3120) + .375( + 13,620) = + 7450 


+ 3120 


O = +.521 — .25(7450 + 3120) + .75(13,620) = + 8100 


--eoooe———————— eeeeeFeEeFeFeFeeEeEesSFsF 


CHAPTER VI 
THE ELASTIC ARCH 


100. Preliminary. As defined by the engineer, an arch is any 
structure which develops horizontal reactions under vertical loads. In 
this sense the truss of Fig. 134 is quite as definitely an arch as the curved 
girder of Fig. 135. As actually built, however, most arch structures 


® 


YW 
Fixed End Fixed End 
Fig. 134 


Fig. 135 


have the lower chord joints and often both chord joints lying on curves 
convex upwards as indicated in Figs. 136 to 140 which show some 
typical arch structures. 

The arch has a very wide range of application in bridge design. 
Reinforced concrete arches have been built from 30 ft. to 400 ft. spans 
and steel arches have been built from 200 ft. to 1000 ft. span lengths, 
and full designs have been prepared for much longer spans. * 


* One such span designed for the North River crossing, New York, was 3100 ft. 


in length. 
247 
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The statical advantage of arch action is illustrated by the two-hinged 
arch rib of Fig. 141. The large horizontal thrust developed in restrain- 


Plate Girder Arch Rib 


Fig. 136 


Arch truss with parallel chords 


Fig. 137 


Arch truss with non-parallel chords (sickle or crescent arch) 


Fig. 138 


Arch truss with non-parallel chords 
Fre. 139 


ing horizontal movement induces moments tending to counteract the 
simple beam moments. Fig. 1416 shows the moment diagram for the 
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arch (or for any other structure) acting as a simple beam. Fig. 141c 
shows the moment diagram due to horizontal thrust H, and Fig. 141d 
shows the final diagram. The great reduction of bending action is 
evident. Asa matter of fact, if the loading is fixed, an arch may always 
be designed to fit the equilibrium polygon for the loads practically 
exactly, and in such case all bending stresses are eliminated. 

The arch has other advantages—any steel arch lends itself readily 
to erection without falsework by the cantilever method; two-hinged and 
hingeless arches are relatively rigid structures, and steel arch trusses 
are likely to show small secondary stresses; the arch rib of steel or 
concrete (and some arch trusses) exhibit more graceful lines and a more 
pleasing appearance than a simple girder or truss, or a cantilever. Three- 
hinged and (less commonly) two-hinged arches are used in long span 


@) is Spandrel-braced arch 2 
Fic. 140 


roof construction, but the arch principle finds its greatest application 
in railway and highway bridges. 

Where the crossing is over a deep gorge with rocky sides and where 
the stream traffic or other conditions make it impossible to erect by 
false-work, the arch is especially suitable, offering the double advantage 
of economy of material and ease of erection (see Fig. 142a and 6). For 
any span length from perhaps 200 ft. to the limit of single arch spans 

(perhaps 3000 ft.) it is likely to prove advantageous for such a 
crossing. 

It is by no means limited to such conditions (note the Hell Gate 
crossing for example), but it loses its peculiar advantage in proportion 
as the soil conditions require large increase in the masonry abutments 
to take up the horizontal thrust. 

With such a great variety of types, the theory of arches becomes a 
very extensive field. We shall only consider in this Chapter the types 
commonly met with in American practice. These are (1) the two- 
hinged arch rib—either the solid rib or a relatively shallow truss with 
parallel chords which may be treated as a beam (see Figs. 136 and 
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137); (2) the two-hinged spandrel braced arch (see Fig. 140), an 
(3) the hingeless arch rib (solid or braced girder). 

The three-hinged arch is a common structure but as it is statically 
determinate it will not be treated here. The one-hinged arch is almost 
never built in America. Two-hinged arch trusses of the type of Figs. 
138 and 139, when the chords diverge sufficiently that they cannot be 


(d) Resultant Moment Diagram for Arch 
Fig. 141 


treated as ribs, are analyzed on the same principle exactly as the spandrel- 
braced arch. The hingeless arch truss (other than the shallow-braced 
rib) is a very rare structure. 

We shall confine our treatment in the main to symmetrical arches, | 
though the theory presented is general and may be applied to any type 
of arch. 

It is the purpose of the treatment to acquaint the student with the 
methods of analyzing the stresses in the commoner types of arch- 
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structures. Asin the case of other indeterminate structures (for example, 
continuous trusses and rigid building frames) it is impossible to divorce 
the problem of stress analysis from the size and the make-up of the 
members of the structure, as may be done in the case of simple structures. 
Before a statically indeterminate analysis can be carried through, the 
cross-section properties of the constituent members must be known in 
addition to the loads and center line dimensions; so that the process of 


LS, 


design is in a manner intimately tied up with that of stress computation. 
The method of procedure is indicated in the problems of articles 107 
and 117, but of course any treatment of the major problems of arch 
design is quite beyond the scope of this book. It should be emphasized 
that when one has at his command methods for analyzing statically 
indeterminate stresses, the problem of the design of a determinate or 
indeterminate structure is placed on the same footing, so far as a correct 
and scientific method of procedure is concerned. But for either type of 
structure, a correct analysis of the stresses is but one step in the design, 
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if we use the latter in its broad sense. For a discussion of the design of 
arches, using ‘‘design” to mean the selection of most favorable types 
and forms, the economical proportions of main sections and details, etc., 
the student must be referred to special treatises and articles.* 


SECTION I.—_THE TWO-HINGED ARCH 


101. The General Problem.—The two-hinged arch presents a singly 
statically indeterminate problem and as such it has already been treated 
briefly as a part of the general theory in-Chapter II. The horizontal 
reaction is usually taken-as the redundant ¢ and whatever the type of 
arch we shall always have the fundamental relation 

a ES eS ee 


bi’ 
where 
6’ = the horizontal deflection at the support when H is removed 
entirely, and 
61” = horizontal deflection at the support due to H = 1, no other loads 
acting. 
The chief question, then, is the evaluation of the quantities 6’, 
and 61x. 
A. Tuer Arco Ris 
102. General Formula for H.—Recalling the theory of the deflection 


of curved beams (see Chapter I, page 32), we may write for the hori- 
zontal deflection of B in the arch rib of Fig. 143 


Cae Sng ends: a, Pay Hae B Nmds 
bam Vat Hie =0= f EI {oan , AED’ 


(48) 
A 
where 


M, N = true moment and true axial thrust, respectively at any point 
(x, y) of the arch. 
m,n = the moment and axial thrust at any point due to H = 1, no 
other forces acting. 


For arches with a considerable ‘rise, the effect of the axial thrust 
on the deflection is altogether negligible and for any but very flat 
arches it is quite small. It therefore appears permissible to assume that 
the thrust is approximately parallel to the arch axis, i.e., that N = H 

*Some references will be found in the bibliography, pages 358 to 363. 

} We may also think of the two-hinged arch as statically equivalent to a three- 


hinged arch in which, in the case of the arch rib for example, an external moment 
pair is applied at the crown hinge sufficient to preserve a common tangent, 
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sec a (see Fig. 148a). The error involved in this assumption is far too 
small to have any important effect on the final result. We note further 
that m = y; n = cosa; dx = dscosa. Therefore, substituting in (48), 


BMyds _ B dx sec a B yds sec a 


Fig. 148a 


But, M = M’ — Hm = M’ — Hy, if M’ = the moment at (2, y) 
in the structure AB acting as a simple beam. Also we may express p 
in terms of y and a thus: * 
y = pcosa — p COS a, (Fig. 148), 
whence 


Bdaseca (7 ydsseca _ P dv seco Bdssecacosai_ (*ds 
fon Rea poe Wipe of. ¢ ade p AE Ak 


_ (2 ds sec a cos a1 
P AE 


* See Johnson, Bryan and Turneaure, “Modern Framed Structures,” Part II, 
page 136. It is assumed that the curvature is approximately uniform. 
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We then have from (48a) 


Ie a (ae pee a 
Bee) 
A =) 


HS 5 Pais al ere ale 
fF yee HAscosiae 2 


The second term in the denominator represents the effect of axial 
distortion (rib-shortening) on the value of H. For all except very flat 
arches it is so small * that it may be safely neglected. Where it is 
desirable to take account of the term, it will ordinarily be quite accurate 
enough to assume that A varies as sec a,—(even if this is only very 
roughly approximate)—whence, if A, = area at crown, 


and 


(49) 


A, = A cosa, 
and 


if L, = length of arch axis. 
We then have 


(49a) 


It is evident that the right hand term of equation (49a) is equal 


/ 


6 : 
to — st For reasons just stated we shall assume in the remainder of 


the treatment of the arch rib that the second term of the denominator 
may be neglected and that 


H=+4* se (50) 


* Johnson, Bryan and Turneaure, “ Modern Framed Structures,’ Part II, page 
138, estimate the error at ao 1.5 per cent for a parabolic arch with a rise = } of 
span, and a depth of rib = 3 the rise. Kirchoff, “Statik der eal So Part, 1G 
estimates the error for a rise = 7 to $ of the span, and a depth of rib = 5 the rise at 
not much more than 2 per cent. 
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103. The Parabolic Arch with Variable Moment of Inertia.—In 
problem (c), Chapter II, we developed the equation for the horizontal 
thrust in an arch with a parabolic axis and with moment of inertia 
varying aS sec a as 

3D PE 


H=2--(k- 2+), 2 ow. (51) 


+f P is a load distant kl from the support. It is found that this equation 
will give fairly close results, even for a rib whose axis is not parabolic 
and where the variation of J departs rather widely from that assumed 
above. Most arch ribs arising in practice can be so analyzed. Indeed 
it may be used as a rough approximation for almost any two-hinged arch. 

104. Influence Lines—Moment.— Equation (51) plotted gives the 
influence line for H. Remembering that M = M’— Hy, we may at 
once construct the influence line for the moment at any section by com- 
bining the simple beam moment influence line with the H influence 
line multiplied by the constant y. But since it is much easier to con- 
struct the simple beam influence lines than the H influence line, and 
since the former vary with the sections where the moment is desired while 
the latter is drawn once for all, it will be much more convenient to write 


My _ M'y_ 
Yq Ya 


ves 


, 
qa 


In Fig. 144 we construct a by dividing the simple beam moment 


qd 
at q by Yq and constructing the ordinary triangular influence line. 
Combining this with the H influence line, we get the influence curve 
for ms (the shaded area in Fig. 144d). It is a simple matter to multiply 
qd 
the ordinates in this diagram by the y corresponding to any section 
and thus get the true arch moment. 

*105. Influence Lines—Shear and Thrust.—These quantities are 
less important than the moments, but when desired the influence lines 
may be obtained in a similar manner. 

For the shear normal to the arch axis, we have 

Shear = Vi cos a — H sin a—for unit load to the right of the section 

= V2 cosa — H sin a—for unit load to left of section. Since 


Vi=(-—k) X1# and Ve=k x 1%, 
* The treatment in this article follows closely that of Johnson, Bryan and Turn- 


eaure, “Modern Framed Structures,’ Part II, pages 153-154. See also Kirchoff, 
“Statik der Bauwerke,” Part II, pages 209-216. 
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Shear = (1 — k) cosa — H sine = sina[(1 — k) cota — H] 
... load to right 


= sina[k cota — H]... load to left. 


Fig. 144 


Following the general method indicated for moments, it is obvious 
that the ordinates to the shaded diagram of Fig. 144e will, if multiplied 
by sin a, give the shear at any section q. 

Since the axial thrust VN = H cosa — Vj sina, or H cosa — Veosina 
according as the load is to the right or left of the section, it is 


THE TWO-HINGED ARCH 257 


evident that in a manner similar to the case for shear we may 
write 


N Fa me 


COS a H —ktana... load left. 
Fig. 144 f shows the influence line. 

105a. Influence Lines for Maximum Fiber Stress—We may obtain 
from the influence lines of the preceding article the moment, shear 
and thrust at any section due to any given loading. The thrust is a 
maximum under full loading for all sections, while the moment ordi- 
narily is not,'and since it is the combined effect of these two quantities 
which usually governs the design, it is evident-that the independent 
influence lines do not directly 
give the loading producing 
the maximum combined 
stress at any section. For 
designing purposes it is often 
desirable to construct influ- 
ence lines for maximum total 
fiber stress rather than for 
maximum moment and 
thrust. We may do this in 
the following manner: 

Let Fig. 1446 represent 
any section of the arch ring. 
R is the total resultant force 
at the section and we may 
resolve as shown into the 
shear V and normal thrust Fic. 144b 
N. Then the moment must 
equal Ne if e = armof WN referred to the neutral axis of the section. 
We must have for the stress in upper extreme fiber: 


EC ier Poe CCA PAN Cres Ce 
og a - 1 = Net Tp = Mi 


where c; is the distance from neutral axis to the upper fiber and A, r 
and I have their usual significance. Since e, r and c are distances, 


2 2 
evidently e + z is a distance, as indicated in the figure, and N (« of “) 
t : t 


is a moment which we may call M, = moment about the ‘‘kern point”’ 
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2 
of the section. The kern point for the upper fiber lies ~ below the 
t 


2 
neutral plane and the corresponding point for the lower fiber lies 7 
1 


above the neutral plane, if c is the distance from neutral plane to lower 
extreme fiber. 

If instead of the influence line for the moment about the neutral 
axis we draw for each section the influence lines for the moments about 


Fia. 145 


the upper and lower kern points, these diagrams give us directly the 
loading conditions for maximum total stress on lower and upper fibers. 


The construction is identical with that described for the bending moment, 
/ 


except that in the equation M = u(r = ) , y is measured to the kern 


point instead of to the neutral axis. Such influence lines are shown in — 
the problem of Art. 107. : 

106. Reaction Locus.—The effect of a single moving load may be 7 
conveniently studied in a somewhat different manner. The resultant 
reactions 2; and R2 must of course always intersect on the line of action x 
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of the load P; as this load moves across the span this point of inter- 
section describes a locus whose equation may be readily deduced. In 
Fig. 145 let (kL, yi) be the coordinates of the reaction intersection, I. 
Since V; and H are the vertical and horizontal components of Ri, we 
have 


H =f cos9, Vi = Risin, and = =tan® = whence from 
eq. (51) 
ae 67 ie od @ Ge, 9), Oa P( — k)kL e 1.6h (52) 
tan = = Ie 
i v5 Sie EB ie ad + iA) 1+k—k 


The curve of intersections is shown as FEG in Fig. 145. Once the 
reaction locus is constructed the two-hinged arch becomes for practical 
purposes statically determined, since the magnitudes of Ri and Re may 

‘be determined from a simple force polygon (see Fig. 145b). 

If we investigate the loading for maximum moment at q, it is clear 
from the figure that any load to the right of I, or to the left of I’, will 
cause negative moment; loading in the segment J’, — I, will cause 
positive moment. 

The exact expression for H for a partial uniform load extending 
from kL to keL is 


ko 
ee f, hi Oe dL) 2 ue * Ue — 2k? + ie) dh 
ky 


= a; are A ais 


ky 


‘107. Example. 
Design of a Two-Hinged Steel Arch Rib 


Span, 240 ft., Rise, 35 ft. Parabolic axis. (Fig. 146a.) 

Dead load, 1800 lbs. per ft., Live load, 3200 lbs. per ft. 

Impact, 25 per cent of live load. 

A depth of 60 ins. will be assumed, and the rib will be designed as a 
box girder (Fig. 146d.) 

The kern points will be assumed .8 of the half-depth distant from 
the center of the section for the crown section, and this factor will be 
assumed as .85 for the first section away from the crown and .9 for the 
remainder of the sections. 2’ and y’ are codrdinates of the kern 


points. 
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a y’ sal! M’ M'/y’ 
ane ft. Sate ft.-lbs. Ibs 

Section $ 
— 

mss Vans) othe | inter) ext. Int. |) Ext. | Int. |) Ext.) Inte) Ext: 

1 2 A245) | 1256) 1056) 14-6 |e 25 er 2259) 92256) =20n6e zea lel 

2 Zim Zone 22°46 20 oianaoo 8 | 48.8). 47.21-89.0] 37.7) 1.92): 1.54 

3 2h 2623], 29427 2) SUG ete ie cea oe Cali feller 2 fr ele cede) (Ol ee 

4 ZOO ZONO || Oo LOlao2 coll OOM 3 | 96.3] 95.7) 57.8} 57.5) 1.84) 1.61 

5 24 |24 35.0} 33.0} 37.0 O |120 |120 60.0} 60.0! 1.82) 1.62 


Values of H were obtained by substituting in the formula 


Hee 2P ek ey ds 2h, 


w ” 
2-48'x % and 248'x %at 1 
2-48 x %"and 2-48"x %"at 2 
2-48'x %"and 2-48"x kat 3 
od : i 
2-4 


¥ neg i” 

mane -48x % and 2-48x Mat 4 
1 Scale 1=20 8"x 5%” Meviateb 
= 4-6 x 6x % angles 


2 
2 
le 
on am 
“x 2-60°x 36 webs 
a See 
oO 
nies em 2 
|sex2_| 
back to back 
WN of angles 
Pa re . 
= 5¥ Section . 
be leet Scale: f= 1 ft, 


Fic. 146 


Values of H and aE: were plotted (Fig. 146a) and the areas of the influence 


; i 
diagram included between the H and the a lines, were determined by 


means of a planimeter. These areas must be multiplied by y’ to get 
the true M-areas. 

108. General Method of Solution for Any Arch Rib by Means of 
Elastic Weights.—The majority of two-hinged arch ribs occurring in 
American practice are solid or open-web steel girders with either a 
parabolic or rather flat circular axis. The variation in I may or may 
not closely approximate that of seca; in any case, as noted under 
Art. 103, the above theory gives a tolerably satisfactory approximation— 
sufficient for designing purposes in all ordinary cases. Where a more 
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Areas of Influence Diagrams 
Seotion Intradosal Extradosal 
ae — Net + _ Net 
1 8.29 3.40 +4.89 3.54 U5eve —3.86 
2 5.47 3.24 +2 .23 3.09 5.46 —2.37 
3 4.28 2.2 +2.07 2.11 3.90 —1.79 
4 2.67 1.28 +1.39 1.00 2.40 —1.40 
5 1.84 | -12 +1.12 .63 1.90 —1.27 
L. L, Moment, 1000” x : 
Secti Moment Ne L. : ee ae Section 
ection oment, omen 
Center 1000" x = 2 1000” x Modulus 
1 Top | 12170 | 24,600 51,700 | —63,870 | 4265 
Bottom j +11,200 | 43,200 16,320 
2 Top —12,550 | 36,499 64,200 | —76,750 | 5120 
Bottom + 9,790 53,250 31,600 
3 Top —12,220 | 32,000 59,200 | —71,420 | 4760 
Bottom | +12,180 | 56,000 28,900 
4 Top —10,800 | 17,120 41,200 | —52,000 | 3470 
Bottom | + 9,470 | 40,300 19,359 
5 Top —10,150 | 11,170 | 33,750 | —43,900 | 2930 
Bottom | + 7,980 | 29,200 11,400 
Sections Chosen 
Section Modulus Section 
- Section e 
Required Supplied 
it 4265 4270 2-60 X 2 webs |2 cover plates, |2 coverplates, 
4-6 X6X 3 48X# 48 X ve 
angles 
2, 5170 5170 do do 48 X3 
o 4760 4790 do do 48XF 
4 3470 3530 do 48 X 3 48 X 5 
5 2930 3010 do do 
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exact analysis is desired, and for markedly irregular cases where the 
above theory is inapplicable we may proceed as follows: 
We write the general equation for horizontal thrust 


|; emmmmren yong BU ER eG 105 


or if it be desired to include axial thrust 


M'mAs 
f= ee 


mAs Lig COS a’ 
HI EA, 


where As is any small length along the arch axis, and the summation 
extends over the entire arch. 

In either case the denominator, as regards the loading, is a constant 
which for any given arch need be computed but once. If we wish to 
study the effect of a moving vertical load unity, M’ becomes the simple 
beam moment, for a span equal to that of the arch, due to a vertical 
unit load. We shall call this my. m in equations (a) and (b) is 
the moment at any point of the arch due to a pair of horizontal unit 
forces applied at the reaction points. To avoid confusion we shall call 
this my. Then the expression 


M'mds 
EI 


becomes 
Mymp7AS 
(I 


If the vertical unit load is applied at the point q (Fig. 147), then 


6’7q = deflection horizontally at H due to unit vertical load at q 
ah mympAs 
a ioe 

and 


6’9x = deflection vertically at g due to unit horizontal load at a reaction 
point (B in Fig. 147) 


MymyAs 
JHE 
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These quantities are obviously equal, which means that if M’ is 
the moment at any section due to unity at q, the numerator of (a) (which 
is actually the horizontal displacement at the support due to the unit 
vertical load, arch acting as a simple curved beam) may be interpreted 
as the numerical equivalent of the vertical deflection at q due to a unit 
horizontal force at the support. Obviously then the vertical deflection 


j MyMyAs _.MmAs _j7: 


Fic. 147 


diagram for all points in the arch axis due to this pair of unit horizontal 


ee M'mAs : 
forces, represents the variation of oS EOS 8 unit load passes 


across the span, and is therefore to some scale, the H influence line. 


2 
Calling o = C, we have, for # constant 
M’As MymyAs 
ee pegs 
= RU, eee, CG Fee 
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We may apply here with slight modification the principle of elastic . 
weights—that any simple beam deflection curve may be obtained by 


moment ,. : 
fae diagram as a load curve and constructing the 
moment diagram for this fictitious loading. We have, since my = y 


and As = Az seca, 


treating the true 


myAs _ yAxr 
I I cos a’ 


and £6’ = moment in beam AB due to a distributed loading equal at 


any point to ee 


It will generally be most convenient to divide the arch axis into 
yAs _ _yAx 
reasonably small segments As and compute Toe Teo 
Then assuming these quantities to act as loads (through the center 
point of As) on the simple beam AB, we may construct the moment 
diagram (Fig. 147d) either graphically by means of the string polygon, 
or by ordinary calculation. The ordinate to any point of this curve is 
M’ : : : 
equal to Ds =m for a unit load applied to the arch at the point where 


for each one. 


the ordinate is taken, and is therefore equal to C X H for a load at this 
point. 

This method will apply to any two-hinged arch rib and may be 
carried to any desired degree of accuracy by taking the segments suf- 
ficiently small. Satisfactory results will usually be obtained if ten to 
fifteen sections are used. 

109. Example.— Determination of true H-curve for the arch of Art. 
107. The data and results are completely shown in Table A. The 
values in column @ were obtained by calculating the moments at tenth 


points in the simple beam span of 240 ft. loaded with the ws values. 


The half division at the end was omitted; experience indicates that its 
effect is usually negligible. 
As a typical calculation we may note that for section 2 
1.598 


R = 4.216 — SIS a 3.42. 


Me = [RX 2X 24 — 24 X .36] X 12 = 1866. 


The close agreement shown in columns © and @ would indicate 
that although the actual variation of J is quite different from that 
assumed, the formula for H is accurate enough for design purposes. 


THE TWO-HINGED ARCH 265 


TABLE A 
OLe@*@ | @:.|- © ® ® ® 
; As | y-As-| y?As | DM’y-As ioe 
Sect: As : E 
lon} y 8 7 7 7 T H (Formula) Error 
sae ft. |ins.—?] ins.—2 |ins.— ¥ | lbs.-ins.—! |- lbs. Ibs. 
1 12.6 | 26.4 |.00238| .360| 54.4 985 -411 421 |+2.5% 
2 22,4 |/25.4 | 00187;-° -503) 185.6 1866 778 -795  |-+2.2% 
3 29.4 | 24.65).00196) .691) 244.0 2603 1.086 1.09 +0.3% 
4 33.6 | 24.2 |.00264| 1.064) 427.5 3141 1312 1.274 |—2.8% 
5 35.0 | 24.1 |.00380} 1.598] 671.0 3267 1.363 1.34 —1.6% 
> =4-216|15383.5 


110. Approximate Method. 
Equation (51). 


eee ot — 218 + 4), 


gives the influence line for the horizontal thrust as a fourth degree 
parabola. If we replace this by a common parabola of equal area (which 
according to the theory of least squares should give the closest approxi- 
mation) we shall have, if ym = mid-ordinate of the equivalent parabola, 


uml = 5 EP fh — 28 + Wk = Fee 
and 
Wee 
ie silo ee 
and the approximate equation for H is 
hf PU ao ps aan 


If we substitute this value in the equation for the reaction locus 


_ Viki _ Pl — k)kL 
Yor = H ae H ? 
Unpar eee eS S o A eeeeoe) 
i.e., the reaction locus is a horizontal straight line ¢ h above the support 
fovel (see Fig. 148). 
This method furnishes an exceedingly simple solution for the para- 


bolic arch rib with J varying as seca. The maximum error involved is 
about — 4 per cent at the center and + 10 per cent at the ends. For 


we have 
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the central 3 of the span (in the region where the loads are most impor- 
tant), the maximum error is about 5 per cent, and since the positive and 
negative errors tend to balance for the maximum loading at many 
sections, the error is still further reduced. For most arch ribs the 
analysis on this basis is probably as accurate as the data will justify. 
111. Effects of Temperature and Yielding Supports——From the 

, 


formula H = — x, recalling that 6’ is the horizontal deflection at the 
a 


support, due to any cause, in the arch acting as a simple curved beam, 
if a = the coefficient of expansion of the material, a change in tempera- 
ture of ¢° will cause a thrust to develop of 


Fig. 148 


If it be desired to estimate the effect of a slight horizontal yielding 
of the foundation, a similar method may be followed. If the yield is 


Ay we must have 
: ie 


J mods’ 
ae 


B. Tur SpaANDREL-BRACED ARCH 


H=— 


112. Formula for H.—The method of obtaining the horizontal 
thrust for a spandrel-braced arch of the type of Fig. 140 has already 
been indicated in Chapter II, problem (g). We have (assuming con- 


stant EZ) 
S’uL 
’ pened ; 
Hehe x ea Bare 9) 


Oln meee ‘ 
A 
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where 
S’ = the stress in any member due to given loading, arch acting as 
a simply supported truss; and 
u = the stress in any member due to a pair of inward horizontal 


unit forces acting on the same structure. 


As in the arch rib we note that 61 is a constant with respect to the 
applied loading, hence the diagram for 6’ must to some scale represent 
the H-diagram. 

113. Influence Lines for H.—First Method.—Since the horizontal 
displacement at the support due to a vertical load unity at any point, 
say q, on the span, is equal to the vertical deflection at q due to a unit 
horizontal force at the support, it is clear that if we construct the deflec- 
tion diagram for all points of load application due to this latter loading, 


then the ordinates to this diagram multiplied by the constant = will be 
1H 


the influence ordinates for H (see Fig. 149). This deflection diagram 
may be constructed by means of a single Williot diagram drawn for the 
truss loaded at each support with H = 1*. This will ordinarily prove 
the simplest method for the influence line construction. 

114. Influence Line for H.—Second Method—The value of the 
vertical deflections 6’ for the horizontal unit loading may be obtained 
by the method of elastic weights i in a manner analogous to that described 
in Art. 108. It was proved in Chapter I, Art. 24, that the deflection 
diagram of a simple truss may be papresented by the moment diagram for 
a simple beam of the same span under suitable elastic loads. In the 
case of the spandrel braced arch it may be shown that the influence of 
the distortion of the web members on the value of H is generally negli- 
gible.* (We should note that this does not mean at all that the influence 
of the web members on the deflection is negligible; it simply means 


that a is nearly the same, whether the web members are considered or 


not.) The elastic loads for the chord members are the values of 
change of length 
moment arm 


and are applied vertically at the moment centers. 


These values of = are readily computed (a1 = in) and the con- 
struction of the moment diagram algebraically or graphically is then a 


simple matter. 


) 


*For a complete discussion and numerical comparison on this point, see H. 
Miiller-Breslau, “Graphische Statik der Baukonstrukstionen,” Band II, I Abteilung, 
pages 240-242. This study indicates that for all the larger ordinates to the influence 
line, the error is about 1 to 2 per cent. 
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115. Influence Lines for Truss Members.—Having determined the 
influence line for H, the influence line for any member of the arch truss 
may be found without difficulty. These influence lines may be drawn 
in several different ways. Remembering that 


S = 8S’ + Hug, 


Si (b) 


: 
H-curve = Su 


Fig. 149 


where S = true stress due to a given loading in any member of arch 
truss 


S’ = stress due to a given loading in any member of arch truss 
when the horizontal reaction is removed, 
and uy = stress in any member due to H = unity. 


We may draw the influence line for any member due to simple truss 
action, and correct each ordinate by H X uz. H will be obtained from 
the influence line and uy from the table used for the construction of the 
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Williot diagram. This method is simple and results in influence lines 
drawn to a horizontal base. It will be somewhat more expeditious to 
follow a scheme similar to the one used in the analysis of the arch rib, and 


combine the simple truss influence line with the influence line for H. 
Thus 


, 
Ss = 3S’ + Hug = tue = + 11) 


and if we draw the influence line for S’, dividing each ordinate by the 
constant wy, we may combine this influence line directly with the H 
influence line, as indicated in Fig. 149c-e. Ordinates to the shaded 
curves, multiplied by wz are the influence ordinates for the stress in 
the corresponding member. 

116. Approximate Methods.—The formula for H (Equation 51) 
could not be expected to apply to a spandrel-braced arch, except as a 
very crude approximation. Since the formula for H 


rs 


pe eee 


ui 
yee 


aoe 


cannot be applied until the sectional areas are known, some preliminary 
assumption must be made. If data are available on a somewhat similar 
type of structure already designed, this will greatly aid in selecting pre- 
liminary section values. These, substituted for the A’s in Equation 55, 
will give a first approximation for H,from which a complete set of 
stresses and sections may be made out. If the sections so obtained 
differ markedly from those assumed, the calculation is repeated until 
substantial agreement is obtained. 

In case no data such as referred to in the previous paragraph are at 
hand, an approximate value for H may be obtained by assuming all the 
sections equal, in which case the equation becomes 


_ 2S'ub 
~ SwL 


A still further simplification is sometimes made by assuming all the 
lengths equal, whence 
jg = DS'u 

Vee 


It is seldom necessary to repeat the calculation more than once. 
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Ze 
Sas 


” u ww ” 
Up 24.89 Uy 24.80 Ug 80.29U, 24.89 Uy24-89 


(d) 
Fie. 150 
TABLE A 
Member 
Uo—U, 
Ui—U2 
U2—Us3 
U3s—Us4 
Us—U;s 
Io—Ly 
Ly —Ie 
Lo—Ls 
L3—Ls 
I4—Ls 
Uo—Lo 
U,-l1 
U2—Lz 
U3—Ls 
Us—L 
U;—Ls 
Uo-—Ly 
U,—-Lz 
U2—L3 
Us—Ls4 
Us-—Ls 
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117. Example and Discussion. 
Figs. 150 to 152, together with Tables A and B show the complete 
solution of a two-hinged spandrel-braced arch. The areas* and 


&Ls INFLUENCE LINE ORDINATES FoR H 


Location of 
] f H 
Unit Load vee 


Fig. 151a 


* The arch used for illustration was originally designed as a three-hinged arch, 
and the areas in the table of Fig. 150 were so obtained. 
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lengths are given in Fig. 150a; Fig. 1506 shows the stress diagram for 
a pair of unit horizontal loads at Lo and. Lio, arch acting as a simple 
truss. Fig. 151a shows the corresponding Williot diagram; the ordi- 
nates to the H-influence line are tabulated at the right of the figure, and » 
the influence line is shown in Fig. 151b. Figs. 152a-e shows the con- 
struction of the influence lines from which the stresses due to live load 
may be obtained. It will usually be accurate enough to follow the 
general method illustrated in the swing bridge problem of Chapter IV, 
pp. 186-8, and treat the influence lines as approximate triangles for the 
purpose of obtaining the equivalent uniform load. For U;U2 for example, 


: : ve! ; 
if AcC be taken as a triangle, we have aie A, and the proper equivalent 


load will be obtained from the tabular value for the .4 point in a 77 ft. 


eis ee for H 


Fie. 1516 


span—since C is 77 ft. from the left end. Table B gives the results for all 
members. The dead load stresses are taken from the calculations for 
the three-hinged arch, it being assumed that the structure acts thus for 
dead load. 

118. The preceding calculation illustrates fully the method of pro- 
cedure in analyzing an arch of this type. The correctness of the anal- 
ysis will be indicated by a comparison of the sections designed to fit 
the stresses of column 13, Table B, with those originally assumed. If 
the discrepancy is considerable, a second calculation must be made 
using the revised sections. Since this calculation is identical with the 
preceding except that the new section areas are used, the work need not 
be carried further here. 

119. Deflections of Two-hinged Arches.—The deflections for any 
arch rib may be found from the formula 


nes B Mmds 
Perea osha! 
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where M and m are the moments in the arch due respectively to the given 


loads and to unit load at deflected point. “But it is usually easier to 
solve the deflection problem by splitting it up into the deflection due 


| 
Mom. ple of Reaftion (V) for UiLa 


Arm of U,L! 
Uz Us Ug |Us a 
AZ ne 
PA Ugh [Ls 


7 (a) 


d et i 


st Ree Fe actor == | ——_—_ber 
¢ r= FE Poe Amn of Member 


Unity 


A 


UL 
2-3 = 
nelined Web Liles as G 


mes Age aaa ke: 
€ Factor Yu 


Arm of, Member ( e) | 


Fig. 152 


to the given loads, arch rib acting at a simple beam, and the negative 
deflection due to H (again the arch acting as a simply supported curved 
beam). 


ARCH 
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; _ (2 M'm'ds BM 'myds 
b= 0 bam f EI eal EI 


oe 8 IM indce Byds_, 
a il al yom. - (56) 


The primes are introduced in the notation to indicate that the 
moments are simple beam moments. If the point whose deflection is 
sought is distant kl from the left support, m’ equals (J — k) x or 
k (l — x) according as the section is to the left or the right of the deflec- 
tion point. Le is thus easily evaluated where y can be expressed 


ys 


B 
as a simple function of z. We also note that Sem! is numerically 
A 


equal to the moment at the point of deflection in a simple beam of the 
same span as the arch, acting under the elastic loads applied at the 


center of the sections As. 
If J varies as secant a, i.e., J = I, sec a, the first term in the right 
hand member of (56) becomes 


B M'mds B M’'m/'dx 
= = oa Se eee 
f, EI, sec a if EI, (om) 
which is the formula for the deflection of a simple beam of span AB 


and moment of inertia equal to Jc. 
Similarly for the arch truss, 


ae) 2 ; / 
Stan Oe Sul _ wUnl (58) 
where S’ and wu’ are respectively the stresses in any member due to the 
given loading and to a unit load at point whose deflection is sought, 
arch acting as a simple truss. uy is the stress in any member due to a 
i 
horizontal thrust of unity at the support. seal is the vertical 
deflection of the point where the unit load producing u/ is applied, due 
to the horizontal force of unity, and all values of this summation are 
therefore obtained from a single Williot diagram, as explained in Art. 113. 
If this construction was used to obtain the influence line for H , these 
S’u’L : 
AE” which 
may be done algebraically or by means of a displacement diagram. 


data are already known, and we need only evaluate 
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SECTION II.—THE HINGELESS ARCH RIB 


120. General Equations.—(a) Unsymmetrical case. If we select for 
the statically undetermined base system, the curved cantilever beam 
AB, Fig. 153 (with the end B fixed) and to this beam apply the loads P 
and the undetermined reactions X., Xz, X. as shown, we have for the 
three necessary conditions to determine these reactions that there shall 
be no horizontal or vertical displacement and no tangential rotation 
at A. From eqs. (29), Chapter II, we have at once that 


ba = 0= O4 te Xgbaa = Xp Sap ae X bac 
Op =o) = 8’» + Xone OX oy + X Ove 5 are ry (59a) 
6 =0= 8'¢ + Xadca t+ Xodcr+ X Sec J 


Fie. 153 


These equations solve readily for the X-values. Probably evalua- 
tion by determinants is the simplest method. We have ; 


5’ Ono One 
Ne Sep 5c 
baa Sab 6ac 
Ova 8vp Sne 
Sca Oep bce 
5’ a( bn 5ce ni 5p) + 8’y( bav dec ap Spc Sac) + 6’ ¢( Onc Ova =e 5yp 5ca) 


ass 59 
800( baadcc ae bac”) =— 2 bav90c9ac a (67 ab Occ et] Ope Oun) 4 ( 


Sc bap a 


and similar equations for X, and Xc. 
Using the following notation: 


M’ = moment at any section of cantilever AB due to applied loading 
Ma, = moment at any section of cantilever AB due to Xq = 1 
m» = moment at any section of cantilever AB due to X, = 1 
m, = moment at any section of cantilever AB due to xX, =d 
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and applying the general deflection formulae of Chapter I, we may 
write out any of the nine deflection values (it will be remembered that 
da = doa, etc.). Thus (neglecting the effect of rib shortening as is 
practically always done for working formulae),* 


re ? M'mads. ¥ Pmads a P maids | - B mam.ds 
(Pie y EaPY AS eee Ry a 4 EI ) ab \ EI y ac Ma EI , 


If we change to the ordinary notation for the statically undetermined 
forces, 


Xo = M, X» = Hi, Bos ae Vi 


Ma = 1 mM =Y mM; = x 


Then 


5! ‘ M'ds 5/ if M'yds., Ip M’xds 
fiona Die ig are. 

oeeee e py 048 pare ea yf 

B ds B yds il Bxyds 

WT? bw = ay Dee = TT) Bw ib (60) 
if Ee ee ) EI nd 
rie B yds ue B xds as xyds 
ame Poe 7 caer snaty ejens Na tae [9 51 


When the equation of the arch axis, the variation of the section from 
point to point along the axis and the loading are known, all the above 
integrals are readily evaluated. Where the axis is not a regular curve, 
or the variation of J does not take a simple form, it is usually best to 
divide the axis into small finite lengths and replace the integrals by 
summations, thus: 


baa 


“4 M'yAs 2As xAs 
6’ Ee ¥y cae. Y One ——g = (60a) 


os GSHIae eee tee cane ED’ ete. 
A 


This condition is usually met in the case of reinforced concrete arches 
—the most common type by far of the hingeless arch rib. If the arch 


* The same observations apply in general to the hingeless arch as to the two- 
hinged arch (see page 252) on this point. For a parabolic arch in which J varies as 
sec a, for a rise = one-eighth of the span and crown depth = one-eighth the rise, the 
rib shortening effect on H would be approximately 1.7 per cent. In Turneaure and 
Maurer, “Principles Reinforced Concrete,’ pages 361-362, complete calculations 
are shown for an arch with arise = one-fifth of span, crown depth = one-eighth rise, 
but with the axis varying considerably from a true parabola, and with J increasing 
very much more rapidly toward the springing line than sec a. For this case, H,, 
omitting rib shortening, = 76,700%; H (due to rib shortening) = 1240%, a dis- 
crepancy of 1.6 per cent. 
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ring is divided into, say, twenty sections, the results will be accurate 
enough for all ordinary cases. In very long spans and for certain 
special conditions, smaller divisions may be required. 

Equations (60) and (60a) substituted in the general equations of 
Art. 120, will suffice for the solution of any fixed ended arch. ~Most such 
arches as actually built are symmetrical, and in such case considerable 
simplification in the work may be effected. 

(b) Symmetrical Case. We may conveniently divide the arch into 
two equal cantilevers 
by a section at the 
crown, and take for the 
statically undetermined 
quantities the crown 
shear, thrust and mo- 
ment (see Fig. 154): 
We assume x positive 
to the left for the left 
side, to the right for the 
right side, and y positive downward. The deflections 6 in this case are 
the relative deflections of the cut faces at C. We may write at once 


Fig. 154 


Me = 1... for both right and left halves of arch ring, 


Mm = _ for both right and left halves of arch ring, 
7 —«.. «for left, half 
ss | +... for right half. 


We shall then have:— 


pies A Mids | B M',ds — oe BM'ds 
papa 8 Sena EI Pere 


an a Or ee ees 5 M'yds 
‘ Cc EI Cc EI , 


A 
es Mieds , B PaaS 
ego. fae hae 
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The general equations of condition (page 277) now reduce to 
ba = 0 = 04 + Xabaa + Xo 80a, 
d& = 0 = 6 + Xada + Xp dv, 
d= 0 = 640 Xiebes, 
whence 


Xg=— 


, Bis) i — : 
Bebo — Sobm, y, Saban = Sab, yy Be 


5aa5v0 ey ap ; Saa Sov saa) 6? ab ‘ 


Using the ordinary notation for the statically undetermined quanti- 
ties X, = M., X, = H., X- = V., and substituting the values for the 
6’s derived on page 277, we have finally (if E is constant) 


amiss tee fire 
I I ei I 
A A A A 
M, ae ae ee veer a he . (62) 
I I I 
sala BM a = ds B ie oes 
z: a _ 
we 
rite * pewath 
£ I 
— soe. 6A) 


B yds 


I 


(63) 


Ve 


A 
From the general equation for 6, we get 


fi 
Sea Xoboa + Fo Fe 
Oaa 


X= Mo = — Old, Meme 


a more convenient form for numercial evaluation if H, is obtained first. 
: ds . 
For irregular cases, or any case where y and 7 are not simply 


expressed as functions of x, we proceed as indicated on page 260, divid- 
ing each half arch into a number of finite lengths As, computing the 
average J for the portion, and substituting = for a and then taking 


(x, y) as the coordinates of the center of the section As, and replacing the 
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integral signs by summation signs. Eqs. (62), (63) and (64) are thus read- 
ily evaluated. By taking the lengths As sufficiently small, the results may 
be obtained to any desired degree of accuracy, as noted previously, for 
symmetrical arches of ordinary span. All practical requirements will 
usually be satisfied if the half-arch is divided into 10 divisions. 

Having obtained the moment, shear and thrust at the crown, we 
may obtain the moment at any point from the equation, 


M=M'+M,-—-Ayt Vea. 


The moments (M, M’, M.) are considered positive when they tend 
to compress the outer fiber; H. and V, are positive when acting as 
indicated in Fig. 154. The plus sign before V, applies to the right side 
and the minus to left side. 


Note.—Since most of the applications of the hingeless arch theory which the 
engineer is required to make will be to reinforced concrete structures, it may be worth 
while to note the small modifications necessary to bring equations (62), (63), and (64) 
into conformity with those usually found in special treatises on the concrete arch. 
There is unfortunately no universally accepted standard notation, but it is believed 
that the form of arch equation most widely used is that given in Turneaure and 
Maurer’s “ Principles of Reinforced Concrete.” (Also followed in Hool’s special 
treatise on “ Reinforced Concrete Arches,” and used in Hool and Johnson’s “ Rein- 
forced Concrete Engineer Handbook.’’) 


We should first note one important simplification which is almost 


universally used in the standard analysis of concrete arches. * 
Instead of making the divisions As of equal lengths or of arbitrarily 


P antes As . 
varying lengths, we may adjust the divisions so that > is a constant, 


and in such case of course, the term disappears entirely from the formulas 
for H., M, and V.. If we use the notation “m” for the cantilever 
moment instead of M’, and note that if n = number of divisions in the 


half arch, . 
rads _ +> 48 _ o,48 
aed eae ie eet 
= A 


equation (63) at once goes into 


B B Cc B B Cc 
Simy-2n —Sim2>0y n> omy — Sim Sy 
A A A = A A A 
H, = B 5 aa C cei C ’ (65) 
(2>») — 2n-2dy? al (>i) — >e| 


* Due apparently to Robert Schénhofer —“‘Statische Untersuchungen von Bogen 
und Wélbtragwerken.”’ 
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and similarly 


B Cc 
m + 2H, y 
ee . 
[,=—- an tg eee ie OO ea Cte 
B 
> (me Tr Myz)x 
=e OT ~. (67) 


These are probably the most convenient forms for the equations for 
any case of the symmetrical fixed arch where the integral expressions in 
equations (62), (63) and (64) are not easily obtained. 

121. Alternative Forms for the General Equations.—(a) If the 
origin of coordinates (see Fig. 155) be shifted downward to the point o, 
a distance c, it will be found that the equations for 51a, 5a, Suc, ete. 
(see page 279) remain in the same form as before. If then we take a 


Cc 

value for c such that . = 0, ie., the axis of x passes through the 
A 

center of gravity of the quantities 2 (the “elastic center”; see page 


140), 5 vanishes. Since the remaining expressions for the 6’s are 
unchanged, we shall have from eqs. (61), (62), (63), and (64) 


fo 
eeu st eo . (62a) 

Oaa Bds 

ok 
pe 
Se aie ee ar (63a) 
= Bs ae 
A I ; 


Xo = Vo = V- as in eq. (64). 
For the irregular case, eqs. (65) and (66) become 


B 


Mo = = Sa oe Rete Ne be i 


Ho ci Bde 4 5 i ates ° . Q (65a) 
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It will be seen that this transformation results in very simple and 
elegant formulae for the unknowns. The determination of the distance 
c is readily made. Taking the origin at the crown, and calling the 
y-coordinate referred to this origin y’, we must have the distance to the 


elastic center O. 
f- y'ds 
I 
Pg a PR oe Le NC) 


or in the case where a summation of finite quantities <= is used, and 
As . 
= is made constant, 
ay 
ae oats “Yy 
Yor Fx tithe g, SE Jed atonal aS ee etm GS) 


When an arch solution is to be made for but one or two load condi- 

tions (the most common practice is to investigate two cases—(1) full 
dead and live load and (2) dead load plus live load over half * the span), 
it may well be noted that the actual simplification of the work is not in 
proportion to the rela- 
tive simplicity of for- 
mulas (65a) and (66a) 
compared with (65) 
and (66). The greater 
part of the tediousness GQ) 
of the solution lies in 
obtaining the various Fic. 155 
summations, Dy, Ly’, 
D2x2, =m, etc. After these are obtained numerically, it is but a few 
minutes’ work to substitute in eqs. (65), (66), and (67) and obtain the 
crown thrust, moment and shear. It will be observed that in locating 
“the elastic center O and in evaluating Mo and Ho precisely as many 
different summation quantities are involved as appear in eqs. (65) and 
(66). The only advantage of the elastic center solution then lies in 
the simplified forms of the final equations for H and M, which we have 
just pointed out is of relatively small moment. 

Where influence lines are to be constructed, the method has. other 
advantages which will be discussed in a later article. 

(b) It has been noted many times in the preceding chapters that in 


* Placing the live load over five-eighths the span is a not uncommon practice. 
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most cases of analysis of an indeterminate structure, more than one form 
of simple structure may be assumed for the base system. In the fore- 
going analysis of the fixed arch, we have assumed two symmetrical 
cantilevers; in article 120a (see Fig. 153) we assumed a single cantilever. 
If instead, we assume a simple curved beam as in Fig. 156 (this will 
serve, of course, for an unsymmetrical case equally well) we may 
write the three equations of condition in the following form: 


Fig. 156 


(1) The deflection at A of the curved beam A-B, referred to a tangent 
at B must equal zero, therefore (from general equations of Chapter I) 


B Mxds MadAs 
a Te = 0, or es teas = 0, + INES re ente (a) 


if H = constant. 
(2) Likewise 


Mb 
> = nko ute 


(3) Since there is no relative horizontal movement of A with respect 


to B, 
oe 
eee rsd 5 
whence 
pa Seer a 
Now, 
M=M'+aMz,+bM,+HoR. . . (69) 


M’, M4 and M,z are taken positive when causing compression on the 
top (outer) fiber; H will therefore be regarded as positive when acting 
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outward. Substituting (69) in the fundamental formulas (a), (6) and 
(c), we get, since 2M ,ab = M4zab, etc. 


EM’ a 4-°M cab + Mle? + HRs =O 2). 0) 
=M'b + M,=b2 + Mzzab + HRI =0, <. . (71) 
SM'y + Madvb + Metov + HREP=0.- ... . (72) 


Explicit expressions for M4, Mz and HR are readily written out by 
means of determinants, thus— 


{ — DM'axab>v? + 2M’'b(2av)? — 2M’vrbvra? 

+ SM'v>Dabrav — =M'brda? Xb? + ZM'azavrbv } 

{ (Sab)2D02 + Db?2(Lav)? + (Zbv)?zZa? \ : 
— Da2>b2Dy2 — 2DabLav=zbv 


M hes (73) 


These equations are exceedingly clumsy, and it will usually be 
simpler to substitute numerical values for the summations in equations 
(70)—-(72) and solve these for the moments and thrust. 

As noted, the preceding equations apply to any type of fixed arch 
and they are especially advantageous in certain irregular cases.* For 
the standard symmetrical arch, equations (65)—-(67) will involve rather 
less detail. | 

It should be noted regarding this method that for symmetrical cases 
“y”” need only be tabulated for one-half the span, while the values of 
“b” are the same as “a’’ taken in reverse order. 

122. Example.—The following example will aid in making the 
application of preceding methods clear. We will analyze a reinforced 
concrete arch as shown in Fig. 157. The span is 132 ft., the rise 20 ft., 
thickness at crown 2 ft. and at springing line 2 ft. 6 in. Fig. 157b shows the 
graphical process of dividing the arch ring so that = = constant. The 
method is as follows: Several values (usually four or five are sufficient) 
of I at approximately equal spaces along the arch ring are computed, 
and laying off a’ — u equal to length along one-half the arch axis, ordi- 
nates are erected at the proper points equal to the above values of J, 
and a smooth curve passed through them. This is approximately the 
correct I-diagram. Selecting a suitable number of divisions for the 
half arch (10 in this case), and beginning either at the crown or spring- 
ing line (the latter preferably in most cases) with a trial value of As, a 
series of isosceles triangles with corresponding sides parallel are con- 


* This particular form of solution was first proposed by George A. Maney. See 
Trans. A.S.C.E., Vol. LXXXIII, page 664 et seq. 
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True pressure line 


Cc 
Fria. 157 
TABLE A—D.L. + 4L.L. 
Dead Live 
Loads Loads Totals 
i 3800* | 1200 5,000 
II 7650 2400 10,050 
III 7650 2400 10,050 
IV 9500 2400 11,900 
v 9500 2400 11,900 
VI 9500 2400 11,900 
Totelhee onal ae 60,800 
TABLE BD te tele 
Point} ~2 y bd y? My Mp (Mp+my)y (Mp-—my,)x 
i } eae |; ha a 
1 3.00 .05 CONTR Mae te —15,000} | —11,500 —1,400 11,000 
2 9.00 ee 81.0} .109] —45,000} —35,000 —26,000 90,000 
3 | 15.00 .92 | 225.0 .85} —125,000} —90,000] —198,000] 525,000 
4 | 21.25! 1.83 | 450.0 | 3.35} —210,000] -—160,000] —680,000] 1,060,000 
5 | 27.58 | 3.21} 760.0 | 10.30) —360,000| —270,000] —2,040,000] 2,480,000 
6 | 34.25 | 5.00 | 1170.0 | 25.00! —540,000] —410,000; —4,700,000] 4,460,000 
7 | 40.75 | 7.16 | 1660.0 | 51.27, —770,000] —595,000| —9,800,000| 7,100,000 
8 | 47.50 | 9.75 | 2250.0 | 95.00;—1,060,000} —820,000|—18,300,000| 11,400,000 
9 | 54.42 | 13.25 | 2955.0 1175.55! — 1,400,000] — 1,080,000) —32,800,000| 17,500,000 
10 | 62.00 | 17.42 | 3840.0 |303.56! —1,850,000| — 1,430,000] —57,100,000| 26,000,000 
ence SNES Soe 
z 58.92 13,411.5 664.93 — 11,278,000 —125,645,000 70,626,000 
10( — 125,645,000) —( — 11,278,000) x 58.92 
Hee eS yes =93,300* 
2[58.92” — 10(664. 93) | 
70,626,000 
Se OCS F 
Ue 2(13,411.5) 2 
— 11,278,000 + 2(93,300) (58. 92 278,000 
My Ze OS SOD ES PS = 413,900 ft.-Ibs. 


20 


20 
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structed, as indicated in Fig. 157b. Each stands on a base As, with an 
altitude In, and since the triangles are similar by construction, the 
As 
rh 
narily result in an even ten divisions of the distance a — u, and a cut- 
and-try process is resorted to until this result is approximated. 

The loads are assumed to be applied through spandrel columns as 
shown. The load values (for one-half arch) are shown in table A. 
Table B gives the tabular solution for the summations for the case of 
D.L. and 4} L.L. The values of ‘‘m”—the cantilever moments—are 
taken from the string polygon in Fig. 157. 


ratio of — is constant throughout. The trial assumption will not ordi- 


ArcH wiITH Fixep ENDS 


Solution by elastic center method 


132 


Fig. 158. 


TABLE D 


Point Old “‘y” | New “y” 
1 .05 + 5.84 
2 .3o 5.56 
3 .92 4.97 
4 1.83 4.06 
5 Sno 2.68 
6 5.00 +  .89 
Ts 7.16 = 1,27 
8 9.75 — 3.86 
9 UBIO. =. 7,36 
10 17.42 _ 11.53 


10) 58.92 


289 


THE HINGELESS ARCH RIB 


‘000‘66+ =" Ww 
"002‘929—T1 FIX 006‘S6— 99 X 0962+ 00924 X F+092 FFF T=" MW — 
‘00L°22-— =7W 
‘002929 — IL FIX 00696 — 99 X 0962 — 00809 X $+ 0008061 = 7 — 
006‘S¢6+ =H oOLTI —="W 
0c6z+ =A f, WZ = |009‘808'09— (FE9 000‘¢9g+ = 006'S6 X68'°S="X H 
%, WZ = 000'0Z2‘6L+ (008'92 00s‘est‘9¢— = 44, w= - €0L'9L9— =" 
Oos‘est‘9z—_ |008‘Fz9'FE-— =47.WX iWS=P90'PES‘IT(0Z 
o00‘ses‘6ez— |00z‘zrF'S+ 00z‘s0e‘e+ e6eOr6F+ 0 PE9=cAz 008'9% = eZ 
ooo'ses‘6ez— _|ooo‘sss‘ste+ — jooo‘ge9'se—.__ o0d'sz6‘ze—_—ees‘Or6F+ _|IZ9'e6S‘9+ _|0'ZTE 00r‘eT 
000‘009‘68—  |000‘008‘8TT 000'029'91— |ooo‘ooo'ze—  logz‘zrr‘I+  oor‘soet+  |¢-zet |e¢°r1— | orse [00°29 | OF 
000‘02‘6S 000‘0E2'82 000‘0z0‘8 000‘0¢9‘0T ZSF680'T OTS LEFT I'pG |9e°L — | So6z |er rs | 6 
000‘002'‘68 000‘008‘z¢ 000‘S8T‘e 000‘SS2'F 008‘¢z8 002‘Z0I‘T 6'FL jose — | oszZ\|se-zh.) 8 
000‘0SF FZ 000‘028‘ZE 000‘192 — 000‘¢z0'T— 00866 GZS ‘S08 OE N26 Er = | 09ST NGk 0M eZ 
002 ‘@FF'S+ 00z‘e0¢"e+ 
000 ‘OFT ‘FT 000‘0FT‘6T 000‘29¢+ 000‘L6F 009‘ZIF ¢18‘8¢¢ 8 GSsesi Obs SiGe caleeO 
000‘0¢9'2 000‘00¢‘0I 000‘¢ez+ 000‘0Z0‘T 8ZE'FL% os¢‘0se Cle WSO, SOG = Ge iz a eG 
000088‘ 000‘0FS'F . 000‘9F9+ 000‘298 COT ‘6ST GL3‘SIZ P'9T [90> + | OS |Sz'Iz| F 
000‘Ezs‘T 000‘S¢2'T 009°L8—-+ 00¢‘IS¢ 00Z‘88 000‘L1T 9°0G 26°F Fee OG 
008'208 000‘SOF 000‘061+ 000‘0Sz 002‘F8 000‘SF gos j9c'¢ + | I8 0°6 % 
00z‘FE— 000‘¢h+ 002‘99+ 00L‘28-+ oor‘ TI+ 000°ST+- Tre |p8¢+ 1/6 o's I 
rt xT, W AL, WW ATW a WN TW oft fA gt x | yulog 


a WIV 


290 THE ELASTIC ARCH 


The numerical values for the crown thrust, shear and moment, are 
shown at the bottom of the table. From these, a correct reaction force 
polygon may be drawn as shown in Fig. 157c, and the true pressure 
line plotted (Fig. 157a). 

122a. Table C gives the complete solutions by method (6) of pre- 
ceding article. The string polygon CDE of Fig. 157a was used to obtain 
the simple beam moments M’. Itis believed the table is self-explanatory. 

It may be of interest to note the check between the two methods, 
since they are radically different in detail. We should first note that 


; ; ‘ A 
any consistent solution must give from eqs. on p. 284, == = constant, 


XM =00. My = 2Mxz,=0® and TMy = 0. 


For the first method, all three conditions were checked up. The 
errors were 2.6 per cent for ®, 3.5 per cent for @, 3.0 per cent for ®. 
Condition © only was checked up for the second method, the error 
being about 2.5 per cent. These discrepancies are principally due to 
errors in scaling and small inaccuracies in computation. Considering 
the character of the data for the hingeless reinforced concrete arch, the 
check may be regarded as fairly satisfactory. Exact agreement, under 
such conditions, between the thrusts and moments in the two cases is 
hardly to be expected, though from the nature of the case, the former will 
agree more closely than the latter. A close check between the moment 
values requires extraordinary refinement in the detail calculations. 
122b. As a further illustration of method, the same arch will be 
solved with origin at elastic center where H, M and V are applied. 
The subjoined calculations show the complete solution. We first 


/ 
locate the elastic center, O, by the equation yo == (y’ being the ordi- 


nate of any point with the crown as origin). 


TABLE F 
Point| My, Mr Point} My, Mr 
1 | +10,500 | — 3,610. || 6 | +33,512 | —222090 
2 | +25,050 | —17,255 7 | ss0 ol oe 
SB 1 HE27. 88082, 875 8 | —15,465 | —19,290 
4 | +36,160 | —34;505 9 | — 4,253 | +32,540 
5 | +20,470 | —36,000 |} 10 | —42,773 | +51,780 


+250,882 

— 249,036 
=M =+1,786 

Error .36% 


THE HINGELESS ARCH RIB 291 


With the center of coordinates at the elastic center, 5.89 ft. below 
the crown (see Fig. 158 and Table D), the remainder of the solution is 
carried out in Table E. 

Final moments for the various points are shown in Table F. 

These check the condition SM = 0 to within one- -third of 1 per cent. 
Comparison of H, M4 and Mz by the several methods is shown in 
table G. 

TABLE G 


Quantity Method I Method II |Method III * 


H 93,300 93,370 95,900 
My, —39,700 —38,200 —27,700 


Mz +86,300 +83,700 +99,000 


123. Parabolic Arch with [=I, sec a.—Referring to equations (62), 
(63) and (64) and Fig. 159, we may develop general formulas for H,, 
M,andV, just as for the two-hinged arch. The integrals entering into the 


Aaa ; | ae 
equations may be evaluated thus (assuming y= ae, origin at C). 


?ds_y (vide _L. 
Sed Kimani gd eee 


A 
L 
ed Sam Ah cfs 2 AL 
ie Ee x°dt = 573 
‘ [ L?1, 0 Bl 
L 
TEE AULA Pe EY a La 
uf eco rap Metcie Manar ay 
L 
LETS a vied Gleraaenacaee by 
B M'ds 
‘(e— de = — ad > hP; 
Bf Teta), 
BM’yds __ 4Ph PRL 
& ies — kl)x2dz = — “(3 — 8k + 16k); 
f Vi rer p 48I, 
, q 
pe wds ese mi (2 — kl)adr = — d= 3k + 4k), 
A I I. kh 


*A slight difference in the load spacing was taken in the last solution—11 ft. 
instead of 11.125. This would affect the final results quite appreciably. In solu- 
tion (III) all moments were computed, in solutions (I) and (II) the moments were 
scaled. In each case, the results are intended to represent ordinary office practice 
in which no more than the required accuracy for designing purposes is sought. 
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We then have 


H's EC — ee 
(ES ee ; 

M, = PL| : St 

v= -40400 209 peewee 


= HU = WP - Hh; 
Vs — Ve . . . . e . . e . ° ° ° ° (77) 
Vi=5Q-BU+H. . . Se ara. 


Fig. 159 


From the above, we may obtain general expressions for the end 
moments and the moment at any point of the arch. The results are 
given below, the detail will be left as an exercise for the student. 


M,=720-W0~46-5),. 0. 2s. 9) 


Ma AS (S= W)C 4k <0bi) 


( x aN 


l 


These equations give a complete solution for the hingeless arch, 
with parabolic axis and I varying as seca. They apply almost exactly 
to a flat circular arch also, and they give a fair first approximation for 
almost any arch rib. 


= i 2 
Ma+Va(1+) +Ha[1~(F) |; fore >d . 61) 


eae =— 

, , A 

= y) < 
L) 

Ky \ 


: ane ¢ » y \ 
kN > Va ne < 
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124. Influence Lines—Equations 74-81 when plotted for P=1 * 
give the influence lines shown in Fig. 160. For P = 1% we may write 
the equations (74)—(78) as follows: 


A, = ~4Zu; M, = LZmue; Ve = ZV;3 Va = ZV,3 
M, = Limu,; M; = LZm;. 


The various values of Z for twentieth points on the span are shown 
in Table IX. 


TABLE IX 
ZM4 ZV 4 
k Zu ZMo 
Right | Left Right Left 
0.0 0.469 0.0937 0.0625 0.0625 0.500 0.500 
Onl 0.459 0.0493 0.0835 0.0340 0.425 0.575 
0.2 0.4382 0.0160 6.0960 0.0000 0.352 0.648 
0.3 0.388 |—0.0069 0.0995 |—0.0369 0.282 0.718 
0.4 0.331 |—0.0203 0.0946 |—0.0735 0.216 0.784 
0.5 0.264 |—0.0254 0.0720 |—0.1055 0.156 0.844 
0.6 0.192 |—0.0240 0.0640 |—0.1280 0.104 0.896 
One 0.122 -|—0.0181 0.0430 |—0.1355 0.061 0.939 
0.8 0.061 |—0.0102 0.0225 |—0.1205 0.028 0.972 
0.9 0.017 |—0.0031 0.0065 |—0.0790 0.007 0.993 
1.0 0.0 0.0 0.0 0.0 0.0 1.000 


Notr:—Zm, and Zy, are obviously obtained by reversing columns for Zy, 
and Zy,. For a load on right half Vg = Va; for load on left half, Vo = Va. 


In case of an arch for which general equations for the statically 
undetermined quantities are not available in such definite form, the full 
solution (as in Art. 122) must be carried out for a load at a number of 
points. For such cases we may proceed as follows: If the origin be 
taken at the elastic center, O (Fig. 161), we have the equation for Ho, 
for example (see Eq. 63a), 

5’ 


A= Hoole 


where 6’, = the relative horizontal deflection of the faces at C due to 
the given applied loads. To construct the influence line for Hp = Ho, 
we should compute this deflection for a unit load at, say, tenth points 
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across the span and divide the several results by the constant 6, We 
recall, however, that “the horizontal deflection at the crown due to a 
unit vertical load at some point q, is equal to the vertical deflection at q¢ 
due to a unit horizontal load at the crown” (Maxwell’s principle of 
reciprocal deflections). If, therefore, we construct the deflection curve 
for the curved beam AC, loaded with a 1¥ horizontal load at O, we shall 
have, to some scale, the influence line for H¢e. The actual value of Heis 
a 
Son 
obtained from a single deflection curve as noted above and shown in 


The constant 6,, is readily computed, and all values of ie are 


Fig. 161c. This deflection curve is conveniently obtained, algebraically 
or graphically, as the moment curve for the straight cantilever beam * 


AC (Fig. 161b) under a load whose intensity at any point is 2 x & = 
1%y ds 
‘ET dx’ 
the influence line may be drawn as a moment diagram for the canti- 


lever AC suitably loaded. These lines for a parabolic arch (the form 
would be very similar for any symmetrical arch) are shown in Fig. 162. 


A similar method holds for both Mo and Vo (= V.);_ that is, 


* See H. Miiller-Breslau, ‘“‘“Die Graphische Statik der Baukkonstruktionen,” 
Band II, II Abteilung, pages 560-61; also compare article by H. M. Westergaard, 
“Deflection of Beams by the Conjugate Beam Method,”—Journal Western Soc. of 
Engineers, Nov., 1921. 
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It is of some interest to note curves for M4, H4 and V4 as the head 
of a uniformly distributed load of 1#/ft. passes across the span—the 
‘summation influence line’”’ (see the treatment for fixed beams, Chapter 
IV, page 161). Again taking the parabolic arch, the equation for 


a = H, when referred to the right support instead of the crown as 
the origin is (for P = 1%) 
15L 


AN ae ay — 2k + kt); 


If we take P = w-d(kL) = wLdk and integrate the right-hand 
member from k = 0 tok = k, we have 


15wl? (* i 
Hy” = A (k2 — 28° + dk = UE" 38(10 — 15k + 612). (83) 
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Similarly, we have (referred to origin at right end) 
Ma = 4Hah — LIL — k) = Zk? — 8? + 514), 


2 (k 2 
EW = Hf (3k? — 8k? + 5k*)dk = ae Sead ohepiiners: Woe) 
4 . 


and 
Va a Kas aa 2k), 
whence. 


3 
Vit = wh {Ge — 2k3)dk = ey ed Bates apse 4 Sk) 
0 


value of the function (V, H or M) 
for load in the given position, 
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Fig. 163 shows these equations plotted for w = 1% /ft. By their use, 
the moment, shear and thrust at any point for uniform load extending 
from one end, partially across the span are readily obtained. 

125. Reaction Locus.—The determination of the reactions for a 
hingeless arch rib for a single load anywhere on the span may be 
accomplished by means of the ‘“‘reaction locus” method, as was done 
for the two-hinged arch in Art. 106. As might be expected, the con- 
struction for the hingeless arch is considerably more involved since we 
have not only the reaction intersection locus to determine, but also the 
point of application of the reactions at each support. We shall develop 
the method for the case of the parabolic arch with J varying as séc a. 

Referring to Fig. 164, the origin is taken at the elastic center O, and 
the problem is to determine for any load P, distant kl from the center, 
the corresponding ordinates, y; and y,, of the intersection point of the 
two reactions R; and R,, and of the intersection of R; with a vertical 
through A. Obviously, when these values are known, the direction 
of the reaction js fully determined and its magnitude may then be found 
from the force triangle, (Fig. 164b). We shall assume P = 1%. 

Taking moments about the point ‘“k” of all forces on the left half 
of the arch, we shall have 


Hoye — Vok’g — Mo = 0, 


whence 
L 

Vok5 — Mo 
Nall TROT GS 9 SS 5 ; 
yA} 
We Vea SU 

4 

Br, Le ees 

Ho = He = gy 5 k?)?, 
i eee 
Mo = M, Hex = 3(1 ice 


“2 +80 - 8? +20 — ap 


seqUt 1 L 
ee — k2)2 
_ 8,1 — bx +2b+4+1)_ 8 
= ah aay = ah... . (86) 


That is to say, the locus of reaction intersections is a horizontal 
line 8;h above the axis of # (through elastic center). 
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We also have by inspection of Fig. 164, 


2—h)0 +k? 


Gece Ya) Va 4 SS iol: 
Bet 1D RL ee eo a eh) 
wpe 
me SO = en Yi 8s 2 le Wee ale Ue 
2a. Sie ee 


This proportion affords a means to a simple and elegant graphical 
solution. If a unit load be placed at any point k, we draw the line 


ts . 


Fig. 164 


(0) 


kn, and from O draw a parallel line to intersection q with a vertical 
through A. Then nq = Yq = ee and gk gives the direction of 


R,. A similar construction holds for £,. Fig. 165 shows the reaction 
lines drawn for tenth-point loadings. It may be shown that the 
envelope of these lines, MON, consists of two hyperbolas having a 
common point of tangency with the X-axis at the origin and each a 
vertical asymptote through the corresponding support. 

Once the reaction lines are constructed, the moment, shear, and 
thrust at any point are easily determined, and they also offer one of the 
readiest methods of determining the position of live loading for maxi- 
mum positive and negative moments. Thus, if the point n (Fig. 165), 
is at the flange center or kern point of the corresponding section, it is 
clear that any loading from P4 to P7 will result in compression on the 
top fibers; any other load positions will cause tension. 
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The general method of reaction lines may be used in live-load investi- 
gations for any arch as an alternative method to that of influence lines, 
but of course, no such simple solution as that just illustrated for the para- 
bolic arch is in general possible. If the equation for yx is known and if 
the points of intersection r and s of the reaction lines with the X-axis 
can be determined, it is evident the reaction lines may always be drawn. 
The general equations are 


Fig. 165 


Thus, as soon as Mo, Ho, and Vo are known, the reaction line may be 
determined for a load at any point of the arch. 

126. Effects of Temperature and Rib-Shortening.—Temperature 
effect is most readily seen from equations (62) and (63a), referred to the 
elastic center. 

We have 


* See H. Miiller-Breslau, ‘‘Die Graphische Statik der Bau Konstruktionen,” 
Band II, II Abteilung, page 564. 
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and if for 5’, we substitute atL, we have 


Dee ey eo atL 5 
Ho =H; Bde aoa (88) 
A I 
Similarly, 

BM'ds H B yds 

fee is o og en ee 

: Oaa Ss ds B ds Be TK 
, EL pening 
and 
Mea fi ete ee (89) 


If the axis be taken at the crown, the corresponding expressions 
become 

es 

= atl f El 


ie = Bds (8 yds B yds a3 - « » (88a) 
af Et), ET ~ G ET) 
Pees | 
M; = Las (89a) 
Son 


Obvious changes are made for the case where summations are used 
in place of integrals. 

As has been previously noted, the change in length of the axis of the 
rib due to direct normal stress is usually entirely negligible in its effect 
on H and M. If it be desired to calculate this effect it may always be 
done with sufficient accuracy for practical purposes by assuming the 
rib-shortening equivalent to a drop in temperature, and replacing, in the 
ae the hance of leqaimedue 
to thrust (see discussion for two-hinged arch, Art. 102, page 252). 

Equation (88) then becomes 


formula for H just given, atL by 


Hé =—eooommss tt (90) 
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and (88a) becomes 
H cos ale (7 ds 


Ay EI 
e = oe Oa) 


ja “a -e) 
Pero 2 7503 HI 


127. Deflections.—If we treat the hingeless arch as a simple curved 
beam acted upon by the given loads and applied end thrusts and 
moments equivalent to H4, Hz, M4 and Mz, then so soon as we know 
these latter values, the deflection at any point of the arch may be com- 
puted by the standard beam deflection formula, 


pe B Mmds 
ie EE ae 


where m is the simple beam moment, and M = the true arch moment 
=M'+M,.-—-Hy+V-ez, 
if we follow the method of Art. 120, or 
M = M’+aM,+ dM, + HR, 
if we follow the notation of Art. 121 (second method). 


Hé = 


128. Approximate Methods.—The great majority of hingeless arch 
ribs met with in ordinary practice have either a parabolic axis, a flat 
circular axis, a compound circular axis, or an elliptical axis. Most of 
these types, though not all, may be fairly closely approximated by a para- 
bolic axis. Marked differences will be found in the case of concrete 
arches in the variation of J, but it is tolerably well established that unless 
this difference be very great, the effect on the final values of the statically 
undetermined quantities is rather slight.* It would appear then that 
fair approximate results might be expected from applying the formulas 
for the parabolic arch with I = I, seca. Actual computations bear 
this out for ordinary ratios of rise to span—} to }1—and for ordinary 
variations of J. A fairly typical comparison is shown in table A. The 
arch selected is analyzed rigorously by means of influence lines in 
Turneaure and Maurer’s “Principles of Reinforced Concrete Con- 
struction,” page 362 et seq. The span is 100 ft., rise 20 ft.; the axis is 
not parabolic nor is the variation of J in proportion to seca. [I, = 138; 
sec a, = 1.285 for a parabolic arch of the same rise and span; therefore 
I at springing line should equal 1.78. The actual value is 4.33]. 


* For a full discussion of this point with numerical comparisons, see J. Pirlet 
“Statik der Baukonstruktionen,” Band II, 2 Teil, pages 274-281. 
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TABLE A 
Hy M, Ve 

Point 
: Actual Approx. Actual Approx. Actual Approx. 
Value Value Value Value Value Value 
Crown +1.25 +1.15 +4.54 +4.60 —0.50 —0.50° 
4] +1.14 +1.08 +0.80 +0.70 —0.36 —0.36 
2] +0.88 +0.85 —0.78 —1.10 —0.21 —0.21 
a +0.48 +0.48 —0.92 —1.20 —0.10 —0.10 
4] +0.14 +0.15 —0.37 —0.50 —0.02 —0.02 


The first column gives the distance from crown to the point consid- 
ered (J = half span), the remaining columns are self-explanatory. 
There is a considerable percentage error in the relatively small moment 
influence line ordinates at the 2 and 3 points of the half span. For all 
other values the agreement is remarkably close. 

From the preceding considerations, it seems justifiable to assume that 
any ordinary arch rib may be analyzed with a fair degree of approxima- 
tion by substituting the parabolic arch with I = J, sec a, and that for 
many cases, the results are so close that they may well be used in lieu of 
the exact values. 

For more elaborate approximate methods, reference may be made to 
Hool and Johnson, ‘Concrete Engineers Handbook” (Section by 
Victor H. Cochrane) and to J. W. Balet, “Theory of the Elastic Arch.” 

129. Irregular Cases.—We shall illustrate in this article two problems 
of a less conventional type which are conveniently analyzed by the arch 
method of Art. 1220. 

Problem I (see Fig. 166). This is a culvert section, dimensions and 
loading as shown in Fig. 166a. It may be analyzed as a fixed end 
curved beam AB (Fig. 166). AB is not a true arch, since the length is 
not fixed; the tangents at A and B are fixed by the symmetry of the 
structure and loading. The necessary equations of condition—no 
angular change at A or B: 


L L 
Table A and the adjoining equations show the arch solution. The M’’s 
were obtained graphically; Fig. 166¢ shows the force polygon for given 
loads and the corresponding string polygon (marked “preliminary pres- 
sure line”) is shown in Fig. 166d. When the moments M4 and Mz were 


obtained R4 and Rz were corrected, a new pole located on the force poly- 
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gon and the final pressure line drawn in Fig. 166d. Table B shows a com- 
parison of the final moments as computed, and as obtained from pressure 
line. The average agreement is very satisfactory; and the final check 


(2m) is within 24 per cent. 


PROBLEM I 


Pole-simple Pole for final 
beam case pressure line 


oe 
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1000 * per sq. ft, 
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Fundamental equations 
L L 
>>) See os 
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M = M’'+ aMz + bMa, 
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L L L ; 
>>) ao =e a , 
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PROBLEM II 
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Attention should be called to the notation in one point—for con- 

. be As 
venience = 1s used for 7: 

130. Problem II (see Fig. 167).—This problem is the analysis of a 
water conduit section with dimensions and loading as shown in Fig. 167a. 
It is assumed that a very heavy base along the line A—B completely 
fixes the structure at A and B. Fig. 167b shows the graphical construc- 
tion to determine the division lengths rendering “ constant. Assum- 
ing the arch a simple beam hinged at B and on rollers at A (V4 vertical), 
the force polygon, Fig. 167c, was constructed and from it the string 
polygon was drawn in Fig. 167a. The column headed “e,”’ Table A, 


Prosiem []—Solution of Equations , 


~Ma = 0 =Mb =0 =Mv = 0 
M = M'+aMg+60M,4+0F RR 
DM’'a + Mada? + Maxab + FyR Ea = 
=M'b + Mzgrab + Madd? + FyR db = 
=M'v + Mgrtab + Mpdbv + FyR i? =0 


oo 


TABLE B 
Me Ma FyR Constant 
term 
@ 8.620 1.394 6.660 | —148,500 
® 1.394 8.620 6.660 | — 45,000 
® 6.660 6.660 10.680 | —154,000 
1.0 . 162 .172 | — 16,650 
1.0 6.180 4.780 | — 32,300 
1.0 1.000 1.601 | — 23,130 
—6.018 | — 4.008 | + 15,650 
+ .8388 | + .829'| — 6,480 
1.0 + °.665 | — 2,600 
1.0 + .995 | — 7,740 
.3830 |.— 5,100 
FyR =| — 15,100 
Ma, =| + 7,450 
Mp =| — _ 6,200 
Fy =| — 3,080 


Correction to be applied to V to obtain final value 


Ma — Mz __ 7450 — (—6200) 
L 5.5 


=AV= = 2480. 


This evidently acts downwards at A and upwards at B. 
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gives the arms as scaled from the string polygon, while the second 
column, headed “Thrust,” gives the corresponding resultant force. 
The necessary summations are obtained from Table A. It should be 
recalled that vP is the vertical height of any division point measured 
from line A-B, and therefore v is the relative rise of any such point. 
It should also be noted that the horizontal thrust necessary to be added 
at A and B to secure complete arch action is denoted as Fy (instead 
of H as in the case of vertical loads). 


TABLE C—Prosiem II 


Frvau Moment CaLcuLaTIONs 


Point 1 2 3 4 5 6 7 
M’ — 830 — 1670 — 1670 —1390 | + 670 | + 3,060} + 5,000 
aMp + 180 + 310 + 370 e310 — 21208 |= 6205 990 
bM4 +7670 +7820 +7900 +7820 | + 7,300 | + 6,710 | + 6,250 
vF gR — 1660 — 4070 — 5880 —8600 | —10,870 | —12,070 | —13,140 
M +5370 +2390 + 720 —1860 | — 3,020 | — 2,920) — 2,880 
Point 8 9 10 11 12 13 14 
M’ + 7,230 | +10,800 +14,900 | +16,700 | +18,850 +21,200 | +19,400 
aM> | — 1,420 )— 2,170) — 2,850 | — 3,340) — 4,030 | — 4,770 | — 5,200 
bM, | + 5,740) + 4,840 | + 4,020 | + 3,420] + 2,600 | + 1,710 | + 1,190 
vF yR | —14,190 | —14,950 | — 15,100 | —15,100 | —14,950 | — 14,190 | —13,140 
M — 2,640] — 1,480) + 970 | + 1,680] + 2,470 | + 3,950) + 2,750 
Point 15 16 ile 18 19 20 
M’' + 19,000 +18,200 +15,900 +11,400 +8100 +3600 
aM gp — 5,580 — 6,070 — 6,510 — 6,570 —6510 — 6390 
bMa4 + 750 -- 150 — 970 — 4650 — 370 — 220 
vF yR — 12,070 — 10,870 — 8,600 — 5,880 — 4070 — 1660 
M + 2,100 + 1,410 + 420 — 1,500 — 2850 — 4670 


Table B shows the simultaneous solution for Maz, Mz, and Fz, 
and Table C gives the final moment calculations. The moments are 
tabulated on Fig. 167a also, on the tension side of the arch ring. That 


is, at point 7 the moment i 


at point 12 the moment is 
The check (ZM = 0) is within less than 3 of 1 per cent; 2Mv checks 


within 3.8 per cent. 


s 2880 producing tension on outside fiber; 
2470% producing tension on inner fiber. 
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131. Influence Lines for Reinforced Concrete Arch.— Numerical 
Example. 

To illustrate further the analysis of the fixed arch by means of 
influence lines we will construct the influence diagrams for Mo, Ho, 
and Vo (i.e., the supporting forces applied at the elastic center) for the 
arch shown in Fig. 168. The influence diagram for the moment at an 
intermediate point will also be drawn. 

The method used varies slightly from that discussed in Art. 124. 


12 Concrete 
Pavement 
eed 


O'solid wall }-*3 


Fig. 168 


The redundant forces are applied at the elastic center, but the arch is 
treated as a single cantilever (see Fig. 169a) instead of two symmetrical 
cantilevers.* The analysis to obtain Ho, Mo, and Vo is shown in full 
detail in Table A and accompanying notes. The detail of dividing the 
As 


arch ring to render 7 constant, and the location of the elastic center, O, 


is omitted. 
* See an article by C. S. Whitney, Engineering Record, Sept. 11, 1915. The 


method of evaluating the summations used in Table A was suggested by Mr. J. A. 
Wise. 


—2' .s -  * 
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Fig. 169 shows the influence diagram for Ho, Vo; and Mo, and also 
for M;. The calculations for the latter are shown in the Table A. 


Fig. 169 
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TABLE B 
TABLE OF INFLUENCE ORDINATES FOR M; 
Ms = M, — 25 — Hoys + Vous 
Point Mo | —Hoys | + Vol —2) | M’= — X’ Ms 
2R -40 .065 BY Fonloeet age eee —0.39 
3 1.12 .162 if) 90 ia eae tia a —1.03 
4 2.09 263 Sich lel een ay owe —1.68 
5 3.20 .363 1 Gaal ge Pan —2.32 
6 4.41 448 GES 2 ic wel beeen ee cere —2.86 
Zé tyarhs: sold SS5AP SO reac eae —3.30 
8 7.22 Sa) 1OTSS alent ee —-3.68 
9 8.83 .620 dA WAS eaten, Perens d —3.91 
10 10.57 BOOK LPAe O1eA eee a eet, —4.10 
11 12.60 .682 THOS ee siligseee eer —4.01 
12R 14.77 .693 P7286 eae eae —3.78 
12L 17.14 .693 OSSD; aera Ses —3.37 
11 19.68 .682 DARSO Ss ies tea aes —2.80 
10 22.45 .657 QB TD Ae le nae Meenas —1.93 
9 25.42 .620 256i ol eke rare —0.80 
8 28.67 572 DRA eee Oe cic atone +0.65 
{6 32.25 4553 20-205 We ereieveers +2.54 
6 36.28 448 SOLOOT Milos ane +4 .87 
5 40.80 .363 BZ GOSRLI) octets: +7 .84 
4 46.30 . 263 34.20 6.65 +5.19 
3 Houle .162 335) 75) 14.37 +2.87 
2 61.20 .065 37.05 23.19 +0.89 
1L 70.25 0 37.63 32.62 0 


Values for 1g are negligibly small. 


CHAPTER VII 
SECONDARY STRESSES 


132. General Discussion.—The assumptions underlying the ordinary 
computation of stresses in trusses * are that the members are connected 
at the joints by frictionless pins placed exactly in the gravity axis of 
each member, and that the applied loads are concentrated at the joints. 
Under such conditions, the only stress developed in any structural 
member would be direct axial tension or compression. It is rare that 
these conditions are fully realized for every member of a truss, or even 
‘closely approximated, but it is true that on the average, the axial 
stresses calculated on this basis are much the largest and most important 
stresses that a member of a truss has to resist, and they are almost uni- 
versally designated as the primary stresses. 

Other stresses do occur—quite commonly in some members. We 
may mention the bending stresses due to weight in a horizontal member, 
and similar stresses due to applied loads between joints; bending due to 
portal action in the end posts of a bridge and that due to floor beam 
deflection in the intermediate posts; the bending due to pin eccentricity 
in any member, and the bending in the plane of the truss induced at the 
joints when a truss is built with riveted instead of pin connections. 

Stresses due to any of the preceding causes may, under special condi- 
tions, become very large and of the same relative importance as the 
primary stresses. Generally, they are, as stated, much smaller and less 
important, and the whole group is included under the term “‘secondary”’ 
stresses, when used in the broadest sense. However, the last named 
division of the group, i.e., the bending stresses in the plane of the truss 
due to rigid joint connections, stands in a class quite by itself, due to the 
wide occurrence of such stresses, the difficulty of their calculation, and 
their importance in the design of many types of long-span bridges. It 
has therefore become more or less common practice to apply the term 
“secondary stress” in the narrower sense exclusively to this type. It 
will be so used in this chapter except as otherwise noted. Stresses of 

* It is understood that the term “‘truss’’ as here used is not meant to include 


any framework where rigidity of some or all joints is a necessary condition for 
structural stability. Such structures are technically classed as “frames.” 
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this type will occur in every truss where some or all the joints are riveted, 
or where the assumed “‘frictionless” pin is not actually frictionless. 
Speaking broadly, we may say that secondary stresses are of small 
importance in light trusses, even when fully riveted, but that in heavy 
riveted trusses, they frequently attain an order of magnitude somewhat 


Fic. 170 


comparable to the primary stresses (30 per cent to 60 per cent), in 
occasional rare cases becoming of equal importance. 

133. Nature of Problem.—The physical phenomena giving rise to 
secondary stresses may be visualized qualitatively by means of a greatly 
exaggerated sketch such as Fig. 170. ABC is a triangular frame—either — 
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independent or an element of a truss. Through distortion of the mem- 
bers, the frame takes the form A’B’C, the angles a, 6, y becoming 
a’, 6’, y’, on the assumption of smooth pins at each joint. If, instead, 
the joints are rigid, then the end tangents must maintain a constant 
angle between them so that a = a”; 6 = 6”; y = 7’. Then the dis- 
tortion cannot take place, in general, except by bending the members 
as shown. ; 

If we attack the secondary stress problem by means of the general 
theory of indeterminate stresses, we observe that a truss with rigid 
joints is statically equivalent to the same truss with pin joints and 
moments applied to the ends of each member sufficient in any case to 
maintain a constant angle between the various members at any joint. 
Regarding the pin truss as the statically undetermined base system, we 
shall have 2m applied end moments, if m equal the number of members 
in the truss. To determine these moments, we have at every joint one 
statical equation, in virtue of the fact that 2M = 0, and k — 1 elastic 
equations, if k = the number of members entering any given joint. 
These latter arise from the fact that when the truss deflects under load, 
each joint must rotate as a whole (if at all), in view of the assumption of 
rigid joint connections. Calling this rotation ¢ and the rotation of the 
end tangents of the individual members entering the joint- ¢1, $2... dx, 
we must have 


gi = do =... dr = ¢. 


Thus, if we have two members at a joint, we have one elastic (deflec- 
tion) equation, viz., d1 = ¢2; if we have three members, we have two 
such equations—¢; = ¢2 = ¢3, and for k members, we obviously have 
k — 1 equations. Now, it is evident that Dk for all joints = 2m, and 
therefore 2(k — 1) = 2m —n. Thus, since we have 2m unknown 
moments, and n statical relations and 2m — n elastic relations, we may 
always solve the problem. Assuming the truss statically determinate 
and stable, the necessary relation between m and n is m = 2n — 8, 
whence 2m — n = 3(n — 2). 

Recalling that in a pin-connected truss, the ¢’s for the individual 
member-ends will in general be different, the process of solution is 
clear: We determine by well-known methods these various angle changes 
(due to given loads) in the pin truss, and by means of the 2m — n 
relations, we determine the necessary moments to apply to make these 
values equal at each joint. With these values determined, the correct 
final primary stresses can be computed. 

Such a process, though simple enough as to theory, would be appall- 
ingly laborious to carry through. An elementary structure such as 
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Fig. 171 is 9-fold indeterminate; a simple 6-panel Pratt truss is 30-fold 
indeterminate. 

A further complication in effecting an exact solution should be noted. 
It is evident from Fig. 172 that bending of the member mn will be a 
function of the direct stress S as well as of the applied end moments, 
M,, and M,, since due to its own deflection, there will exist at any sec- 
tion of the member a moment S X y in addition to the ordinary beam 
bending moment. This fact does not add to the degree of statical inde- 
termination, but it vastly complicates the elastic equations. To illus- 
trate, in the process of determining the final rotation of the end tangent 


Fig. 171 


of a given member, we need the angle r of Fig. 172 resulting from the 
applied end moments. We may obtain this as 


m Mmdx 


where “‘m” is the moment at any section of the member due to a dummy 
unit couple at m, and M the actual bending moment at any section. 
Neglecting the effect of direct stress, we may write 


he = Vere He TES a (92) 
If, however, we consider the effect of the axial stress, this becomes 
M = My = Mets + Sy. NR ie Sek ato 


Suppose we consider the member U1 U2 of Fig. 171. The correct stress 
S will no longer be obtained by a simple computation of moments of 
loads and reactions about Lz; it will involve the effect of the moments 
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M6, Mz, Mi (if we take a section q . . . g as shown) and the correspond- 
ing shears (not shown in figure) at the right ends of the members cut. 
These shears in turn will be expressed in terms of the two end moments; 
—thus for U;U2 


, if L= length of U; U2. 


It will be seen then that the algebraic expression for S will involve the 
ordinary effect of the loads, which we may write as [PC, when C (for 
each load) is a proper constant, and also the s¢z bending moments. 

The exact expression for y for a member subjected to direct stress 
as well as bending will be obtained from an integration of the differential 
equation, 


Cathe. pitt teed Magione 
LIT = JE Mn + Hey Fs oe Sy. ice este wee: aes (94) 
This integrates into 
~ xv ee it Ma a M, 
y= Cf COs + Co sin & — 5( Me + aaa), . (95) 


where K = a8 and C, and C2 are constants. 

In order, then, to obtain a precisely correct value for the rotation 
of the end tangent, it is necessary to obtain a general expression 
for S as indicated, and substitute it in equation (95) to obtain an 

explicit expression 
for y; from this M 
' for any point of the 
beam may be ex- 
pressed by means 
of equation (93) 
and the angle 
Eres 172 change finally ex- 


; : pressed from equa- 
tion (91). It will be observed that the “law of proportionality” 


does not apply to moments (and resulting stresses) expressed by such 
equations as (93). The term y is a function of S and the M *s, therefore 
the equation is no longer linear in terms of the loading, and a complete 
independent calculation is required for every different load condition. 
This discussion is intended to make clear the point that sec- 
ondary stresses may be analyzed by the same general method of pro- 
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cedure applicable to other indeterminate stress problems, but that 
such an analysis is far too complex and unwieldy to be useful as a 
working method. Since the methods commonly in use for computing 
secondary stresses may seem to the student radically different from 
the fundamental methods used as a basis for solution of other indeter- 
minate problems, it seems worth while to note carefully the simplifying 
assumptions usually made, their justification, and their effect in modify- 
ing the procedure. 3 

134. Simplifying Assumptions.—(a) It is clear from Fig. 171, that, 
taking moments about L2, the moment of the external forces is resisted 
by the direct stress in U;U2 and by the moments and shears at the ends 
of the three members cut by section g — g. Omitting the shears from 
consideration (since their effect is usually negligibly small compared to 
that of the other quantities) the question arises, what proportion of the 
external moment is resisted by the axial stress in such a member as 
U,U2 and what by the end.moments? A general explicit answer to the 
question is impossible, but some idea of the upper limits may be obtained 
from the following reasoning: 


If h = height of truss (or moment arm of given chord member) ; 
d = depth of chord member considered ; 
fp = primary unit stress; 
fs = secondary unit stress, 


and J, A and c have their usual meaning, then we may write 


M>p = resisting moment due to primary stress 


= Sh = fpAh, and 
M, = resisting moment due to secondary bending 
I _ fsAr? 
= eer 
2 
fsAr? 
Cee 
Ms DPN ois. or is d 


= =>: = 32 
Wan eid ie 
if we assume r = approximately .4 d. 
h 
If now we assume as an extreme limit that d = 0 and fs = fr, we 


find that the secondary bending in the given chord will furnish about 
3.2 per cent as much resistance to external moment as the primary 
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stress. The lower chord and the diagonal as commonly built will have 
a much smaller relative effect, so that even under the extreme conditions 
considered, it is doubtful if the secondary moments can furnish as much 
as 5 per cent of the resistance—that is to say that the exact primary 
stress is 95 per cent or more of the primary stress computed in the ordi- 
nary manner. 

Of course, the assumptions just made are very extreme. The ordi- 
nary ratio of depth of member to depth of truss is seldom more than 75 
even for heavy riveted trusses, while no well-designed bridge is likely to 
exhibit secondary stresses equal to 100 per cent * of the primary. The 
ordinary provision made in office designing is for a secondary of 15 
per cent to 25 per cent of the primary; a secondary stress amounting 
from 50 per cent to 60 per cent is to be regarded as very high. A com- 
parison made by Professor Turneaure f{ for a 6-panel Pratt truss showed 
a reduction of the primary stress from secondary bending ranging from 
3 to 3 of 1 per cent for typical chord and web members. A similar com- 
parison made for the very large Kenova truss (see Fig. 176), indicates 
that for simultaneous secondary stresses in all contributing members 
of 60 per cent of primary, the reduction of primary stress in the top 
chord members would be but slightly over 1 per cent. 

The significance of this fact from the viewpoint of analysis cannot 
well be overestimated, for it means that the primary stresses are, for 
ordinary types of bridge trusses, small and large, practically unaffected 
by the secondary stresses, and may be computed independently and in 
advance of the latter. 

The foregoing brief discussion of the general method of attack on the 
secondary stress problem is sufficient to indicate to what a vast simplifi- 
cation the assumption of the independence of the primary stresses 
leads. This assumption is always made { in developing the theory of 


*It is hardly necessary to point out that when we speak of a secondary stress 
equal to a certain per cent of the primary, we are comparing the unit stress on the 
extreme fiber due to secondary bending with the axial unit stress uniformly distributed 
over the section. 

} Johnson, Bryan and Turneaure, “Modern Framed Structures,” Part II, page 
500-501. 

t Statements are sometimes made that riveted trusses are stiffer than pin trusses 
and that the assistance rendered by rigid joints in carrying the truss loads tends auto- 
matically to reduce the secondary stresses as computed. In go far as such statements 
mean that secondary stresses appreciably relieve the primary stresses, the foregoing 
arguments indicate that they are without foundation in fact. There are, however, 
important individual exceptions. For a fuller discussion, see Maney and Parcel, 
University of Minnesota, Studies in Engineering No. 4, “An investigation of Second- 
ary Stresses in the Kenova Bridge.” 
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secondary stresses; so far as is known no attempt has been made to 
analyze such stresses by the general method outlined in Art. 133, 
even as a matter of purely theoretical interest. 

(b) The effect of the primary stress on the bending of a member 
may become very considerable for long slender members, but generally 
speaking, it is for just such members that secondary stresses are the least 
serious. For the stocky type of compression member ordinarily met 
with in heavy riveted trusses (and it is for this type chiefly that secondary 
stresses are important), the effect of direct stress in modifying the 
secondary bending is seldom more than 6 per cent, and usually much 
less. If we make the simplifying assumption (a) it is quite possible to 
develop an otherwise exact solution, taking account of the effect of the 
primary stress on the bending, in a manageable form. As a matter of 
fact, the original solution * of the secondary stress problem was of this 
type. It is more involved in theory and laborious in application than 
the approximate method (to be later described) now in general use, and 
authorities are generally agreed that the gain in accuracy is not worth 
the effort expended.t In the case of secondary stresses, as with many 
other statically indeterminate problems, while we may feel that the 
theory is dependable and correct to a reasonable degree of ap- 
proximation, we must recognize that any refinement of calculation is 
futile. 

It is the universal rule of engineering practice in America and in 
Europe to make both the simplifying assumptions just discussed, i.e., 
that (a) the primary stresses are independent of the secondary stresses 
and (b) that the effect of the direct stress in modifying the bending is 
negligibly small. With these assumptions, the solution is easily effected 
by a direct application of the slope-deflection method as indicated in 
the following article. 

135. Application of Slope-deflection Equations——We recall from 
Chapter III that for any bar subjected to bending, whether an inde- 
pendent beam or a member of a framework, the correct end moment 
for any condition of support may be expressed as 


3D 
Mum = Mma — 25(26m + on — *2), Be Eee cc a a) 


* Due to H. Manderla, 1879. See Allgemeine Bauzeitung, 1880—“ Die Berech- 
nung der Sekundarspannungen in einfachen Fachwerk infolge starrer Knotverbind- 
ungen.”’ 

+ For a very thorough discussion of the “exact” solution (as Manderla’s solu- 
tion is usually called), see Johnson, Bryan and Turneaure, ‘Modern Framed 
Structures,”’ Part II, pages 507--521. 
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MPFmn = the end moment at m in the beam mn if the ends are 
fully fixed; 


dm, --. on* = the rotation of the end tangent from the original position 
at m and n respectively ; 
D = the relative linear deflection of one end of the beam with 


respect to the other, measured normal to the axis of 
the beam, and EH, J and L have their usual significance. 


In all ordinary bridge trusses, the loads are applied at the joints 
only, hence Mr, = 0. Also, we may take FE as sensibly constant, and 
it will then be much more convenient to use #¢ and HD than the true 
¢and D. Unless specifically noted otherwise, we shall in the remainder 
of this chapter so use these symbols. The equation then becomes 


21 


3D 
Man = (26m + on — *?). sok at Spo re Nace Rae 


Assuming rigid joints, we must have the same rotation of the end 
tangent for all members entering a joint; we therefore have n and only 
n independent values of ¢, if n is the number of joints. In virtue of the 
simplifying assumption (a), the values of D may be computed prior to 
the secondary stress solution. For it is a fundamental principle of 
structural mechanics that within the distortion limits comprehended by 
the elastic theory, the bending of a member does not change its axial 
length. (The student will recall that in developing the equation of the 
elastic curve in Strength of Materials, it is assumed that ds = dz.) Itis 
further an elementary principle of geometry that the distortion of a 
jointed framework composed of triangular elements is a function of the 
change of lengths of these members and nothing else. Since the length 
is not affected by flexure, we must conclude that axial distortion due to 
the primary stresses is the sole agency in producing deflection. We are 
assuming that these stresses may be computed in the usual way, quite 
independent of the secondaries, hence the values of D are predetermined. 
They are most simply obtained from a Williot diagram. For any 
given loading, the values of D may all be scaled from a single diagram. 
Since D thus becomes a known quantity, we have a solution completely 
made out for all the unknown bending moments by means of equation 
(97), so soon as the values of ¢ are known. To determine these n 
values of ¢, we have n statical equations in virtue of the fact that 2 


* The symbol © was used for this quantity in Chapter III. 
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=M = 0 for every joint. Considering a joint with four members (see 
Fig. 173) we have 


es SDs 

Mn = i ee | 24m AR on es mal 
ead 2 ee 3D mo 

IU oe rae yn [26m + de — mal 
Fem Dh 3D ng 

M ing are Ting | 24m + dq F male 


Calling ; = R and : 


qd 
2M = 0 = 22Kem + Kuntn +Kmots + Kandy 


qd 
4: Knibg — BERR 20.9 = 29s (G8) 


Fig. 173 


The solution of any problem in secondary stresses by slope-deflections 
consists in the setting up of n such equations as (98) and their simul- 
taneous solution.* 

136. Example——We shall first consider a very simple problem— 
the six-panel Pratt truss ¢ of Fig. 174 with a single load at the center. 

* This solution of the secondary stress problem is originally due to O. Mohr— 
“Die Berechnung der Fachwerke mit starrer Knotverbindungen.”—Der Ziviling, 
1892, page 577; 1893, page 67. 


} This is fully analyzed by a different method in Johnson, Bryan and Turneaure, 
“Modern Framed Structure,” Part II, pages 441 et seq. 
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The stresses and total deformations are shown in the figure, and the 
lengths and section constants in table A. Fig. 175 shows the Wilhot 
diagram, drawn assuming 6-7 to stand fast. The values of D (actually 
E X deflection) are shown on this diagram. Table A contains all the 
data necessary to set up equations similar to (98) for each joint, and 
these are shown at the head of table B. For joint 1 (Lo) for example, 
equation (98) becomes 


D,-~2 


2>K-¢1 + Ki_2d2 + Ki_3s¢3 = Ki-2: ore 


Substituting numerical values from table A, we get 
2(3.80 + 9.15) ¢1 + 3.80¢2 + 9.15463 = 1145 + 2384, 
oh 25 .90d1 + 3.80¢2 + 9.1563 = 3529, 
which is the first equation in table B. The remainder of table B show 


(-5260) 5 (—7885) 6 


4 


6 @26-8=160- 


Norre:—Quantities in parenthesis = total deformation X Z. 
Quantities written below members = total stress. 


Fig. 174 


the detail of the simultaneous solution and requires no special comment. 
Since the secondary bending moment is 


QT pats Digs 
Minn a) a ie: (24m St On ae 37), 


the secondary stress must be 


, iS SPE ne 
p= Mee (5)..7 2(5) (2m ie Noa me 


The third column of table C shows the stresses so computed. The 
compression chords, having different values of c top and bottom, have 
two values of the secondary stress. 
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A special property of the secondary stress 
equations will be observed in table B. The 
coefficient along the diagonal line—i.e., the 
coefficients of ¢ at the joint for which the 
equation is written—is very much larger 
than the other coefficients. This at once 
suggests an approximate method of solution. 
It is evident if we havea very crudely ap- 
proximate set of values for ¢, estimated or 
obtained in any other manner, and if these 
values are successively substituted in each 
equation in the terms with small coefficients, 
and the equations solved for the ¢ with the 
large coefficient, we shall by this process 
obtain a much closer approximation to the 
true values. We shall try a very rough 
assumption—that all values of ¢ are equal, 
Then, for ¢5 for example, if we assume ¢3 
and ¢4 to have the same value, joint equation 
5 may be written, 


$5(55.2 + 2.02 + 12.4) = 7993, 


and the first approximation for ¢5 is 


D = 22130 


Figure VII 


D= 23900 
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5 = Lae 114.6, 67 
69.67 , Fie. 175 
TABLE A 
Secs Length c I 3D 3ID 
Blersher. | baee Inches 4 Inches ey aT, ozs 
Sq. Inches 

1-2 29.44 320 1218 9.12 3.80 301.2 1145 

1-3 58.49 490.7 4490 9.54 Os 260.5 2384 
14.08 

2-3 16.00 ole 94.8 5.4 .255 192.8 49 

2-4 29.44 320 1218 9.12 3.80 291.6 1107 

3-4 29.42 490.7 805 Wee 1.60 213.3 350 

3-5 52.35 320 3978 9.19 12.438 3Dl ed 4440 
14.43 

4-5 26.48 3/2 750 aoe 2.02 111.8 226 

4-7 45.48 320 1907 9.12 5.96 324.3 1932 

5-6 52.35 320 3978 9.19 12.43 259.3 3220 
14.43 

5-7 20.58 490.7 358 6.0 731 147.1 107 

6-7 WEA) 9) Bae | 288 6.0 774 0 0 


—— 
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TABLE B 


SotuTion or SIMULTANEOUS EQUATIONS FOR SLOPE VALUES AT 
Joints or Truss 


JOM Mla wes 25.90 3.80 Ae ed Wael lean re aerate NO oie ature ate 3529 
vointezs ace 3.80 Toefl .255 SOO |e seen 2301 
Jomt o>... . 9.15 . 255 46.95 1.64 12.43 7223 
POUL GA ep brane Oe cok) 3.22 3.80 1.64 26.84 2.02 3615 
AKOTA Sacre | OP Rete, ratectin’ Sa PE aa ee 12.48 2.02 55.22 7993 
A 1 . 1468 eh \io toll eine Pate, He llaeemacaaes ic 136.2 

B 1 4.132 0671 Thera 0h || mir ete 605.0 

C 1 .0279 5.130 1793 1.359 789.0 

Ae Piet a | Where Get ah —3.9852 52502 4) te ee lene ae —468.8 
BEC iat) sane nat 4.1041 | —5.0629 .8207 | —1.359 —184.0 

Se el eS eee enti 1 — .0718 BTM eee eee 2 ala yp a7 

Te ple eres eee 1 —1.2345 . 200 —33.12 — 44.8 

OAs ee ee ere 1 .4316 7.06 .5315 951.0 

Grimes meal eee ok| eehnae eet: 1.1627 .051 .3312 162.5 

TEN Yel Nel ere ree ae theese —1.6661 | —6.86 — .8627 | —995.8 

Sa || meen een Tal etn MO Ee oe 1 .0438 2847 139.8 

OAR Te. da a ketene Mera ana Oh td 1 4.118 .5180 597.8 

SB Til cor Aeeren ered ee mere 1 .1625 4.440 643.0 

Sa On ar alte glee Semea | ech aeneet > ele ase —4.074 —. 2333 | —458.0 
OEE Sem Wt Ae eh ep lle nee MiG aes ee 3.9555 | —3.922 — 45.2 

gO Sp Gl meat reed ia, Aten ieee Oct Rec eam ep al .05725 112.4 

Lslpegee | Sater: oe le MAE: core eG ryan tee 1 — .9915 | — 11.4 
LOT Byatt alkene bake bir cy A Sh ped See Ee a 1.0487 123.8 

er eDiaeae [ERUcai Te tmarved jioet aumn Me? ens] [hee Bont. repeetIhtn te ed case (Is Mm A a 118.2 
FEY ere NM ceb ogi [oases eT CDs ace Dre b(t Ma Eo 112.4 

=|. 05725, 11832) — 6.8 

Nes ay Marae rr ence | Ranh eg [ee tg ce. Sense <a NERS a 105.6 
Saree | Memewy crea teece ett A cancel oped erere mass 139.8 

—|.0438 (105) .6) — 4.62 

—|.2847 (118}.2) — 33.67 

Pas. He Fee Sea eet et se ah iam GR eR a ae LOLS 
STetemay sive gc | ERs Wicd topo I Sor een) ge ar oa 117.7 

+|.0718 (101|.5) eee 

sashes get case AN Teta east Sas | ere eo | Ne ee 125.0 

=|.251 (105.|6) — 26.5 

Cy ed Teme RE en Pat eter Pirro Uncen Mae I ce Li Cecio wena, 5 98.5 
Pet Ir ree ae ee rane oe eck s Nem 4 136.2 

—|.1468 (98.|5) — 14.46 

=}.3533) (101), 5) 35.84 

Pek Tayi oy hrcsty dll sas teter cutis gatad [lane gr Pet RO as | re a 50.3 

G1 OURO Cas Mo ene MO tn. eo cur ND 6 9 


APPLICATION OF SLOPE-DEFLECTION EQUATIONS 


327 


which is practically in agreement with the true value, 118.2. The 
tabulation below shows the very striking agreement throughout. 


Ist 
ext Approximation 
1 86 91 
2 98.5 98.5 
3 101.5 103.0 
4 105.6 108.8 
$5 108.2 114.6 
TABLE C 
3D Fiber 
Location a EE paar! Fiber Stress FZ, 2bm— on Stress by 
L L Centro) Approximate 
Method 
1-2 .057 + 30.9 + 1.76 + 21.8 1.24 
2-1 .057 + 18.3 + 1.04 + 15.1 86 
1-3 .0388 = 12.9 — _ .50 — 24.0 — .98 
— .0574 — 12.9 +. .74 — 24.0 1.38 
3-1 .0388 — 28.4 — 1.63 — 35.8 — 2.06 
eID Ata cee eee ae SS altel Oates eae kate? 1.39 
2-3 .029 —105.7 — 3.06 —105.1 — 3.05 
3-2 .029 —108.7 — 3.15 —110.2 — 3.19 
2-4 .057 = LO — .62 — 8.9 — .51 
4-2 2057 — 18.1 — 1.03 — 16.6 — .95 
3-4 .0306 — 9573 =— 2.91 — 96.4 — 2.95 
4-3 .0306 — 99.4 — 3.04 —100.0 — 3.06 
BS) .0574 + 36.1 + 2.07 + 37:1 + 2.13 
OOO 2 allies ean erent OM OOLENIA striate Reman — 3.35 
5-3 .0574 + 19.4 + 1.75 + 25.0 + 2.25 
= 09025 Iason as RSE VOOM eae acetone — 1.48 
4-5 .0404 —217.6 — 8.79 —213.6 — 8.63 
5-4 .0404 —230.2 — 9.30 — 223.1 — 9.0 
4-7 .057 +113.1 + 6.45 +113 .7 + 6.48 
~ 7-4 .057 +218.7 +12.46 +219.0 +12.50 
5-1 .0244 — 89.3 — 2.18 = 82.5 — 2.02 
7-5 .0244 + 28.9 ae OS 32.3 19 
50) .0574 + 22.9 +1.315 29.7 ete 
== OOUQ AN acters zens 2 se 2) fea eee ere ets — 2.68 
6-5 0574 +141.1 +12.75 144.5 +13.00 
= 40902" 3) 2 .g55 8 a Se BO all OD sectensipteees tee tee — 8.30 
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The final stresses from these approximate values are shown in the last 
column of table C. For all the larger values of the stresses, the agree- 
ment is practically exact. 

The stress equation is: 


f = constant X (= SOs én); ae eee!) 


when 2 is correctly predetermined. It will be obvious that in all cases 


where Z and ¢ are of opposite sign and hence all the terms become 


additive, or wnen as here, the terms are of the same sign and 2 is much 


larger than either of the values of ¢, the final stresses will converge 
more rapidly by approximation than the values of ¢ themselves— 
otherwise the reverse will be true. 

This must obviously be true since the value of the stress depends 
upon ¢ — # rather than ¢ alone. As noted, for the larger secondaries 
table C shows that the convergence of the actual stresses in the process 
of successive substitution is extremely rapid. 

It cannot be assumed by any means that such rapid convergence 
toward the true values is obtainable by this method in every problem in 
secondary stresses. As a matter of fact, it is only by carrying through 
a second approximation that any adequate idea can be gained of how 
closely correct the results are. Thus, in the above example, if the 
solution had been carried out solely by the method of “successive 
approximations” or “successive substitutions,” the procedure would 
involve a substitution of the set of values obtained by the first approxi- 
mation just explained in each equation, thus determining a second set of 
approximate values. In this second set of substitutions, the first set of 
approximate values are substituted in the terms with small coefficients 
and the value of the ¢ with the large coefficient is obtained. Thus to 
find ¢1, we use the first equation, substituting the approximate values 
for ¢2 and ¢s, 

25.961 -- 3.8 > 9875 4-90 15-< 103 =<0; 


’ whence 
_ 3529-— 1316 


o1 a 2570 nen = 85.8. 


Likewise to obtain, say, ¢4, we substitute the approximate values of 
$2, 3 and ¢5 in the fourth equation and solve for $4 


26.844 + 3.8 X 98.5 + 1.64 X 103 + 2.02 X 114.6 = 3615, 


APPLICATION OF SLOPE-DEFLECTION EQUATIONS 329 


and 


Precisely the same process would be followed in case a third substi- 
tution were necessary. The smallness of the difference between suc- 
cessive sets of values for ¢ determines how close the approximation 
is to the true values. 

The advantages of this method of solution of simultaneous equations 
will be further discussed in a later article. We may observe here that 
it is not applicable to any set of simultaneous linear equations; its suc- 
cessful application requires that one of the unknowns shall have a 
relatively large coefficient (and preferably that the unknowns shall at 
least be somewhere near the same order of magnitude). If we write 
the fourth joint equation divided by the coefficient of ¢4 we have 


ga + .142¢2 + .061¢3 + .075¢5 = 135. 


Fic. 176 


It is clear that any errors in ¢2, ¢3 and ¢5 are greatly minimized by 
being multiplied by coefficients that are such small fractions. Unless 
these values are much larger than ¢4, it is clear that they may be in 
error by a considerable percentage without any great effect on the 
value of $4. 

We must further note that the method is not available unless a crude 
first approximation for the unknowns is readily obtainable. This will 
generally be true in the analysis of secondary stresses. In the nature 
of the case there will be a degree of uniformity in the joint twists ¢ in a 
given region for ordinary loadings. For special cases of loading, special 
artifices must be resorted to, but these will usually suggest themselves 
to the computor. 

137. Example 2.—We shall take for a second example a very different 
type of structure—a long-span Petit Truss. The structure used for 
illustration is the 518 ft. span of the Norfolk and Western Ry. bridge 
over the Ohio river at Kenova, W. Va. (see Fig. 176). It is selected 
because it is the prevailing type of bridge for simply supported spans 
exceeding 250-300 ft. in length and because it is a type in which the sec- 
ondary stresses are likely to take high values and play a rather important 
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role.* Incidentally, it may be noted that the Kenova truss is one of 
the heaviest simple-span trusses with fully riveted joints that has ever 
been built. 

The solution of the simultaneous equations will be carried through 
by a method of successive approximations somewhat different from that 
of the previous article. The entire solution, including all detail except 
slide-rule calculations, is contained on the single stress sheet shown 
in Figs. 177a, 177b and Table A. The method of approximation 
used and the arrangement of the calculations give to this solution an 
especial compactness and elegance.t It is believed that the stress sheet 
of Fig. 177a is largely self-explanatory, but the following additional 
notes may aid the student in following the calculations. 

(1) Fig. 178a shows the relations between ¢, R, 5 and 6’ if m is the 
joint of reference. 

(2) The second equation in the list of formulae, viz., 


M = K(s + 381) = “P45 + 45, 


may be readily reduced to the standard slope-deflection equation with 
which the student is familiar. Thus we have, substituting the values 
of 6 and 6’ in terms of ¢, ¢’ and R, 


Y, aoe 

M = (8 +48) = So — R4+ ESE) WT og ty 3p) 

(3) The assumption made for a first approximation is that ¢’ = R 
(Fig. 1786). The student should understand clearly that this is a pure 
assumption, made to simplify the calculation so as to obtain a rough 
value of ¢, just as in example 1 it was assumed for a first approximation 
that all values of ¢ were equal. Any such assumption is to be justified by 
whether or not the value of ¢ so calculated is near enough the true value to 
be a useful approximation. An examination of the stress sheet of 
Fig. 177a shows that not only is this much true for the problem under 
consideration, but that in many cases the first approximation is a 
satisfactory final value. 

To assume ¢’ = R, or 5’ = 0, is to assume that the moment at a joint 
depends entirely on the relative defections of the ends of the member 

* 1921 A.R.E.A. Specifications recommend that the secondary stresses be actually 
calculated in this type of truss. 

} For the method and detail of the solution, the authors are indebted to Mr. 


Allston Dana, C. E.. Except for some unimportant modifications in notation, the. 
stress sheet of Fig. 177 and accompanying chart is entirely Mr. Dana’s work, 
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APPLICATION OF SLOPE-DEFLECTION EQUATIONS dol 


and the “twist” at the joint in question and not at all on the neighboring 
joint twists, i.e., that 
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Fig. 1776 


This can never be exactly true, but it serves as a very useful approxi- 


mation in this case. R = 2 being obtained from a Williot diagram in 
advance, it is seen that when equations of the type (a) are substituted 
for type (b) in 2M = O for any joint, we get a set of independent equations 


which require no simultaneous solution, 


ed 


332 SECONDARY STRESSES 


(4) The calculation at G may be followed through as typical. The 
calculation for ¢; is obvious. For ¢2 
22K (¢'1 — R) 
pe : 


= ¢; — 4>K6’ + DK = (approx.)¢1 — 


the values of ¢’1 — R are written out for the adjacent joints—thus for 
H, #1 = 7.3. and for member GH, R = 11.6 and K = 27.6. 


. — = = = (61 — R)=— — 5 X 27.6(7.3 — 11.6) = + 59. 


The calculations for H’,G’ and F are precisely similar. All are shown 
under calculations marked ©. . 

For the third approximation, ¢3, it is evident from calculations @ 
that the effect of H’ and G’ is entirely negligible. 


Fig. 178 


R being a constant, we have 
6’ = ¢’ — R, Ad’ = Ad! = $2 — $1, 
and considering the adjacent joint H 


Ad’ => dou == OoDzs = 7.6 — oe = + 0.3, and 
— 3X 26.7 X 0.3 = — 4.0, and 
= TRAC ps — 18 0126-7 52.0. 7 ee eo 


| 
a 
> 
cS 
i 

I 


(5) All computations marked © are made prior to any marked ©. 
Therefore, the results of © are available for use in calculations ® wher- — 
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ever they apply. Thus, in computing ¢2 at joint c, only first approxi- _ 
mate values of ¢ are available at 6, B’, D’ and d, but at C the second 
approximation for ¢ has already been made, and hence 6’ is computed 
as ¢2 — KR rather than ¢; — R. 

Calculations © and © have all been made before any calculations ©. 
Therefore, at B’ in computing 6’ for the adjacent joints a, c and C, the 
second approximation for ¢ is available and is used. At joint b, how- 
ever, the second approximation has not been made, and hence ¢; must 
be used. 

Similar remarks apply to other calculations. This order is not 
obligatory, but serves to hasten the convergence somewhat. Outside 
the panel adjoining the center, where, from symmetry, it is known in 
advance that the values of ¢ must be small, the range in the ¢’s for 
chord points is from 10 at g to 51 ata. In any region of the size affecting 
a single joint, it will be noted that the variation in the joint twists is 
not great. 

138. Example 3.—Table A shows the set-up of the 43 simultaneous 
equations for the same truss as example 2, but with a 1000 load at b. 
Fig. 179 shows the truss and loading and the Williot diagram. This 
and the table form a part of a set of calculations made by the authors 
for the purpose of constructing influence lines for the secondary stresses 
in the various members. The equations are solved by repeated trial by 
a method identical with that used in problem I, except that instead of 
taking the values of ¢ in a given group to be equal for a preliminary 
| 20. the 
=L’ 
summation to include all members entering a joint. The method of 
successive substitutions is at a decided disadvantage here as compared 
to the two previous problems. The character of the loading—a single 
concentration at the extreme end—is such as to produce sharp variations 
in ¢ for joints closely adjacent, hence a suitable first assumption is 
difficult. None the less, it will be noted that for all important values 
of ¢, the second approximation is practically exact. 

139. Remarks on Method of Solution——The foregoing problems 
illustrate tolerably completely the solution of the secondary stress prob- 
lem. In but one particular is this more difficult than other statically 
indeterminate problems previously treated, i.e., in the matter of the 
large number of equations to be solved simultaneously. In other 
respects, the theory is rather simpler than that of frames and arches. 
The matter of solving a large number of simultaneous equations, such 
as occur in any statically indeterminate problem of high degree, is 
generally regarded by the engineering profession as a rather staggering 


assumption, as was there done, the first value was taken as 
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task, and with considerable reason. It is quite true that the set of 
43 equations of table A, example 3, can be solved in exactly the same 
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Williot Diagram 
Fig. 179 


manner as the 5 
equations of ex- 
ample 1, table B, 
and if proper care 
and skill be exer- 
cised in selecting 
the order of elimi- 
nation and proper 
vigilance main - 
tained in avoiding 
errors, no special 
difficulty will be 
encountered, 
though the time 
required at best 
will be consider- 
ably more, and 
except in the case 
of highly skilled 
and experienced 
computors, will 
probably be sev- 
eral times as 
great. The ex- 
perience of many 
competent de- 
signing engineers 
indicates that dif- 
ficulties in the 
order of elimina- 
tion and in the 
accumulation of 
errors are of com- 
mon occurrence. 
The previous dis- 
cussion has there- 
fore laid special 


emphasis on methods of solution which avoid this laborious process. 
Opinions of authorities differ on the advantages of solution by succes- 
sive substitution, but the authors believe that the solution of the 
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secondary stress problem as it arises in office design can always be made 
much easier and more quickly by such methods as illustrated in exam- 
ples 1 and 2 than by attempting the ordinary standard method of 
elimination. * 

140. Approximate Methods——Where it is desired to investigate the 
secondary stresses at a single joint or a few joints, it will generally be 
satisfactory to limit the equations to one joint beyond the group in 
question, and solve this set. For example, if it is desired in a truss such 
as that of Fig. 176 to investigate a, B and C only, good results may be 
obtained by assuming ¢ = . = 0 for all joints except a, B’, C, b, c, D 
and D’ and carrying through the solution for these 8 values. If the 
stress at B’ only is desired, only a, b, c, C and B’ need be used. 

141. Influence Lines.—The construction of influence lines for 
secondary stresses is very laborious, since a complete solution must be 
made for the case of a unit load at each joint. It will seldom be neces- 
sary in practice to make a solution on this basis, but a good deal of 
useful general information may be gained from an influence line study of 
typical trusses. Figs. 180 and 181 show some representative influence 
lines for the Kenova span. From a designing standpoint, two points of 
importance may be noted. 

(a) The effect of local concentration is relatively much greater on 
the secondaries than on the primaries in a truss of the Kenova type. On 
this account, the calculation of the former for an equivalent uniform load 
suitable for the primary stresses is likely to give much smaller values 
than would the actual concentrations. : 

(b) Most secondary stresses in chord members are a maximum under 
full loading, but important exceptions occur, as will be observed from 
the influence line for HFG at F. A loading of approximately 2 of the 
span will for this case give a maximum total stress—primary plus 
secondary. 

142. Trustworthiness of Secondary Stress Calculations.—This 
point is discussed briefly as a part of the whole subject of the dependa- 
bility of statically indeterminate stress analysis in Chapter VIII. Little 
can be added here, but it may be of some interest to quote the following 
conclusions from the authors’ analytical and experimental study of the 
stresses in the Kenova bridge. t 


* Fuller discussion of this point will be found in a paper by D. B. Steinman, 
Transactions Am. Soc. C. E., Vol. LX VII, and in University of Minnesota Studies in 
Engineering No. 4, ‘Secondary Stresses in Kenova Bridge,” pages 15-21. 

+ Maney and Parcel. University of Minnesota, Studies in Engineering No. 4, 
“Investigation of Secondary Stresses in the Kenova Bridge,” page 3. 
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“An analysis of the experimental data would appear to justify the 
following conclusions: 
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“1. In all members of a truss of the Kenova type the actual secondary 
stresses may be expected to fall appreciably below the computed values, 
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due, it is believed, to the relieving effect of local induced deformations 
which are not considered in the conventional method of computation. 
“2. For most members the secondary stresses computed by the con- 
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ventional method, using the same equivalent uniform load as for primary 
stresses, are fair approximate values of the maximum upper limit of the 


actual secondaries. 
“2 For some members the relieving effect is so great that the ordi- 
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nary calculation, if made for maximum conditions, gives altogether 
excessive results. 

“4. The relieving factors appear to be amenable to rational analysis, 
and when properly taken account of in the calculations, give results in 
close agreement with the values actually observed. That is to say that 
the theory of truss action in the broad sense is verified, though it may in 
some cases be necessary to include factors ordinarily neglected in the 
conventional computations.” 

143. Importance of Secondary Stresses in Bridge Design.—Recent 
tendency in bridge design seems to be in the direction of a wider use of 
the solid riveted truss for spans of all lengths, and it may be said that 
the standard practice for pin-connected trusses is to build the top chord 
continuous. It is to be observed also that long simple spans of the Petit 
type have become relatively common, and the limiting lengthis constantly 
increasing. ‘The importance of studying carefully the secondary stresses 
in long span (fully or partially) riveted trusses of the Petit type is genera- 
ally admitted; indeed it may be doubted if a satisfactory design can be 
made otherwise. 

It appears, therefore, that we can no longer regard the problem of 
secondary stresses as important only in relation to rare monumental 
structures, such for example as the Quebec bridge; the problem has 
become one of much more common occurrence, and a knowledge of 
secondary stress analysis has as important a place in the equipment of 
an expert structural engineer as the analysis of swing bridges, arches or 
frames. 


CHAPTER VIII 


GENERAL DISCUSSION OF STATICALLY INDETERMINATE 
CONSTRUCTION—HISTORICAL REVIEW—BIBLIOGRAPHY 


A. GENERAL Discussion 


144, Preliminary.—The statically indeterminate structure has never 
found favor generally with American engineers; as a matter of fact until 
quite recent times the attitude of the profession has been distinctly 
hostile to it. However, the increase in the number of monumental 
structures, to many of which statically indeterminate types are especially 
suited, and for which more careful analyses are required, the widening 
use of riveted construction, and more than anything else, perhaps, the 
remarkable development in the use of reinforced concrete (an essentially 
statically indeterminate type of construction in most cases) have, along 
with other causes, effected a very considerable change in the professional 
attitude, with the result that indeterminate construction is now much 
better understood and more widely used and, for suitable conditions, 
has many advocates. None the less, a sharp division of opinion 
remains, and it is probably no exaggeration to say that the majority 
of structural engineers in America still oppose statically indeterminate 
types wherever they can be avoided, and where their use is practically 
unavoidable they have rather limited confidence in the exact methods 
of analysis that have been proposed, preferring in many cases crude 
estimates based on judgment and experience. 

Under such conditions it would seem not out of place to introduce the 
student, at least superficially, to some of the major points that are 
raised regarding the economy and reliability of indeterminate structures, 
the difficulties and uncertainties of the calculations and similar questions. 
It is the purpose of the present chapter to do this. To discuss the 
various questions thoroughly would require an independent treatise; only 
the very briefest outline can be attempted here. Also, as later noted, 
most of the questions raised cannot be answered conclusively in the 
present state to our knowledge; some of them may always remain, to 
an extent, a matter of opinion. The most that can be hoped from the 
short discussion presented here is to give the student the setting of the 
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subject and direct him to the more important sources of information. 
A brief historical review and bibliography are also added. 

145. Review of Definition and Classification. Before proceeding with 
the discussion it will be well to consider somewhat more critically the 
usual definitions and classification. 

A statically determinate structure, as ordinarily defined, is one in 
which the reactions and internal stresses are fixed by the bare require- 
ments of equilibrium, and are not at all conditioned by the cross-section 
make-up of the various parts of the structure, nor the elastic properties 
of the material, so-long as these are such as to result in a strained 
structure of sensibly the same form as the original.* 

The question may properly be raised here as to whether “internal 
stress ’’ is to be taken as referring to resultant axial stresses and moment 
couples, or to stresses on individual fibers. If the latter interpretation, 
which is the strictly correct one, is used, then no structure of any mag- 
nitude is even approximately statically determinate as regards internal 
stresses. A structure simply supported and composed of ‘ ideal ”’ bars 
(perfectly straight, absolutely homogeneous, etc.), ideally jointed (fric- 
tionless pins exactly centered), is the type ordinarily visualized as the 
“perfect ” statically determined structure, since for such members it 
appears fair to assume a uniform stress distribution regardless of the 
material or cross-section. This, however, ignores the fact that (1) the 
local distribution of stress at the pin bearing is not statically determined 
and (2) that in some or all bars there will be flexural stresses due to 
weight of members. Though emphasis is seldom placed on the point, it 
is obvious that these latter stresses are always statically indeterminate. 


Mc. 
The beam formula, s = = is based on the assumption of a linear rela- 


tion between stress and strain and the integrity of plane sections. These 
are propositions of experimental elasticity, not of statics. Neither is 
strictly true for any material, and the degree of approximation varies 
widely with the character of the material and the conditions of loading. 
The problem of the resistance of a beam to loads was, as a matter of 
fact, the problem from which the whole modern theory of elasticity 
developed.t ; 

It is clear, then, that if a strict construction is put upon the definition, 
no actual engineering structure is statically determinate. 


*Since this is never more than approximately true, every elastic structure, even 
with ideally perfect members and connections, is statically indeterminate. In all 
ordinary cases the elastic distortion is so slight that this point has only theoretical 
interest. See Chapter I, p. 12. ; 

| See Historical Review, Art. 156a, 


GENERAL DISCUSSION 341 


If we consider resultant stresses and moments only, the field of 
application of the definition is greatly broadened, but even so, few if 
any practical structures will conform to it. “ Frictionless ” joints have 
only an ideal existence; and even in a fully pin-connected bridge truss 
for example, the effect of the floor system and the lateral, portal and 
sway bracing is such as always to set up very appreciable statically 
indeterminate stresses. These are usually small, though in some cases 
they may reach considerable magnitude and importance. Ordinarily 
they do not explicitly affect the design, though they are among the many 
factors that lead to the adoption of a wide margin of safety and hence 
indirectly are taken account of. 

146. Conventional Character of Classification. If the preceding state- 
ments are correct, we must regard the grouping of structures into 
statically determinate and indeterminate as subject to a conventional 
rather than a strictly logical interpretation, if we are to give any 
significance to the classification. Even with such an understanding, 
there is considerable difficulty in drawing the line between the two 
groups. For example, a long-span fixed arch of reinforced concrete, 
carrying light highway traffic, may show a pressure line which follows 
so closely that of the corresponding 3-hinged type as to modify the 
extreme fiber stresses less than 25 per cent. 

On the contrary, an extremely massive simple-span riveted truss 
with sub-panels may show secondary stresses as high as 60 per cent to 

80 per cent of the corresponding primary stress. 

Now, a fixed arch is unquestionably a triply indeterminate structure, 
while a simply supported truss, even with rigid joints, is to a very close 
approximation * statically determinate as to its primary (axial) stresses. 
But it would seem stretching logical classification to the limit to call 
the arch indeterminate and the riveted truss determinate. 

There is no definitely established precedent to follow in such cases 
but generally speaking the usual practice is to class any structure as 
statically indeterminate in which the reactions, principal stresses or 
primary bending moments cannot be determined statically, and to treat 
as determinate any framework (used in the widest sense to include a 
single isolated beam, strut or tie) in which such stresses amd moments 
can be determined statically by ignoring so called ‘‘ secondary ”’ effects, 
these latter ordinarily including the effect of floor system and bracing, 
actual continuity at joints assumed as hinged, and such like. 

147. Statically Indeterminate Structures in the Limited Sense.— 
The preceding definition would limit the use of the term indeterminate 
structure to structures with redundant supports, trusses with redundant 

* See Chapter VII, page 319. 
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members and certain types of rigid frames. The latter type in nearly 
all cases is indeterminate of practical necessity; that is to say, there is 
no alternative simple type of rigid frame practically feasible. This is 
not true of the other two types; they usually have close analogues that 
are statically determinate. Thus, for example, we get most of the unique 
advantages of continuous construction in the cantilever; the advan- 
tages of arch action are furnished by the three-hinged as well as by the 
two-hinged or hingeless arch; the advantages of short floor panels com- 
bined with favorable diagonal inclinations are secured by the statically 
determinate sub-paneled truss of the Baltimore or Petit type as well 
as by the indeterminate Whipple truss. Most of the discussion 
regarding the relative advantages and disadvantages of statically inde- 
terminate construction in the past has referred to structures of this 
character, hence for convenience of treatment we shall in the following 
discussion consider the term “indeterminate structure” to apply pri- 
marily to such frameworks except as otherwise indicated. | 

148. Merits and Defects of Statically Indeterminate Construction.— 
As noted in Art. 144, the question of the relative merits of statically 
determinate and indeterminate construction has given rise to a sharp 
difference of opinion among professional engineers, and has been the 
subject of much controversy. Only a brief and inadequate account of 
the matter can be given here, but it is hoped that it will at least make 
clear some of the main points at issue, the difficulties involved in 
settling them, and direct the attention of the student to some of the 
original researches in the field. 

It will be convenient to treat the subject under the three heads of 
(1) relative economy of material in indeterminate structures, (2) their 
reliability under service conditions, and (3) the trustworthiness of the 
methods of analysis and the difficulty of making the design calculation. 

149. Economy of Material.—In spite of the many studies that have 
been made and published, there still remains a wide diversity of pro- 
fessional opinion as to whether or not a statically indeterminate type of 
construction is likely to show an economy of material as compared to an 
alternative type of simple structure. Structural design is not as yet an 
exact science by any means; there is no unanimity even among leading 
authorities in the matter of provision for impact, temperature changes, 
reversal of stress, possible inaccuracies in fabrication, settlement of sup- 
ports and like matters. Details are likely to reflect more or less the 
personal opinions—perhaps prejudices—of the designer. Under such 
conditions it is not strange that competent investigators arrive at very 
different conclusions. ; 

We may note some results of specific studies in comparative economy 
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of determinate and indeterminate types. Since the arch has been the 
subject of more investigation than perhaps any other type, it will serve 
very well as an example. 

(a) Merriman and Jacoby * investigated the result of placing a crown 
hinge in the 550-ft. two-hinged spandrel braced arch bridge over the 
Niagara river and found that if the hinge were placed in the upper chord 
the weight (arches alone) would be decreased 11.8 per cent. 

(b) Prof. C. W. Hudson made a comparative study ¢ of the weight 
of a 200-ft. span highway bridge designed as a three-hinged and two- 
hinged arch. The latter structure showed an economy (main material 
and details both considered) of 53 per cent. 

(c) Dr. J. A. L. Waddell has made a very elaborate study of the 
“ Eeonomics of Steel Arch Bridges.” { Among the conclusions he arrives 
at are that for railway bridges a 500-ft. braced-arch rib will require about 
5 per cent less metal when designed as a two-hinged arch than as a 
three-hinged arch, while a hingeless arch will require about 5 per cent 
more metal than the latter. For highway bridges the three-hinged type 
is about 8 per cent heavier than the two-hinged and 2 per cent lighter 
than the hingeless type. This includes weights of both main members 
and details. 

(d) Prof. M. A. Howe § made a comparative study of a 416-ft. arch 
truss, finding that a three-hinged design was 30 per cent heavier than a 
hingeless type and about 8 per cent heavier than one with two hinges. 

(e): Prof. W. Dietz of Munich states that a very careful comparison 
of material required for a two-hinged and three-hinged arch for the 110-ft. 
span of the Hacker bridge in Munich, indicated that 11.3 per cent excess 
was required for the latter type. 

The inconclusiveness of these results when taken as a whole needs 
no comment, though it is but fair to say that a considerable part of the 
discrepancy would be explained if specifications in each case were ana- 
lyzed. 

* See “ Roofs and Bridges,” Part IV, pp. 282-4. 

t “ Comparison of Weights of the three-hinged and a two-hinged Spandrel-braced 
Parabolic Arch”—Trans. A. 8. C. E., Vol. XLIV, pp. 20-30. This comparison was 
made for the crown hinge in the lower chord in the three-hinged arch—a location 
economically unfavorable. 

t Trans. A. S. C. E., Vol. LXXXIII, pp. 1-41. This paper, including the dis- 
cussion, forms the most up-to-date and complete treatment of the subject that has 
appeared. It covers a much wider field than the comparison of determinate and 
indeterminate types. 

§ A note by Dr. Waddell, loc. cit. page 19. 

{ Discussion of paper by Frank H. Cilley—‘“‘ The Exact Design of Statically 
Indeterminate Frameworks. An Exposition of its Possibility but Futility.” Trans. 
A.§. C. E., Vol. XLIII, page 424. 
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When we pass from the results of specific studies to general state- 
ments, we find them equally conflicting. Johnson, Bryan and Turneaure* 
state that the hingeless arch is “slightly more economical than the 
hinged types”; C. B. McCullough + says the hingeless arch ‘‘ probably 
requires less metal than the three-hinged type’’; though “no definite 
relation has ever been established”’; F. C. Kunz t considers that on the 
average the three-hinged arch will be about 15 per cent lighter than 
either the two-hinged or hingeless types, and J. W. Balet§ states that 
for suitable crossings the two-hinged and hingeless types will be more 
economical than any others that can be found. 

These results relate to arches only but they are fairly representative 
of the whole field of indeterminate construction. 

150. An ambitious and brilliant attempt to deal with the whole 
question of relative economy of indeterminate frame works by general 
mathematical reasoning has been made by F. H. Cilley.§ Mr. Cilley 
supports the thesis that for every statically indeterminate type it is at 
least theoretically possible to devise a determinate type with approxi- 
mately the same figure of inclusion which will carry the same loads with 
less material. He therefore concludes that, in general, structural 
redundancy means structural waste. 

The method of investigation followed involves an enormous amount 
of detail for any but the simplest cases, and Mr. Cilley therefore limited 
his specific studies to a few ideal jointed frames of a rather primitive 
type. That he has made out a very convincing case for the abstract 
proposition as stated in the preceding paragraph must be conceded. 
This has served to dispose once for all (if there were need to do so) of 
the notion that there is any intrinsic economic advantage in statically 
indeterminate construction. 

Beyond this, the investigation can hardly be said to have settled the 
economic question, for two reasons. (a) Few engineers are willing to 
accept as conclusive any economic comparison of two types of struc- 
tures which does not involve a fairly complete design of each and a 
study of all important details, and (6) even Mr. Cilley himself did not 
claim that the alternative types of construction by means of which he 
transformed the indeterminate types into determinate types of less 


*“ Modern Framed Structures,” Part II, page 185. 

t Hool and Kinne, “Movable and Long Span Bridges,” page 362. 

ft Quoted by J. A. L. Waddell, loc. cit. page 19. 

§ “Analysis of the Elastic Arch,” pp. 51, 100, 219. 

{| ‘‘ The Exact Analysis of Statically Indeterminate Frameworks—an Exposition 
of its Possibility but Futility.” Trans. A. S. C. E., Vol. XLII, pp. 353-407. 
This paper and its discussion constitute the best general treatment of the subject 
that has so far appeared. They will well repay a careful study. 
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weight were always practically feasible; as was clearly brought out in 
the discussion, they might sometimes be quite impracticable.* 

One point of general interest may be noted here. As the student 
has learned from the preceding chapters, the design of any statically 
indeterminate structure is a matter of repeated trial. A section is 
assumed for each member, the stresses computed and the unit stress 
noted; if the latter is not in agreement with the specified value, the 
section is revised and the whole process repeated, using the new value, 
and so on until a satisfactory agreement is reached. 

For many cases a few approximations lead to an agreement which 
for all practical ends is exact. There can, however, be no general 
assurance on this point. We have noted in Chapter IV that for the brac- 
ing in the short middle panel of a three-span swing bridge, the unit 
stress remains nearly the same regardless of the variation in the cross- 
section of the members. Johnson, Bryan and Turneaure f note that a 
similar difficulty arises in the design of a hingeless-arch truss of the 
spandrel-braced type. Indeed, one of the clearest examples of the point 
in question is the ordinary beam with solid web. We may fix the 
extreme fiber stress, but the stress on any other fiber is fived by the 
elastic distortion of the beam, and cannot be made to agree with a pre- 
scribed value. Though, as just noted, it may be of no real importance 
in many cases, this is an inherent defect of statically indeterminate con-_ 
struction so far as economy of material goes. 

151. We may sum up the question of economic advantage conser- 
vatively by saying that, other things being equal, there is no good reason 
to expect that a statically indeterminate framework will show any 
economy in material over a determinate type; that it many cases it will 
be at a clear disadvantage in this regard, but that in other cases 
especially favorable to it, it will be more economical of material than 
any other type practically feasible. 

It should be noted again that we are here considering economy of 

material only; this does not always coincide with total economy. 

152. Reliability Since in any statically indeterminate structure a 
member cannot change length nor a support shift its relative position 
‘ without setting up stresses throughout the structure, it is clear that the 
effects of inaccuracies in the lengths of members, of changes in tempera- 
ture and settlement of foundations require very careful consideration. 
There can be no doubt that its sensitiveness to such effects consti- 
tutes a valid general criticism against indeterminate construction and it 


*See particularly Professor Ritter’s discussion on page 419, of the Trans. 
A. 8. C. E., previously cited. 
+ ‘Modern Framed Structures,” Part IT, page 185. 


346 STATICALLY INDETERMINATE CONSTRUCTION 


has been a large factor in preventing a wider use of such construction— 
justly so in many cases. But it must not be forgotten that the 
importance of these effects varies widely with different conditions. 
With rigid inspection and improved modern methods of fabrication, 
inaccuracies in the fit of the members can no longer be regarded as 
serious. Temperature of course differs greatly in different localities, and 
the effect of temperature varies widely with different kinds of structures. 
In an arch a uniform change of temperature will stress the entire struc- 
ture; in flat arches this effect may become very great—50 per cent or 
more, of the maximum stresses due to loading. On the other hand for 
arches with large rise and shallow rib the maximum temperature 
stresses may be less than 20 per cent of the full load and hence according 
to most specifications negligible. 

In a continuous truss, a uniform change of temperature throughout 
the structure produces no stress, and generally the effect of unequal 
changes in different parts may be safely ignored. 

The practical importance of settlement of supports likewise varies 
greatly with the individual structure. It is most important to note that 
in the design of foundations it is customary to adhere to a specified unit 
soil pressure, whether the pier or abutment be large or small, and since 
it is the unit pressure and not total pressure which governs the yield, 
there is no reason to expect this to be larger for a large span than for a 
small one. Now it is clear that for a deep plate girder, continuous over 
two 50-ft. spans, a relative settlement of 13 in. in the middle support 
might be disastrous while for a truss spanning two 500-ft. openings, 
such a settlement would affect the stresses relatively little. Emphasis 
on this fact has brought a considerable weight of professional opinion 
to favor a more liberal use of continuous construction for long spans. 
More or less similar conclusions apply to large scale indeterminate 
structures of other types. 

As regards reliability of behavior of statically indeterminate struc- 
tures under service conditions, then, we reach the same general con- 
clusions as noted in Art. 151 relative to economy. The type of construc- 
tion has certain inherent disadvantages, in many cases these are so 
important as to rule it out altogether, while under other conditions they 
have little or no practical weight, so that if indeterminate construction 
is otherwise advantageous, it may be used with complete confidence. 

153. Validity of Methods of Analysis of Indeterminate Stresses.— 
Strictly speaking it is manifestly impossible to analyze the stresses in any 
statically indeterminate structure to the same degree of accuracy as in 
the case of a statically determined structure. The redundant reactions 
and stresses depend not only upon the requirements of static equilibrium, — 


GENERAL DISCUSSION 347 


but also in general, upon the elastic deportment of the structure as a 
whole, and hence an additional source of uncertainty is always involved 
in their calculation.* 

This point has frequently been emphasized as an important general 
defect of statically indeterminate structures, and a reason for avoiding 
their use where possible. Whether as a matter of fact the uncertainties 
in the elastic behavior of such structures are sufficient to invalidate 
seriously the theory as a guide to practical design is a question which 
can be settled only by experimental investigation. No comprehensive 
investigation of the subject has ever been made, and a conclusive 
answer must await future researches. | 

There is available, however, a very considerable body of data, results 
of special tests, having a most important bearing on the question even 
if not entirely conclusive. Some of these results will be noted. 

a. Tests on Steel Structures. 

(1) Moore and Wilson} made laboratory tests to determine if the 
assumption of absolutely rigid joints in steel building frames was jus- 
tifiable. They found that for the two most favorable types of connec- 
tion the error due to slip was in one case from 1 per cent to 3 per cent 
and in the other from 2 per cent to 6.8 per cent. 

This test was not a check test on indeterminate stresses in general, 
but inasmuch as the question of the actual rigidity of the joints in a stiff 
frame is fundamental, the results of the test are very significant. 

(2) Horoit made a test on a small model truss to check the calculated 
secondary stresses. Measurements were taken at three points, giving 
values of 600, 800 and 650 Ibs. per sq. in. respectively. The corre- 
sponding computed values were 715, 830 and 750 Ibs. per sq. in. 

(3) Experimental investigation of secondary stresses has been con- 
ducted by a committee of the American Railway Engineering Associa- 
tion, and comparative results for a 105-ft. span pony Warren truss are 
given in Bulletin No. 163. There is a wide spread in the individual 
discrepancies, measured values apparently running under the computed 
in the chords and above in the web. The committee considers the 
agreement to be satisfactory considering all the possible sources of error 
in measurements. 

(4) Maney and Parcel § made an experimental determination of the 


*It is incorrect, however, to say that the indeterminate quantities can be com- 
puted no more accurately than the elastic deflections themselves. See pp. 12 and 267. 

+ University of Illinois Experiment Station Bulletin No. 104-1917. 

t Journal of the College of Engineering, Imperial University of Tokio, November 


30th, 1913. 
§ See University of Minnesota, Studies in Engineering, No, 4, 1922, 
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secondary stress at four joints on the 518-ft. span Kenova bridge in 1917. 
The test was made under service conditions (no definite test load) and 
with instruments of no great refinement, so that quantitative compari- 
son of measured and calculated stress are rather uncertain. Comparison 
with the conventionally computed stresses showed a wide range of error. 
When rigidity of floor and bracing and induced local distortion were 
taken into account the theoretical and measured stresses in nearly all 
cases agreed within 5 per cent to 20 per cent—a very satisfactory corre- 
spondence under the conditions. 

(5) D. B. Steinman* has published a study of the dead load secondary 
stresses in the Hell Gate arch showing actual values far lower than those 
calculated by the conventional method. But these results have little 
bearing on the accuracy of the theory, since the type of joint used in 
this structure was such that the ordinary assumptions could not be 
expected to hold. 

(6) The Swiss Technical Commission + has made a comprehensive - 
experimental study of stresses in many types of structures, and have 
given especial attention to secondary stresses. The general conclusions 
of the Commission are that when all factors that can be conveniently 
included in the calculations are so included, the agreement is in general 
“satisfactory ”’ and in many cases “very good.” The results shown 
(graphically) in the reference here cited are in many cases in practically 
exact agreement, and nearly all are within an error of 15 per cent. 

(7) During the erection of the Sciotoville bridge, opportunity was 
afforded (on account of erecting the structure under initial stress to 
reduce secondary stresses) to compare computed and measured 
deflections in a massive and complex framework. For practically all 
cases the error was but a few per cent; in many the agreement was exact. t 

b. Tests of Concrete Structures. 

(1) M. Abe§ has made laboratory tests to determine the applicability 
of the theory of statically indeterminate stresses to reinforced concrete 
frames. He concludes that the formulas will give stresses well within 
the limits of accuracy required for practical design. — 

(2) Slater and Richart investigated experimentally the stresses in 
2-legged rectangular reinforced concrete frames with different types of 


* Trans. A. 8. C. E., Vol. LXVII, 1974: 

t See Schweiszerische Bauzeitung, Feb. 3, 1923. For further interesting infor- 
mation regarding this remarkable series of tests the authors are indebted to the kind- 
ness of M. M. Ros, Secretary to the Swiss Commission. ; 

{ See article by Clyde B. Pyle, Engineering News Record, Jan. 31, 1918. 

§ University of Illinois Engineering Experiment Station Bulletin No. 107, 

{ Proc. A. C, I., Vol. XV, pp. 48-50 (paper by W, A, Slater), 
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brackets or haunches. The agreement between the test results and 
theory (as indicated in diagrams shown) was quite satisfactory. 

(3) A very comprehensive analytical and experimental study of 
reinforced concrete flat slab structures has been made by Westergaard 
and Slater.* The authors conclude that when the results are reduced 
to a just basis for comparison the agreement between theory and experi- 
ment is fair. 

Such problems as secondary stresses in steel bridges and the stresses 
in reinforced concrete frames puts the theory of indeterminate stresses 
to an especially severe test. The preceding results, even though falling 
short of complete verification will go far toward establishing confidence 
in the possibility of analyzing indeterminate stresses with sufficient 
accuracy for all practical needs. From the Sciotoville tests quoted it 
would seem altogether probable that a long span continuous truss (and 
by analogy, perhaps, a long span two-hinged arch or any similar type) 
can be analyzed with practically the same degree of exactness as a simp! 
structure. 

European engineers have in general, always accepted as trustworthy 
the standard methods of indeterminate stress analysis, and, as previously 
noted there appears to have been, in the last twenty years, a steady 
drift of opinion in this direction among American Engineers. 

154. Laboriousness of Calculations —Of the many inherent disad- 
vantages of statically indeterminate construction it is possible that none 
has had more weight in influencing professional opinion than the fact 
that the analysis of the stresses is a very much more difficult and time- 
consuming task than in the case for a simple structure, yet, when con- 
sidered rigidly on its merits, this objection, in general, has little to support 
it. The amount of time and expense involved in making the stress cal- 
culations for any structure of considerable magnitude is an exceedingly 
small item in the entire engineering of the structure. An expert com- 
puter will hardly require more than two or three days to make a complete 
analysis of the stresses in a moderate sized two-span continuous truss 
or a two-hinged arch, or any similar type. More complex problems, 
such as fixed arches, multiple rigid frames and secondary stress in 
riveted bridge trusses will ordinarily require considerably more time, 
but only under exceptional conditions will the statically indeterminate 
stress analysis require more than a week to ten days of the time of a 
trained expert.} Fairly accurate tentative analyses can be made by 


* Moments and Stresses in Slabs. Proc. A. C. I., Vol. 17, 1921. 

+ These estimates are of course only crudely approximate, but they are based upon 
a, considerable range of experience and observation, and are believed to be conserva- 
tive; some computers report much greater rapidity in their calculations. It may be 
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approximate methods in a fraction of this time. If therefore, a definite 
saving of even 5 per cent or 6 per cent can be made either by the use of 
an alternate type of structure which is statically indeterminate (as a 
continuous truss in place of two or more simple spans) or the accurate 
analysis of an indeterminate structure in place of a crude estimate of the 
stresses (as in case of secondary stresses in bridges or wind stresses in 
building frames), the expense involved in making the necessary calcu- 
lations will usually be altogether insignificant. 

This is not meant to minimize the importance of simplifying the 
analysis of structures of whatever type in every legitimate way, for, 
rightly or wrongly, correct methods will be less widely adopted if they 
are tedious and complex than if they are short and simple. 

155. Naturally Indeterminate Types.—The preceding discussion has 
been chiefly concerned with the merits and demerits of statically 
indeterminate construction as compared to alternate statically determin- 
ate forms. But it should be noted that there is a very large class of 
indeterminate structures, established as standard types in American 
practice, for which no corresponding determinate forms seem practically 
feasible. In such a class belong almost all reinforced concrete struc- 
tures, the steel framework in office buildings and mill buildings, and also 
(if we take a somewhat broader definition of indeterminate construc- 
tion) most heavy bridges which are fully or partially riveted. Difficul- 
ties in the joint details (especially the piling up of pin plates) has led to 
a very general adoption of a continuous upper chord in massive bridge 
trusses—even though they are nominally pin-connected trusses. In the 
case of concrete arches, three-hinged types are frequently seen in con- 
tinental Europe and have occasionally been built elsewhere, but Ameri- 
can practice thus far appears to favor overwhelmingly the hingeless 
type. 

Though it is physically possible to introduce hinges into a steel 
building frame so as to convert it into a determinate structure, prac- 
tically it would be quite difficult and undesirable. In a structure 
such as a reinforced concrete flat slab building frame or a multiple-arch 
dam, any modification to obviate the statical indetermination is alto- 
gether impracticable. 

We may say that structures of this class are (in varying degrees) 
“naturally indeterminate,” that is they are not rendered indeterminate 
by adding statically unnecessary supports or members, but from their 


of interest to note Professor Turneaure’s statement (“Modern Framed Structures,” 
Part IT, page 455) that “a good computer, after becoming familiar with the process, 
can make a complete analysis by joint loads of the secondary stresses in an ordinary 

truss in less than two days’ time.” . 
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essential character special artifices would have to be used to render them 
determinate, and these appear in the main impracticable. 

156. General Summary.—In so far as any definite conclusions can 
be deduced we may say that: 

(1) Statical indetermination is never in itself a desideratum; cer- 
tain inherent defects always accompany it which abstractly considered, 
place any indeterminate structure at a disadvantage. 

(2) The essential defects of indeterminate construction are of mune 
varying practical importance; in some cases they are so serious as to 
completely bar such construction; in other cases they are of no practical 
consequence. 

(3) When conditions are such as to minimize the importance of the 
essential defects, statically indeterminate types may show advantages 
in economy of material, stiffness, simplicity in manufacture and erection 
and such like over any other type practically feasible. 

(4) Certain wide fields of construction as indicated in Art. 154 are 
practically preémpted by forms that are essentially statically indeter- 
minate and for which no alternative determinate type is practicable. 


B. HisroricaL REVIEW 


157. Early Period.—It is a surprising fact that structural engineer- 
ing, though a very old practical art, is a very new science. On this point 
Professor H. Lorenz* remarks: ‘‘Despite the marked activity in con- 
struction of all civilized peoples in the ancient and medieval periods, 
there is no trace to be found in the literature of those times of any 
rational reflection on the strength of structural members or the funda- 
mental properties of structural materials. Within the circle of con- 
structive artisans, one was apparently satisfied with simple rules of 
thumb which were passed on from generation to generation, jealously 
guarded as secrets of the guild, and only rarely extended by new knowl- 
edge and experience. The architects in charge on the other hand, 
regarded themselves (even as to-day) as constructive artists; they seldom 
went beyond the application of the law of the lever (known since the 
time of Archimedes), in which they implicitly regarded the materials 
of construction as rigid bodies.” This condition remained unchanged 
until the beginning of the 17th century, and it was not until about the 
middle of the 19th century that any systematic and comprehensive 
theory of structures was developed. 

If we take one of the simplest, though one of the most important 
problems in structural mechanics, that of finding the stresses in a simple 


* Technische Elastizititslehre,” pp. 644-5. 
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truss with smooth pin joints, we find the first definite step toward a 
solution in the work of the Dutch engineer, Simon Stevin (1548-1620) 
who appears to have understood the principles of composition and resolu- 
tion of forces and to have made some primitive use of the force triangle. 
He investigated the problem of the loaded cord or rope—statically 
quite similar to the problem of the truss joint. Stevin’s investigations 
were published in 1608. P.-Varignon (1654-1722) the “founder of 
graphic statics’ also investigated the loaded cord as well as other prob- 
lems, enunciated the parallelogram law (apparently independently of 
Sir Isaac Newton) and pointed the way to many applications of the 
force polygon and string polygon. The principles developed by Vari- 
gnon were applied to a variety of structural problems by the great French 
engineers of the first half of the 19th century, particularly Lamé, 
Clapeyron and Poncelet, but it does not appear that any marked advance 
in analytical or graphical method was made until after the middle of the 
period when a number of important discoveries followed in rapid 
succession. Before discussing these we may note that prior to 1850 the 
jointed truss was almost exclusively an American structure. A steady 
development in this type of construction had followed the Revolutionary 
War, and bridges up to 300-ft. span had been built. These were not 
built from rational designs, but in 1847 Squire Whipple, a prominent 
American engineer and inventor of the Whipple truss, published a 
remarkable treatise on ‘‘ Bridge Building ” in which he set forth for the 
first time a correct and tolerably complete theory of truss analysis and 
design. The methods he used are not the ones now followed, but this 
does not detract from the exceptional originality and thoroughness of 
his work. 

In 1863 Prof. August Ritter * published his “‘ Method of Sections” later 
to be so widely used, and indicated how all stresses might be analytically 
calculated by the principle of moments. In 1864 Prof. J. Clerk Maxwell 
_ published his work on “ Reciprocal Figures and Diagrams of Forces’’ (the 
so-called ‘Maxwell stress diagram”’); in 1866 Prof. Carl Culmann, of 
Zurich, the founder of modern graphics, published the first edition of 
his great treatise—‘‘Die Graphische Statik.”” While much important 
work has been done by later scholars, these works definitely cleared up 
the general question of the rational analysis of the jointed frame. 

157a. The history of the analysis of the simple beam runs quite 
parallel to that of the frame. The first speculations on the subject are 
attributed to Galileo (1564-1642). He investigated mathematically 
the strength of a cantilever beam of rectangular section loaded at the 


* Continental authorities usually cite Ritter as the first to correctly analyze the 
stresses in a truss, but Whipple’s prior claim seems clear. 
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end with a single concentration, arriving at a formula we now know to 
be quite erroneous. This is not surprising, since he “‘treated solids as 
inelastic, not being in possession of any law connecting the displace- 
ments produced with the forces producing them, or of any physical 
hypothesis capable of yielding such a law.”* But the problem com- 
monly known for 200 years as “‘Galileo’s problem” marked the beginning 
of the modern theory of the stress-strain relations in elastic solids and it 
remained unsolved until 1820 when Claude Louis Marie Navier (1785— 
1836) distinguished French engineer and professor at the Ecole des Ponts 
et Chaussées presented to the French Academy a paperf giving a fairly 
full and sound treatment of the deflection and strength of beams. 
This was followed shortly by his memorable paper on the general theory 
of elasticity. { 

In 1826 Navier published the first edition of his ‘“‘Legons,” § which 
not only contained the first adequate account{ of what is frequently 
called the “‘common theory” of the flexure of beams, but also treated 
arches, suspension bridges, columns under eccentric loads and other 
technical problems. To Navier therefore belongs the double honor of 
developing the first general theory of elastic solids and also the first 
systematic treatment of the theory of structures. 

During the period between Galileo and Navier many important 
developments were made, the most fundamental of which was the formu- 
lation of a law connecting elastic strain with the forces causing it. This 
was due to Robert Hooke (1635-1702), Professor of geometry at Gresham 
College, London, who arrived at the law bearing his name during the 
course of his investigations of steel springs to be used for clocks and 
watches. His discovery was made in 1660 but was not published until 
1676 (as an anagram “‘ceiiinosssttuu”’ containing the letters of the Latin 
form of the law—(‘ Ut tensio sic vis’’). Hooke made no applications 
of his law to engineering problems, but in 1680 E. Mariotte (1620-1684) 
announced the same law (apparently quite independently) and applied 
it to Galileo’s problem. His analysis appears correct for the simple 
cases treated. 

Another important step in advance was the introduction of the 
physical notion of modulus of elasticity by Thomas Young (1773-1829). 

* Love, “‘ Mathematical Theory of Elasticity,” page 2. 

+ Memoir sur la Flexion de verges élastiques courbes. 

t‘‘ Mémoirs sur les lois d l’équilibre et du mouvement des corps solides élastiques.”’ 

§ “Résumé des legons données a |’école des ponts et chaussées sur l’application de 
la Mécanique a l’établissement des constructions et des machines.” 

q A substantially correct theory of the flexure of beams (shearing effects entirely 
neglected) was proposed by Coulomb in 1776, though apparently not very fully 
elaborated. 
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There was further a vast amount of work done by eminent mathe- 
maticians and physicists on isolated problems in elasticity. Especially 
noteworthy were the studies of James Bernoulli (1654-1705) on the 
elastic curve of bent bars; of Daniel Bernoulli (1700-1782) and Leonhard 
Euler (1707-1783) on the same subject and on the vibration of beams 
and rods; of Euler and Lagrange (1736-1813) on the stability and 
strength of columns; of Mlle. Sophie Germain (1776-1831) on the vibra- 
tion of plates; and of Coulomb (1736-1806) on bending and torsion. 

158. Middle Period.—Following Navier’s formulation of a general 
theory of elastic solids came a period of great activity and rapid 
development both in technical elasticity and the broader reaches of the 
subject as a branch of mathematical physics.. With the latter we are 
not concerned here; among the important technical advances prior to 
1860 we may note the memoir* of Poisson (1781-1840) published in 
1829, containing the solution of some important plate problems and 
introducing the notion of transverse strain (“‘Poisson’s ratio ””): the state- 
ment by Clapeyron{ of the theorem of equality between the internal 
work of deformation in an elastic solid and the work of the force pro- 
ducing it—a theorem used on the basis for many later investigations; 
the work of Lamé (1795-1820), one of the great pioneers in both the 
technical and more general science of elasticity, on cylinders and plates 
and elastic properties of iron (he also introduced the notion of the 
stress ellipsoid, and of curvilinear codrdinates and wrote the first Sys- 
tematic treatise on the subject), and the general analysis of flexure, shear 
and torsion of any prismatic body by Barré de Saint-Venant (1797- 
1886), perhaps the greatest of elasticians. His work, culminating in a 
famous memoirt presented to the French Academy in 1855 may be said 
to have conclusively settled in all its practically important phases the 
“beam problem.” Navier’s solution was a satisfactory solution for all 
cases where flexure alone was the important: action, and it is still the 
method used in most engineering applications. But Navier himself 
recognized that it was only applicable to deep, narrow beams. We may 
say then, roughly, that it was not until past the middle of the 19th 
century that simple truss action and simple beam action were fully 
understood, hence not until after this time that an adequate theory of 
structures could develop. Before outlining the development of the 
modern theory a few points regarding the earlier work seem worth 
noting. 

* Mémoirs sur l’équilibre et le mouvements des corps élastiques.”’ 

1G. Lamé et E. Clapeyron,—‘“Sur l’équilibre intérieur des corps solides homo- 
genes,” Paris, 1833. 

t Usually referred to as the “Memoir on Torsion,” though containing a general 
treatment of the entire behavior of bars. 
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(a) During the period we have been considering no clear distinction 
was made between theory of elasticity and theory of structures. ~ As 
we have just noted, the latter could not exist until the fundamental 
questions regarding elastic behavior were settled, and this led scientific- 
ally inclined engineers into the study of the theory of elasticity. ~The 
founder of this theory and two of the greatest contributors to its 
development, Navier, Lamé and de Saint-Venant were what would now 
be called professional structural engineers. 

(6) As previously noted, prior to 1860 the jointed truss was little 
known or used outside America. Hence in one sense of the term (see 
pp. 341-2) all structures in common use in England and Europe were 
statically indeterminate internally. Doubtless due to this cause, no 
such emphasis on the distinction between determinate and indetermi- 
nate structures was made during the period just considered as has been 
in recent times. The question seems to have arisen chiefly in regard to 
fixed ended beams and arches and beams on several supports. As far 
back as Navier’s “Legons” at least, it was clearly realized that this 
problem was capable of rational solution by a consideration of the 
elastic behavior of the structure and in this way only. 

(c) It is interesting to note in connection with the preceding that 
the order in which the basic structural problems were solved has no 
relation to their theoretical difficulty. The theory of the buckling of 
columns and the theory of arches and suspension bridges was developed 
before the theory of simple trusses, and many intricate problems, 
statically indeterminate in a high degree, regarding the stresses in plates, 
cylinders and the like were solved before the relatively simple analysis 
of continuous girders was perfected. It is historically quite inaccurate 
to regard the theory of indeterminate stresses as a modern development, 
a refinement, as it were, of the theory of simple structures. 

(d) The earlier investigations of the stresses in such structures as 
continuous girders and arches were very intricate and laborious. How- 
ever, simplifications and improvements were rapidly developed; Clapey- 
ron published his treatment of continuous girders by the “‘three moment”’ 
theorem in 1857, vastly simplifying the whole subject, while Bresse * 
and Winklerf during the period from 1850 to 1865 presented very 

* Bresse’s first treatise—‘‘Recherches analytiques sur la flexion et la résistance 
des piéces courbes”’ was published in 1854; most of the matter on structures was 
reproduced in his ‘‘Cours de mécanique appliquée” in 1859. It is worthy of note 
that certain recent French authorities insist that his general methods have never 
been improved upon for the treatment of beams and arches. On this point see 
Pigeaud, “‘Résistance des Matériaux,” pp. VI-VII. 

{ “ Formanderung und Festigkeit gekriimter Korper, 1856” and “‘Elasticitaét und 
Festigkeit,”’ 1865. 
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thorough and practically usable analyses of curved beams and 
arches. 

159. Modern Period—The groundwork of the modern theory of 
indeterminate structures was laid during the period 1865-1880. In 
1864 Maxwell (1830-1879)* published his analysis of a redundant frame- 
work by a method based on Clapeyron’s theorem of the equality of the 
internal and external work of the actual loads on a structure. He also 
gave in this paper the law of reciprocal deflections. The treatment 
was brief and without any attempt to develop all the implications of the 
method or illustrate it by practical examples, and consequently it~ 
lay practically unnoticed for many years. In 1874 Mohr f (1838-1920), 
apparently quite without knowledge of Maxwell’s works, gave a simpler 
and more comprehensive presentation, based on the principle of virtual 
work, of the same general method, together with examples of its varied 
application. The method is therefore widely known as the “Maxwell- 
Mohr” method. Several years prior to the preceding work Mohr had 
presented an epoch-making paper { on the general representation of the 
elastic curve as a string polygon (‘‘method of elastic weights.’’) 

In 1879 Castigliano (1847-1884) published his treatise on the 
“Théorie de |’équilibre des systémes élastiques” by the method of least 
work.§ This was a remarkably original and comprehensive treatise, 
covering a much wider range than the work of Maxwell and Mohr, and 
it had a very important influence on the development of the theory of 
indeterminate structures. 

In 1879-80 Manderla presented his analysis of the secondary stresses 
in a truss with rigid joints. The unique feature of this solution was the 
use of the tangential angle at the member-ends as the unknown to be 
solved for rather than the moments or stresses direct. 

With the preceding work the full basis for the modern theory of 
structures was laid. Other important work was of course done in this 
period; special mention should be made of Prof. Green’s presentation of 


* “On the Calculations of the Equilibrium and Stiffness of Frames.” Philosophi- 
cal Magazine, Vol. 27, 1864. 

t “Beitrag zur Theorie des Fachwerks.” Zeitschr. des Arch.- und Ing.-Vereins 
in Hannover, 1874-5. 

{ Beitrag zur Theorie der Holz- und eisen Konstriktionen. Zeitschr. des Arch.- 
und Ing.-Vereins in Hannover, 1868. 

§ The method of least work, at least in a primitive form was used by Euler in his 
investigation of the elastic curve of beams and columns. D. Bernoulli suggested to 
him that the form of the true elastic line might be determined by making the total 
internal work a minimum. Also Ménabréa in a paper “Nouveau principe sur la 
distribution des tensions dans les systémes élastiques,” (Comptes Rendus, 1858), 
gave a definte statement of the principle as applied to trusses. 
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the method of moment areas (1872), of Williot’s discovery of the con- 
struction bearing his name (1877), of the work of Winkler on the theory 
of arches (1868-9) and of Winkler and Asimont on secondary stresses 
(1880). 

Since 1880 the development of the literature on theory of structures 
has been so vast that it is impossible here to do more than indicate a few 
of the more important contributions. 

The full development of the Maxwell-Mohr theory in application to 
all structural problems has been largely due to the later works of Mohr 
himself and to Miiller-Breslau (1851-1925) and A. Féppl (1854-1924) 
Miiller-Breslau, Frankel and others have also made a wide application 
of the principle of least work, Féppl, Henneberg and Miller-Breslau* de- 
veloped the theory of space frameworks, determinate and indeterminate. 
W. Ritter, following Culmann and Mohr, developed graphical methods 
of treatment for a very wide variety of statically indeterminate prob- 
lems, among others the solution by the ellipse of elasticity which has 
recently been given considerable attention in American literature. A 
very elegant graphical solution of the continuous girder problem by the 
method of “characteristic points” was presented by Claxton Fidler 
(Practical Treatise of Bridge Construction, 1887), and this was elabora- 
ted and extended by A. Ostenfeldt to include the general case of angular 
or linear yield of supports. Engesser and Mohr have contributed 
largely to the later development of secondary stress theory; particular 
mention should be made of Mohr’s method of solution by “‘slope-deflec- 
tions” first proposed in 1892. { 

J. Melan has been one of the leaders in developing the modern 
theory of suspension bridges.§ Since the failure of the Quebec. bridge 
in 1907 brought into prominence the question of the behavior of 
large built-up columns a new theory has been presented for the action 
of such members, largely due to Miiller-Breslau {| and Engesser. 

Particular attention of late has been given to the very difficult 
subjects of elastic stability, stresses in medium-thick plates and stresses 
in domes and multiple arch-dams. Though these fall within the scope 
of statically indeterminate stresses, properly speaking, they are not 
ordinarily so included in standard treatises, since they require lengthy 

*A full citation of the published articles is too lengthy to insert here; those 
interested are referred to the very full bibliography in Mehrtens, ‘Statik und 
Festigkeitslehre,” III-2nd Halfte, pp. 258-266. 

+ “Graphische Behandlung der continuerlichen Trager, etc.” Zeitschr. fiir Arch.- 
und Ingenieurwesen, 1905 and 1908. 

t See note on page 156 regarding the development of the slope-deflection method. 

§ See bibliography, page 360. 

{ Neuer Methoden der Festigkeitslehre, Abschnitt V. 


358 STATICALLY INDETERMINATE CONSTRUCTION 


and special treatment. A large literature in this line has developed in 
the last few years, but no attempt will be made even to outline it here. 
Some basic references may be found in the appended bibliography. 


C. BIBLIOGRAPHY 


The following brief bibliography is intended to give the student (1) 
a fairly complete list of the more recent books in English which treat 
the general subject of indeterminate stresses, or important depart- 
ments of it; (2) a list of a few representative foreign treatises, and (3) 
a short list of papers and monographs in English which cover a different 
field, or a special field more completely than do the general treatises. 
Brief descriptive comment is appended in some cases. 

The literature bearing on the theory of statically indeterminate 
structures is now so voluminous that anything like a comprehensive 
bibliography would be much too bulky to insert in this book. It is 
hoped that the small list given will serve to introduce the student to 
the larger field. Some of the references named contain rather full 
bibliographies. 

Among the general treatises on statically indeterminate structures 
may be mentioned: 


Andrews, Ewart C. Translation of Théorie de Véquilibre des systémes 
élastiques, by A. Castigliano, under the title, Stresses in Elastic 
Structures. London. Scott & Greenwood. 1919. 


Though nearly 50 years old, this remarkable treatise still has much more than 
mere historic interest, and is well worth careful study. 


Church, I. P. Mechanics of Internal Works New York. John 
Wiley & Sons. 1910. 


A clear-cut exposition of fundamental principles. 


Hiroi, Isami. Statically Indeterminate Stresses. New York. ‘Van 
Nostrand. 1905. 


Brief, clear treatment (exclusively by method of least work) the leading types of 
indeterminate structures and of secondary stresses. 


Hool, George A., and Kinne, W. S. Structural Engineers Handbook 
Library, volumes entitled, Structural Members and their Connec- 
tions. Stresses in Framed Structures. Movable and Long-Span 
Bridges. New York. McGraw-Hill. 1923. 

No one of these volumes is primarily devoted to the subject of indeterminate 
stresses, but taken as a whole they cover the subject rather thoroughly. 

The first named volume contains a very thorough and excellent treatment of 
beam deflections by a variety of methods and of restrained and continuous beams; 
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the second volume treats (among other things) the subject of truss deflections, re- 
dundant members, secondary stresses and rigid frames; the third named volume 
treats at considerable length the theory and practice of continuous and swing spans, 
arches and suspension bridges. 


Hudson, Clarence W. Deflections and Statically Indeterminate 
Stresses. New York. John Wiley & Sons. 1912. 

Thorough treatment of deflections in general and of continuous girders, swing 
bridges and arches. Secondary stresses and suspension bridges and rigid frames 
are not treated. Method of consistent deflections and method of least work are both 
used. 


Johnson, J. B., Bryan, C. W., and Turneaure, F. E. Modern Framed 
Structures, Part II. Statically Indeterminate Structures and 
Secondary Stresses. New York. John Wiley & Sons. 1911. 


Taken in conection with the last chapter of Part I of the same series, which 
chapter treats of deflections and the elementary applications to indeterminate 
problems, this volume probably offers the best and most comprehensive treatment of 
statically indeterminate stresses in the English language. All practically important 
types of structures are treated. The treatment of secondary stresses and suspension 
bridges is especially full and detailed. The method of«consistent distortions is the 
basic method followed, though the method of least work is illustrated. 


Merriam, Mansfield, and Jacoby, Henry S. Bridges and Roofs, Part 
IV. Higher Structures. New York. John Wiley & Sons. 1907. 


Full treatment of continuous girders, swing bridges and arches and an elementary 
treatment of suspension bridges. 


Molitor, D. A. Kinetic Theory of Engineering Structures. New York. 
McGraw-Hill. 1911. 
Contains full treatment of fundamental theory. The method of approach is 
quite different from most other treatises in English, being largely modeled after the 
European method. 


Among the more important special. treatises may be named: 


Balet, Joseph W. Analysis of the Elastic Arch. New York. Eng. 


News Publishing Co. 1908. 


Very thorough treatment of the standard theory of arches of all types and pre- 
sents also a comprehensive method for approximate solution of arches (by means of 
the reaction locus) without the use of statically indeterminate analysis. 


Burr, William H. Suspension Bridges. New York. John Wiley & 
Sons. 19138 
Very full treatment of suspension bridge theory; also considerable space devoted 
to the theory of arches. 
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Grimm, C. R. Secondary Stresses. New York. John Wiley & Sons. 
1908. 


Full account of the various methods of solution of the secondary stress problem, 
illustrated by many examples. 


Hool, George A. Reinforced Concrete Construction, Vol. ITT. Bridges 
and Culverts—Part I—Arch Bridges. New York. McGraw-Hill. 
1916. 


Full treatment of reinforced concrete arch by the standard method and also by 
the method of the ellipse of elasticity. Also treats problem of multiple arch bridge 
with elastic piers. 


Howe, Malverd A. A Treatise on Arches. New York. John Wiley 
& Sons. 1897. 


Detailed mathematical treatment supplemented by tables. Also chapters on 
comparative design, tests, etc. 


Steinman, D. B. Translation of J. Melan’s Arches and Suspension 
Bridges. Chicago. Myron C. Clarke. 1913. 


Very thorough treatment of arches and suspension systems by one of the fore- 
most living authorities. 


Steinman, D. B. Translation of J. Melan’s The Reinforced Concrete 
Arch. New York. John Wiley & Sons. 1915. 


Very complete treatment supplemented by tables, graphs and examples. 


Steinman, D. B. A Practical Treatise on Suspension Bridges. New 
York. John Wiley & Sons. 1922. 


Brief and simplified treatment of the theory; three-fourths of the book is devoted 
to treatment of design and construction. 


A number of works which are not treatises on indeterminate struc- 
tures primarily have important sections devoted to the subject. Among 
these may be named: 


Burr, Wm. H., and Falk, Myron B. Design of Metallic Bridges. New 
York. John Wiley & Sons. 1905. Chapters VII and VIII. 


Ellis, Charles A. Theory of Framed Structures. Chapters V to VIII. 
New York. McGraw-Hill. 1922. 


Green, Charles E. Trusses and Arches. Chapters VII to X. Part II; 
practically all of Part III. New York. John Wiley & Sons. 
1893-94. 


Ketchum, MiloS. Design of Steel Mill Buildings. Part II,—Chapters 
XIV to XXII. New York. McGraw-Hill. 1922. 
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Morley, Arthur. Theory of Structures. Chapters VI, VII, XIV, XV, 
XVIII. London. Longmans, Green. 1918. 


Spofford, Charles M. Theory of Structures. Chapters XIV to XVII. 
New York. McGraw-Hill. 1915. 


The literature on indeterminate stresses in continental Europe 3s 
wide and varied, and by far the greater bulk of it is in the German 
language. Among the modern comprehensive treatises covering the 
entire field may be mentioned: 


Mehrtens, G. C. Statik und Festigkeitslehre. Leipsig. Wilhelm 
Englemann. 1912. 


This work is in three volumes; parts of Vols. I and II and nearly all of Vol. III 
are devoted to deflections and indeterminate stresses, and the treatment is very full 
and detailed. 


Miiller-Breslau, H. F. B. Die Graphische Statik der Baukonstruk- 
tionen. Stuttgart. Alfred Kroner. 1923-25. 


This work is in three volumes and practically the whole of the last two are 
devoted to statically indeterminate stress—some 1200 pages. The treatment is 
probably the most complete to be found anywhere and the work is perhaps the lead- 
ing international reference book on the subject. 


Ritter, W. Anwendungen der Graphischen Statik, nach C. Culmann. 
Zurich. A. Raustein. 1900-1906. 

This is a four-volume work of which the 3d and 4th volumes are devoted to in- | 
determinate problems. The whole field is covered and graphic or semi-graphic 
methods predominate in the treatment. This is the leading reference work for 
graphic methods. 

There does not appear to be any recent treatise in French covering 
the theory of indeterminate stresses in so comprehensive a manner as the 
German books cited, though the monumental treatise of M. Maurice 
Levy, “‘La Statique Graphique et ses applications aux constructions.” 
(Paris, 1874, 2d edition, 1888) remains one of the great reference works. 
Among the recent books treating indeterminate stresses may be named: 


Flamard, Ernest. Calcul des systémes élastiques de la construction. 
Paris. Gauthier-Villars. 1918. 


A small book containing a very thorough mathematical treatment of the funda- 
mental ‘work theorems” and their applications to continuous and restrained beams, 


trusses and arches. 


Pigeaud, Gaston. Résistance des Matériaux. Paris. Gauthier-Villars. 
1923. 


This large volume is, as the name indicates, primarily a treatise on mechanics of 
materials, but it contains several chapters devoted to the subject of indeterminate 
structures—continuous girders, arches and suspension bridges, 
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Mention should be made of a very comprehensive treatise in Danish 
covering the entire field of indeterminate construction: 


Ostenfeld, A. Teknisk Statik, Vol. II. Copenhagen. 1913. 


While no attempt will be made here to list all the important papers 
and monographs on indeterminate structures that have appeared in 
America in recent years, it may not be out of place to note the following 
for the reason that they treat certain important departments or phases 
of the theory not ordinarily found in text and reference books: 


Von Abo, C. V. Secondary Stresses in Bridges. Proc. A. S. C. E. 
Feb., 1925. 

This paper is devoted to a detailed critical comparison of the various methods of 
attack on the secondary stress problem. Together with the discussion it consti- 
tutes by far the most complete study of this important topic that has ever been 
made. 


Beggs, George E. Mechanical Solution of Statically Indeterminate 
Structures by Paper Models and Special Gages. Proce. A. C. hee 
Vols. XVIII and XIX. 

This gives the fundamental theory, illustrated by many applications of Prof. 


Beggs’ unique method of solving indeterminate problems by means of mechanical 
models. 


Janni, A.C. The Design of Multiple Arch Systems. Proc. A. S. C. E. 
Aug. 1924. 


Perhaps the most complete exposition in English of the analysis of this important 
problem by means of the ellipse of elasticity. 


Wilson, W. M., and Maney, George A. Wind Stresses in Office Build- 
ings. Bulletin No. 80, Univ. of Ill. Expt. Station. 


The most thorough and complete treatment of the problem that has so far ap- 
peared. It contains a full exposition of the exact solution by the slope-deflection 
method, a critical comparison of various approximate methods, and a fully worked 
out example of a 20-story building. 


It has been noted in the historical summary that there are a number 
of problems in the theory of structures which are actually problems in 
statically indeterminate stresses, but which are not amenable to the 
methods analysis ordinarily included under this head. In this group 
we may include plate and dome action, elastic stability, and problems 
regarding the exact local distribution of stress. These problems usually 
require a more exact formulation of the stress-strain relations within an 
elastic solid than is necessary for most structural problems. It 
would appear that this field is becoming of increasing importance to 
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structural engineers, and for the benefit of those interested in studying 
up the subject a few references are noted here. 

On the general subject of technical elasticity perhaps the best English 
work is: ; 


Prescott, John. Applied Elasticity. London. Longmans, Green. 1924. 


In German two books are available which are particularly well 
suited to the needs of the engineer. 


Foppl, A. and O. Drang und Zwang. 2 Volumes. Munich and 
Berlin. R. Oldenburg. 1920-24. 


Lorenz, H. Technische Elastizitaétslehre. Munich and Berlin. R. Old- 
enburg. 1913. 
Attention may be called to the following monographs on special 
problems in the field of technical elasticity which are of interest to 
structural engineers: 


Salmon, E. H. Columns. London. Henry Frowde and Hodder & 
Stoughton. 1921. 


Critical review of the theory of columns and of test data. Contains an exhaus- 
tive bibliography. 
Smith, B. A. Arched Dams. Proc. A. 8. C. E., March, 1920. 


Probably the most thorough mathematical treatment of this important problem 
that has thus far appeared. 


Westergaard, H. M. and Slater, W. A. Moments and Stresses in Slabs. 
Proc. A. C. I., Vol. XVII, 1921. 


By far the most complete treatment of this subject (mathematical analysis and 
review of test data) that has appeared in English. Contains a full bibliography 


Westergaard,H.M. Buckling of Elastic Structures. Proc. A. S.C. E., 
Noy., 1921: 


Comprehensive mathematical treatment of the subject of elastic stability so 
far as it affects engineering structures. Very full bibliography. 
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